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PREFACE. 



The following Treatise is designed to present a system of 
theoretical and practical Algebra. It is intended to be both 
elementary and comprehensive, and adapted to the wants of 
beginners, as well as those who are advanced in the study. 

In the course of his labors the author has consulted the most 
approved European treatises on the subject, and availed himself 
of whatever he thought might add to the interest and useMness 
of his work. 

It has been the aim of the author, throughout his investiga- 
tions, to give to it a practical character, that those who study it 
may know how to apply their knowledge to useful purposes. 

The demonstrations connected witib the several Boots, will 
greatly aid those who wish for a complete and thorough knowl- 
edge of Evolution in Arithmetic. 

The method of solving Cubic Equations by completing the 
square, the author believes, will be very useful. This method 
will not apply to all problems ; but, wherever it will apply, it 
not only very much abridges the labor, but the result is perfect 
accuracy, which is not always the fact by the common method 
of approximation. The Table of Logarithms at the end of the 
worl^ will be often found convenient and useful. 

The examples, of which a large number have been placed 
imder each Kule, are intended to be neither too niimerous nor 
too difficult ; and all who may use the work, either by themselves 
or in connection with a class, are advised to solve all the prob- 
lems, in the order in which they are given. No labor on the 
part of the pupil will be productive of more intellectual and 
practical benefit. The answers to several questions have been 
designedly omitted, that the pupil may try his skill as upon an 
original problem. 



B who liaB B thorough knowledge of Aritluuetia, will find 
bad; of Algebra a most plea«iig, and, generally, not a 
lb task. Aa a mental exercise, it ia admirable for its effect 
the lo^cal powers of the mind, ass^ting one to think and 
1 olosel; and conolnfflTdv. As Mr. Locke has remarked, 
I Essay on the Human UnderEtaading, ■■ Nothing teaches a 
!o reason so well aa Matbematjcs, wHch should be taoght 
those who have time and opportunity, not bo much to 
them mathematicians, as to make them reasonable orea- 

BGN^AMra QBEEIfLEAF. 
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ALGEBRA. 



SECTION I. 

« 

DEFINITIONS AND NOTATIONS. 

Aeticlb 1« Alqkbba is the art of oomputing by symbols. 

2t In Ari&netio we represent quantities and perform cal- 
culations by figures, each of whidi has a known and definite 
value. 

3t In Algebra we employ the letters of the alphabet, and 
other characters, the value of which is either known or un- 
known, according <b the conditions of the problems. 

4t Those quantities whose values are given are called known 
quantities ; and those whqpe values are not given are unknown 
quantities. 

5t The symbols used to denote known quantities are, gener- 
ally, the first letters of the alphabet in the small or Italic 
character, as a, by c, d, &c. ; and those used to denote unknown 
quantities, the last letters, as Wy 2:, y, z. 

6t In addition to the above, which are the more common 
symbols, capital letters may be used, as J., B, C, D, &c., or 
letters of the Greek alphabet, as «, |?, y, ^, e, (, &c. In ex- 
tensive operations, the use of these, or some other suitable 
characters, is sometimes very convenient. 

7t Sometimes quantities are expressed in Algebra, as in 
Arithmetic, by figures instead of letters. 

8« When a quantity is doubled or trebled, or multiplied any 



10 ALGEBBA. 

number of times, the number of multiplications is usually ex- 
pressed bj a numerical figure or figures. Thus, let a denote a 
certain quantity, and 2a will denote twice the s^me quantity, %a 
three times the same quantity, &c. 

9t The figures or letters prefixed to any symbol, and denoting 
the number of times the quantity represented by the symbol is 
taken, are called the coefficient. Thus, in 4a, 73, and 4a2T, the 
coefficients are 4, 7, and 4a. 

10« A quantity which has no figure prefixed to it is considered 
as haying a unit for its coefficient. Thus, a is the same as la. 

11, Quantities represented by the same symbol or letters, and 
of the same power, are called like quantities ; and those repre- 
sented by dififerent symbols or letters, or by the same letter of 
different powers, unlike quantities. Thus, 3a, 4a, and 5a, are 
like quantities ; and 3a, 43, and 5c, unlike quantities. In like 
manner, 3a3, 4a3, and 6a3, are like quantities; and 3a3, 4ac 
5(fc, and Gttzti, are unlike quantities. 

12« Besides the symbols and figures used to denote quantity 
there are certain signs, which are used to express the different 
relations between quantities, and the operations to which these 
quantities are subjected. These signs are the same as are often 
employed in Arithmetic, but, in Algebra, they are indis- 
pensable. ' 

13« The sign = is that of equality ^ and denotes that the two 
quantities between which it is placed are equal to each other. 
Thus, a=23 signifies that a is equal to 2b, 

14, The sign -j- is called jp?z^, and signifies addition. Thus, 
a-^b signifies that a is to be added to b, 

15t The sign — is called minus, and signifies subtraction. 
Thus a — b signifies that b is to be subtracted from a, 

16t Sometimes both the signs + and — occur before the 
same quantity, as a ±2:, in which case they signify that the 
quantity may be either added or subtracted, or that it is doubt- 
ful which operation is to be performed. 

17t The sign X signifies multiplication. Thus, aX3 denotes 



DEFINITIONS AND NOTATIONS. 11 

that a is to be multiplied by h; and aX^XcX^> t^iat the quan- 
tities a, by c, and d, are to be multiplied together. This sign is 
read into. Thus, ayc^b is to be read, a into b. Sometimes a 
single point is substituted for X- ^^^ a.b signifies that a is 
multiplied bj 3. 

18t The sign -4- signifies division. Thus, a-^b signifies that 
a is to be divided by b. 

19t Division is also represented by placing the divisor under 
the dividend, in the form of a fraction. Thus, -r signifies that a 

is to be divided by b ; and r, that a—b is to be divided by 

^ a+b ^ 

a-^b, 

20t The sign ^, standing between two quantities, denotes 
that the one before it is greater than the one after it. Thus, 
a>-3 signifies that the quantity a is greater than the quantity b. 

31 • On the other hand, the sign <^ denotes that the quantity 
Defore it is less than the one after it. Thus, b<C^a signifies that 
b is less than a. 

^ 22t The sign . • . signifies therefore. Thus, a=5 . • . 3a=15, 
is read, a is equal to 5, therefore 3a is equal to 15. 

23t The signs : ,: : : denote proportion. Thus, aibiicid 
is to be read, as a is to 3, so is c to £^ ; and the signs, placed in 
their order, indicate that a has the same ratio to b that c has 
to d, 

24t The sign >^, called the radical sign, signifies the square 
root of the quantity which follows it ; or, that the root of the 
quantity is to be extracted. Thus, f^/a denotes that the square 
root of a is to be extracted. 

* 25t By placing a figure above the sign, thus, /J^, it is made 
the radical sign of any root whatever. Thus, j^a signifies the 
cube root of a ; A/a,^ the fourth root of a ; >^a, the fiftn root ; 
^/a^ the With root, &c. 

26t The power of a quantity is denoted by a figure placed 
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above it at the ri^t. Tbod, a? mgnifies the second power of a ; 
a^ the third power of a ; tf* the fourth power, &c. 

27t In operating with unknown quantities, it is frequently 
necessary to express the root of a certain power of a quantity ; 
as, for instance, the 4th root of the 3d power of a. In this 
X case, a firaction is to be used; the numerator denoting the 
power to which the quantity is to be raised, and the denomi- 
nator the root of the power. Thus, cfi denotes the cube root of 

■ 

the second power of a ; &^, the fourth root of the sixth power 
of h. By inverting the fraction, and writing it before the 

Radical sign, we may represent the same. Thus, y^a, ^h^ 

28t When a quantity is represented by a single letter or 
numeral, or several letters, placed one after another without the 
sign -{-or — between them, it is called a simple qtumtity. 
Thus, a, hcy cdcy 3a3, are simple quantities, 

29a When a number of simple quantities are connected by 
Ihe signs -{- or — , the result is a compound quantity, Thus^ 
a-f-3, he-^-cdy 4a-\'bcd — x, are compound quantities. 

30t A term is a single letter or numeral, or several letters or 
numerals, which are not separated by the sign -|- or — . Thus, 
in the compound quantity a-\-b, a and b are the terms. So in 
xy — y-^-z, zy, y and z, are the terms. ■ 

31a When two or more members of a compound quantity are 
to be subjected to the same operation, in which they are to be 
regarded as one whole, they are connected by a line drawn over 
them, called a vifiadum, or by enclosing them in a parenthesis. 
Thus, when we are to multiply a-|-3-f-c by any number, as 3, 

we write a+b+cX^f or (a+3+c)x3, or, more simply, 3(a+ 
i-4-i/. So x-i-yXy+Zj OT {x+y) {y+z) signifies that x+y is 
to be regarded as a whole, and multiplied by y+^r, taken also as 
a whole ; whereas, if the line or parenthesis were not employed, 
a+^X3 would denote that b only is to be multiplied by 3, and 
the result would be a-]-33. 
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32a When two or more qoantiiies are multiplied togetheij 
each quantity is called a factor. Thus ia a3, a and h are called 
factors ; so, in cde^ c, d and e, are severally called &ctors. 

33t A composite number is one which is produced by the 
multiplication of two or more quantities or &otors into each 
other. Thus, the quantity dbc is a composite one, the &ctors 
of which ore a, 3, and c. 

340 Quantities, which have the sign -f before them, either 
expressed or implied, are called positive or affirmative quantities. 
Thus -f-A» ~M> ^' ^' ^> ^^ positive or affirmative, the sign -}* 
being always implied before a quantity which has no express 
sign prefixed. 

3^0 Quantities, which have the sign — prefixed are called 
negative quantities. Thus, — a, — ^, — 8, are negative quan- 
tities. 

36t Where the signs are all positive or all negative, t^ey are 
called like signs. 

STa When some of the signs are positive and others negative, 
they are said to be unlike. 

880 When a quantity consists of one term it is called a 
mtnumdalj as a, a&, Sxy^ being the same as a simple quantity. 

390 When a quantity consists of two terms it is called a 
binoTmal. Thus a-^-b, X'\-yf are called binomial quantities, and 
a — b a residtud binomial. 

4O0 When a quantity consists of three terms it is called a 
trinomicd. Thus, fl+3+c> ^nd ic+y+^f ^^ trinomials. 

41 When a quantity consists of any number of terms greater 
than three it is called a polyTiomzal. Thus, a-f-^'h^'f ^1 and 
tt;+a;+y+2r, are polynomials. 

420 The power of a quantity is its square, cube, biquadfate, 
&c., called, also, its second, third, fourth power, &c. ; as a\ a\ 
a\ &c. 

'430 The index or exponent of a quantity is the number which 
denotes its power or root. 

2 
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Thus, — 1 is the index or exponent of ^t~* ; 2 is the index 

of a'; ^, of a*, or tja; and m and ~, of a" and a«. 

n 

lit When a quantity appears without any index or exponent, 
it is always understood to have for it unity, or 1. 

Thus, a is the same as a^, 2a; is the same as 2^;^ ; the 1 in 
such cases being usually omitted. 

15t A rational quantity is that which can be expressed in 

finite terms, or without any radical sign or fractional index ; as 

2a 
a, or -^, or 5a', &c. 
o 

16f An irratioTud quantity is that which has no exact 
root, or which can only be expressed by means of the 

radical sign, or a fractional index; as //a> or 2^, 4^, or 

a', &c. 

47t A square or cube number, &c., is that which has an 
exact square or cube root, &c. 

9 8 

Thus, 4 and r^' are square numbers ; and 64 and ^=a^ are 

cube numbers, &c. 

48* A measure or divisor of any quantity is that which is 
contained in it some exact number of times, without a re- 
mainder. 

Thus, 3 is the measure or divisor of 6, 7a is a measure of 
35fl, and 9ab of ^la'^bK 

49t Commensura&le numbers or quantities are such as have a 
common measure or divisor, or that can be each divided by the 
same quantity without a remainder. 

Thus, 6 and 8, 2^/2 and 3//2, ba^b and 7a% are com- 
mensurable quantities ; the common divisors being 2, /s/2, and 
a'b. 

50* A prime number is that which has no exact divisor, 
except itself and unity; as 1, 2, 3, 5, 7, 11, 13, 17, &c. ; and 
the intervening numbers, 4, 6, 8, 9, 10, 12, 14, and 16, are wm- 
posite numbers. 
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61 1 Two or more nmnbers are said to be i7ux)m7nje7isur<ible^ or 
primje to each other ^ when they have no common divisor except 
unity ; as, 2 and 8, 5 and 7, 17 and 19, &o. 

52a One quantity is called the rmdtvple of another, when the 
former contains the latter a certain number of times without a 
remainder. 

Thus, 15a is a multiple of 5a, and 6a of 3a. 

53« The reciprocal of any quantity is unity divided by that 
quantity. 
The reciprocal of any fraction is that fraction inverted. 

Thus, the reciprocal of a or =- is - ; the reciprocal of -r- is 

la o 

-, and the reciprocal of -^^ is — r-r- 
a a — b a-^-b 

54 1 A series is a rank or succession of quantities, which 
usually proceed according to some certain law ; as l+Ja+^a' 



PRACTICAL EXAMPLES. 

. 55t In calculating the numerical values . of the following 
Algebraic Expressions, let a=6, 3=5, c=4, c?=l, and c=0. 

1. a'+2ai—c+<i= 36+60— 4+1=93. 

2. 2a3—3a'^i+(r'=432— 540+64=— 44. 

3. a'X(«+^)—2a^==36xll— 240=156. 

4. 2aV?^^^+>v^2ac^^^^ 

6. 3ayv/2ac+?,'or 3a(2ac+c')*= 18^64=144. 

6. V(2a'— V6«c+e^)=V(72-Vl^)=A/60. 

TT V(fl'^+43'—5Vc^)=A/ (180+100— 10)= V270. 

8. ^ (032+233—5^/^0) = V (150+250—10) = V 390. 

9. |±iV_i^=^+«»_|+f =4+10=14 
6^+4e V2ac+c2 6 ' V^^ b ' 8 ' 



10 2^->5c / 3g— j3c U_40 18— 10 _40 |4_ 
" 43-l0^+ V^5a- W "'I0+^J30-12""I0+AJ9"^ 



42 
11, 2a»+33c-5=:127. 



f"* 
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12. 5a»3— 10a3«+27e=-600. 
IS. 7fl?+(3-c)X(4-«)=253. 

14. ^'x^~^^=^27a«c=36J. 

, 15, 3Vc+2aV(?«+*— <^=*=54. 

I 16. gy (>+g)+3fe( g'— y)= 696. 

: 17. 8fl»3+ V (c*— A/2flc+c«)— 3€=542. 

I ,0 23+c a/5H-3Vc+^ , 



SECTION II. 

ADDITION. 



Abt. 56a Addition in Algebra is the connecting together of 
several quantities by their appropriate signs. 

* 

57t The operation consists in collecting into one term all the 
like quantities, and so arranging the several terms, thus obtained, 
as by signs to indicate the proper sum of all the quantities, both 
like and unlike. 

58t Addition in Algebra embraces three cases. 

I. When the quantities are alike, and their signs alike also ; 
as, a, 3a ; or, — b, — 4h. 

n. When the quantities are alike, and their signs unlike ; as, 
33, —53. 

in. When the quantities are unlike, some having like and 
others unlike signs ; as, 3a, 43, — 4^;. 

Case I. 

59a When the quantities are alike, and their signs alike. 

Bulb. Add together the coeffioknts belonging to the like 
quantities, and place their sum before the oommon letten 



\ 
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or letters, Tvith the common sign prefixed; trnd the result tmU be 
the sum, required. 

Thus, let it be required to add together ddbf Idby 8a3, the 
operation will be as foUows : — 

Zdb 
lab 



l^ab. 



The reason of this rule is obvious ; for, since ab, whatever be 
its value, must represent the same quantity in every instance, 
it is evident that 8 times, 7 times, and 8 times the same quan- 
tity, will make 18 times the same. 

In like manner, let it be required to add together —73, — 53, 

and —63. 

-73 

-53 

—63 







— 183i 








t 


EXAMPLES. 




(1) 


(2) 


(^) . 


(4) 


(5) 


3a 


7A 


— 3aa; 


^ 


3a- 2y» 


4a 


bh 


— ^ax 


xy' 


4a— 3y» 


6a 


Sh 


— ax 


Bxf 


6a- y' 


a 


8A 


— 2/w; 


7xf 


a— 6^ 


5a 


A 
24A - 


—lax 


2xf 
llxf 


5a- %f 


19a 


-llax 


19a-14jf» 


(6) 


(7) 


(8) 


(9) 


(10) 


7x 


liabc 


5y 


— 4mn 


&k+ X 


4x 


lla3c 


y 


— Smn 


h+2x 


Ux 


5a3c 


y 


— mn 


2h+4x 


9x 


4a3c 


Sy 


— IIttzti 


A+ X 


X 


abc 


Ay 


— mn 


7A+6x 
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11. Add 7a, 11a, a, 4a, 6a, and ^ togeitilier. jItz;. 82a. 

12. Add 4^, 6A, A, A, llA, and 7A together. Am. BOh. 

13. Add together (3a'-4J), (7a'— 4^), and (a'-/^). 

-Atw. 11a' — 63. 

14. What is the stun of 8^/a^ 4VaS V^^S 7Va', and 
2Vfl'? ^'^' Vl\/a\ 

15. Add together 3Vfl+3> Qa/o+Bj a/o+I, and 12>v/a+3. 

ilTM. 22A/a+J. 

Oasb II. 

60a When the quantities are alike, and have unlike signs. 

Bulb. Add aU the affirmatioe coefficieTits into one sum, and 
those that are Ttegative into another; then subtract the less of 
these results from the greater , and prefix the sign of the greater 
to the difference, annexing the common letter or letters, 

Reqtdred the snm of -f-7ax, — 4ax, —Sax, +17aa:, —ax, and 
•^ax. 7ax 

— 4aj; 

— Sax 
• ^ 17aa; 

— ax 
ax 



Vlax. 



We find the sum of the plus quantities to be 25a2;, and the 
sum of the negative quantities — 9ax; and the difference be- 
tween those coefficients is 17, which we prefix to ax; thus, 
17aar. 

The reason of this Bule is obvious, when we consider that 
two equal quantities, the one with a positive and the other with 
a negative sign, exactly cancel each other, so that their sum is 
nothing. Of course, then, when two like quantities of opposite 
signs are not equal, the difference between them must be the 
proper sum, which will be positive or negative according to the 
affirmative or negative character of the larger quantity. 



a 


20» 


12oi 


- » 


18a— ISmp* 


i& 


8». 


Soi 


7a 


14o- 9m/ 


(«) 


m 


(8) 


(9) 


ao) 


6s 


4m 


-&:» 


-4p» 


8:1,— m^ 


- 7» 


mn 


Tij 


pn 


3iy+ <»> 


4, 


Sim 


-41, 


pn 


— ILry— ISm^p 


-11, 


ISmn 


- »S 


— llpn 


- 4i,+ 9..V 


9, 


7mn 


9:^ 


7p» 


— 8zy— 3m"p 


-2, 


8>m 


-^ 


p7t 


12i,+12m'!, 



11. Add 4+o^, 6— aV, 3+6<r'a:, 15— 5rf^, S+a'ar, and 
6+7(i'a; together. j1j». ST+ft^. 

12. Add 14iz— %, 7az-{-^, 5az— 7y, 9az— lly, add 
&M-[-3y together. Ara. 43<ir— 20y. 

"T^a. Add 3o— 4A+6c. 7a+lli— 3c, So+J— 7c, and a—lli 
+15c together. Aaa. 19a— 3J+llc. 

14. Add Iftr"— V-16, &K'+4y'— 5, r'+Sy*— 87,a:'-|/» 
+7, 6a*+7y'-ll, snd 23:"— V— 21 together. 

Ara. 2fte*4-V— 83. 

15. Add 5fl— 5, 3S+8c, 4ffl— 5c, 5a— 54— c, 7a— 6c, and 
llo-|-4i— 7c together. Ara. 82a+fi— 16c. 

GabbIII. 

61. When the qnantitiea are ualike, some having like and 
others nalike eigns. 

It is eyidcnt that unlike quantities cannot be united into one ; 
or otherwise added than bj meana of theii eigiu. 






Zax+imt. 


-fV+T^y. 


13a+12»?r+2™_fa. 


m 


(4) 




(S) 


9A 


14m- ai" 


4<B 


-130+3il 


-7A 


5(w'+ Sxy 


5a>+3«i+9j? -r 


&^ 


V-4m 


J», 


-4ii+9' 


fay- 


Si" +26 


Vi 


-40 -a.* 



6. Add together a+x and y — c. Jmi, o — c-\-x-^y. 

7. Add 3a+J— 10. c— (i— a, — 4c+2a-35— 7, and 43;'+5 
-18m together. jItw. 4a— 2i— 12— Sc— ii+4a:''— 18wi. 

(t. Add 7a— 5y^, Ba/i+So, by—z^/x, and — 9a4-7Va; to- 
gether, jItw. lif^x. 

9. Add 4mM-L8ai— 4c, Zx—Aai-^2mn, and 3m'— 4p to- 
gether. J.M. 6 WOT — iiS — ic-j-Sar-j-^OT^ — 4;). 

10. Find the sum of 3a'+2ai+44', 5tt'— 8ai+J', — a'+Soi 
-S', I80'— 20ai— 19*", and 14fl'-3fli+20*'. 

Ans. 39<i'— 24aA+5i'. 



-27aV+18a', Z^x~^W 



: letters, that are common 
with them by a paien- 



,„, (13) 

2cx—3dy my+ddx 

Bax-^by 4ny—9jnx 



(am-\-2e+3a)x+{b~d)y. (h+m-\-in)y+(Sd—bM)x. 

14. Add 4tLi:—bmy, 3dx-^7ny, and Tmr-f-imy, together. 

Am. {4a+dd+7m)x+{7n~»t)y. 

15. Add 3Az — 5x, imz-^Tix, and 5(U — 4px, together, 

Ans. (3A+4m+5a)2+()t— 5— 4p>c. 



SECTION III. 

SUBTRACTION. 

Aet. B5> Subtraction is the taking of one quantity irom 
another, or the method of fin^g the difference between any two 
qnantities or sets of qnantities of the eame kind. 

68. If it be required to sabtract 10 — 7 from 12, we mi^t 
first snbtraat 7 &6ni 10=3, and take the 3 from 12=9 ; or 
wo mi^t take the 10 from 12, and the remainder 2 must neces- 
sarily be increased by 7 to produce the correct result. 

If from a we wish to subtract c-—d, we first subtract c, and it 
gives a—c. This qoautity, unce we have taken d too much 
from a, is too small by d. Therefore d most be added, thus, 
a—c-\-d. 



.,, ^ „^__ ^ itity is to be taken from anotlii 

quantity, it ia only necessary to write tbem one after tJ 
thus, if 8 ia to be taken from 15, it may be expresi 
15-8=7. 

If it wero required to eubtract b from a, it sbould b 
thus, a— fiy but if we were to subtract o— J from c- 
evident tliat if only a were to be taken, it would bi 
thus, c-\'d — a. Bat this evidently ^ves a result too si 
a was to be lessened by h before ttie aubtraction. The 
the remainder b too smaU by b, we must add b to the n.^^..^^^^, 
which win give c-^i! — a-\-i; for it makes no difference in the 
result whether tlie minuend be increased or the subtrahend 



Subtract 7—4 from 13. Taking 7 from 13 leaves 6; but 6 
is too small, for the 7 should have been lessened by 4, and we 
must either aabtract the 4 from the 7 before the operation, or 
add it to the remaiDder; and, if added to the renuunder, the 
expreBsion will be thus, 6-i-4^10, 

68> We therefore see the propriety of the following 
]^LE. Change the signs cf ajl the quantities to be subtracted, 
aohd proceed as in Addition. 

SrUPLE QUANTITIES. 

(1) (2) (3) (4) (5) (6) 

From +7a —16a: +V7d —29g +155 —6c 
Take +2a — 5a: + 8d -ISg + 7b — c 
+5b -111 + 9d -Ug + 8fi —5c 
Hie above queadons are performed as in Arithmetic, the 
mmuend being the larger nmuber, and having the some sign aa 
the subtrahend. 

(7) (8) (9) (10) (11) (12) (IS) 

From - 8a + 7x +l$y — 3i — 7c -\- M ■ —Qh 

Take -15a +14x +2(V —7* -15c +Ud -84 

+ 7a — 7x — 2y +45 + 8c — Zd +2A 
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In these examples the minuend is taken from the subtrahend, 
and all the signs in the subtrahend are changed. 

(14) (15) (16) (17) (18) (19) (20) 
From +27a — 6b —7c +8^ +1U — bx — 7y 
Take 4l3a -+18^ -^ c — 9^^ flbh +17a: -rlby 

+40a —24^ -6c 17^^ +26A —22a; + Sy 

In these examples we change, mentally^ all the signs in the 
subtrahend, and then proceed as in addition. These questions 
may all be proved, as in Arithmetic, by adding the remainder to 
the subtrahend. 

COUPOUND QUANTITIES. 

"■^69 • The same rule must be"~observed in subtracting compound 
quantities as in simple quantities ; that is, all the signs of the 
quantities to be subtracted must be changed, the signs + to — , 
and the signs — to -]- ; we then proceed as in addition. 

(1) OPEEATION. 

From ab-\' cd — ax — 7 a3+ cd — ax— 7 

Take 4ab—Zcd+4ax—lb —iab+Scd—iax+lb 

Sab'{'4:cd—baX'{- 8 

70 1 It is a better way for -the pupil to amceive the signs in 
the subtrs|hend changed, but to let them remain without alter- 
ation, otherwise it might be difficult to correct errors that might 
arise in the operation. 

(2) (3) 

From 7x-j-5y— 3a— 6A 7a^c— lla:-j-5y— 48 

Take a:— 7y+5a+llA lla^c+ 3a;4-7y+100 

6x+122^— 8a— 17A — 4fl3c— 14a:— 2y— 148 

(4) (5) 

From 14A— 42+ 9y +x 9a:— 5aic— 6A— 51 

Take — 3A— 7z+41y— 17a: 19a;— 7a^c— 8A+ 1 

17A+3z— 32y+18a: — 10a:+2a^+2A— 52 



m^ 
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(6) 



From Bxy--€^ — 3A»— f 
Take -'Xy-'Cf +7A'— .l(y 

(8) 
From b/s/aa^—^ +7a*— 1 



(7) 

(9) 
8a:»+ y5^ //7A+ 5 



2Vfl2:'— 42^+12a*— 8 4a;*+42^+2V 7A+11 

10. Fronf 3a— 53+6A— cf take (k+^— 7^. 

' ^7w. 2<z— 6i+6A+6<£. 

11. From %W^2y^+ah take 17a:'+5y«— 4fl^+7. 

ilw. 14a:»— 82/*+5a3— 7. 

12. From 5/fl43— M take -.3/+7i-15rf. 

Am. 8/+7^+W. 

13. From llfl—73+c take a+7i— 3c+ll. 

Am. lOfl— 143+4c— 11. 

14. From wi«+37i» take -/4ot'— 6n'+71a:. 

,Am. 5wi2+9«'— 71a;. 

15. From 3Li— 15a:— 7 take 2a— 2^a;-fy. 

~ Am. 29a+10x— 2/*— 7. 

16. From aJb^—x^ take — 6a3(r»+3a:y'— 7A. 

il?«^. 7a3c' — 4a:^-f 7A. 

17. From llcA*— 5 take 5cA«— 5-f47x. 

-Atw. 6c^'— 47a:. 

18. From mr^'\-kt take — 7«?m'-f-48a;— ^. 

Am. 8ffi7i'+it^— 48a:+2/«. 

19. From 47a3A— 37+96j^ take labh. 

Am. 40aiA— 37+96y^ 

20. Take 7a?f+hm from Say +17. 

Am. xY^hm-^-VI. 

21. Take 53^— 3c+59m from llA'. 

Am. 63'+3c— 59ot. 

22. Take 6a— 3^— 5c from 6a+33— 5c+l. 

Am. 63+1. 
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23. Take 41r»+7j^+a& fifom m\ 

Ans, m'--4LK'--7y'— fl3c. 

24. Take rc» from -.17a:«+14y— a+^. 

Am. — 18ar'+14y— fl+3. . 

25. Take a — h fi;om a-|-^. Ans, -f 2^. 

26. From 9x2? take zjr— 7A— 5m'+7. 

-472^. 8a;z+7A+5OT'— 7. . 

27. From lUm+Sw' take r»— y*. 

ilTw. llAOT-|-8n'— aj'+y*' 

28. From a-J-i take a— 3, and a— 3, and — a +3. 

^rw. +23. 

29. From a— i — c take — a+^+c and a — i+c. 

^ Ans, a—h — 3c. 

^71* When similar quantities that are to be subtracted have 
literal coefficients, the operation may be performed by placing 
the coefficients with their proper signs within a parenthesis, and 
tlien subjoining the common quantity ; thus, 

From ay — h * From cLS^-^g^ 

Take dy—c Take ba^—kf 

(a—d)y+c—h {o,—i^)^+{g+h)f. 

72i If a set of quantities enclosed in a parenthesis is com- 
bined with others by means of the sign +> the parenthesis can 
have no effect upon the result, and may, therefore, be retained 
or not, at pleasure. 

Thus, a+(i+c) is evidently equivalent to a+h+c; for it 
cam make no difference whether b and c be first added together, 
and their sum then be added to a, .or the sum of the three quan- 
tities, a, &, c, be taken at once. 

Again, z — y+{b^z) will amount to the same thing as x — y 
•i-b—z; for it is immaterial whether b — z be added to x—y 
at once, or b be added to it first, and from the result z be 
subtracted. 

•' The subtraction of a polynomial may be indicated without 
performing the operation, by inclosing the quantity to be sub- 
tracted in a parenthesis, and prefixing the sign — . 

3 
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If we wish to subtract 7a— 5a:+6y from lla— 2a;+8y, it 
may be indicated thus (11a — 2x+8y) — (la — bx+Qy). 

And 7^—Sb+c+g — Pj taken from 10a, leaves 10a — (7a — 33 

^C'{-g-—p) ; being equivalent to 3a+33— c— g'rh^'. 

Mf, therefore, a quantity enclosed in a parenthesis be com- 

omed with another by means of the sign — , the rule laid down 

in Art. 68 shows that the signs of the terms of this quantity 

must be changed whenever the parenthesis is removed. 

Thus, a — (3+c) is equivalent to a — b — c ; because it can 
be of no importance whether b be first subtracted from a, and c 
then be taken from the remainder, or the sum of b and c be 
subtracted from a at once. 

\ Consequently, a parenthesis, with a negative sign preceding it, 
may be introduced into anf compound algebraical expression, 
provided the signs of all the symbols comprised in it be 
changed. 

Thus, a — X — b+y is equivalent to a — x — (b — y), or a — {x+ 
b—y), or a+y—{b+x), or y— (a:+3— a). 

Similar considerations will Enable us to dispense with the use 
of parentheses, without altering the values of the expressions in 
which they are found, when one or more such parentheses are 
included within another. 

Thus, a — [b — (c+^)] is manifestly equivalent to a — [b — c 
— d], which is also equivalent to a — b+c+d. 

Also, a—\a+b — [a+b—c^{a — 3+c)]}=a— |a+3— [a+3 
—c—a+b—c] }=a--{a+3— [23— 2c] |=a— |a+3— 23+2c| 
=:a— {a— 3+2c} =a— a+3— 2c=3— 2c. 

EXAMPLES TOB FBAOTIOE. 

1. What is the value of the expression (1— 2a:+3a;') + (3+ 
2z— ar^) ? Ans. 4+2r^. 

2. Reduce to its simple form the expression 5a — 4b+Bc+ 
(— 3a+23— c). Ans. 2a— 23+2c. 

3. What is the value of the expression (a— 3— c)-f-(3+c— ^) 
+(^-c+/)+{«-/— S') ? ^ns. a^g. 
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4. Exhibit a— (i-^c)+3— (a-fc)+c— (a-f-^) in its simplest 
form. * Ans, — a+i+Sc. 

5. From Six'+f) take [{a^+2xy+f)-^(2xy-l'Z^r/')l 

Ans. Q^+y^. 

6. From Q3^+27/^-'(^+f) take 2a^+4fi/*^(4z''^7/). 

Arts. 5a:' — 4^*. 

73i Algebra differs from Arithmetic in the use of negative 
quantities. In Algebra, every quantity is either positive or 
negative, according as it is affected with the sign plus or minus ; 
and, as we have observed above, whenever a quantity has not 
either of these signs prefixed, the sign + is understood, and 
the quantity is said to be positive. Thus 5, or +5, is positive; 
but — 5 is negative. Positive quantities are also called affirm- 
atives. Some mathematicians, in treating this subject, have 
involved it in much perplexity, and, in our opinion, in absurd- 
ities, by considering — 5, or — a, as quantities less than nothing ; 
much to the injury, if not to the disgrace, of the science. But 
the student is to observe that — 5 denotes just the same number 
and quantity as -\-b^ but with the additional considerations, 
that the former is to be subtractedt while the latter is to be 
added. 

The simplest illustration of positive and negative quantities 
may be derived from a merchant's credits and debts. Five 
dollars is the same sum, whether it be due to him, or he owe 
it to another ; but, in one case it may be considered as positive 
$5, for it is an addition to his property ; and in the other as 
negative $5, for it is subtracted from his property. And, if 
the sum of his debts exceeds the sum of his credits by $1000, 
the state of his affairs may be represented by — $1000 ; and, 
undoubtedly, he is worse than if he had nothing, and owed 
nothing. In such a case, indeed, the man is often said, in mev' 
cantHe language^ to be minus one thousand dollars. Whereas, 
if the siun of his credits exceeds the sum of his debts by $1000, 
the state of his affairs may justly be represented by +$1000. 
These opposite signs, then, without at all affecting the absolute 
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magnitade of the quantities to wliich they are prefixed, intimate 
the. additional consideration that those quantities are in contrary 
circumstances. 



SECTION IV. 

MULTIPLICATION. 

Abt. 7Ii Multiplication is the repeating of a quantity as 
many times as there are units in another; it is virtually the 
same in' Algebra as in Arithmetic. 

75f The multiplicand and multiplier may be considered as 
&ctors; and, in all operations, either may be taken for the 
other. 

Thus, if 6 be multiplied by 7, or a by &, the result is tho 
same as if 7 be multiplied by 6, or h by a. 

76i When several letters are written after one another, it 

|| implies that they are all multiplied together. 

I Thus, ahcd, is the same as aX^X^X^; and it is immaterial 

in what order they stand ; for ahcd^ cdab, and bdca, are synony- 
mous terms. 

77i Multiplication is commonly divided into three cases. 

I. When the multiplicand and multiplier are simple quan- 
tities. 

n. When the multiplicand is a compound quantity, and the 
multiplier is a simple one. 

III. When both the multiplicand and multiplier are com- 
pound quantities. 

Case I. 

78i When the multiplicand and multiplier are simple quan- 
tities. 
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Rule. Multiply the coefficients of both terms together ^ and 
to the product annex the letters in loth factors^ remeTnbering 
that the product of like signs is ptus^ and of unlike signs is 
minus. That is, plus ( -j- ) multiplied by plus (+), and minus 
(— ) multiplied by minus ^ (— ■), give plus (+); and plus (+) 
multiplied by minus ( — ), and minus (— ) multiplied by plus 
(+)> 5^^« minus (— ). 

ILLUSTRATION. 

79i 1. If a plus quantity is multiplied by a plus quantity, 
the result will be a plus quantity. Thus, 

If -f-« is multiplied by +3, it is evident that +^ is to be 
repeated as many times as there are units in 4-^; that is, b 
times a=+a^. 

2. If a minus quantity is multiplied by a plus quantity^ or a 
plus quantity by a minus quantity, the result will be a minus 
quantity. Thus, 

K — c is to be multiplied by +(^, it is evident that — c must 
be repeated as many times as there are units in d ; that is, 
d times — c= — cd. The result will be the same if +c is mul- 
tiplied by —d. 

3. If a minus quantity be multiplied by a minus quantity, 
the result will be a plus quantity. 

To illustrate this, let a — b be multiplied by c — d. 

The product of a — h by c is ac — be ; but it is evident that 
this product is as many times too large as there are units in d. 
Therefore the product of a—b by d=:ad — bd, must be subtracted 
from ac — be, thus (ac — bc)—(ad—'bd)z=zac — be — ad-\-bd ; but 
•^bdis the product of — b and — d ; therefore a minus quantity 
multiplied by a minus is a plus quantity, Q.E.D, 

80i That the product of two minus quantities produces a 
plus, may be illustrated by the following diagram : 

Let ABCD be a right-angled parallelogram. Let JH be 
parallel to AB, and EG parallel to AD. Then the figure will 
contain four right-angled jparallelograms, JFGD, AJFE, EBHF, 
and FHCG. Let AB, which is equal to JH,=a, and EB or its 

8* 
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equal FIt=h ; then AE, or its equal J¥^ will be =a—- ^. Also 
let AD=zc, and AJ=d, then JD or 
FG^c-^d* Now, to find the con- 
tents of JFGD, we must multiply the 
adjacent sides of the parallelogram 
together, which are JD and JF, 
But jrD=c— df, and JF=sa—b; there- 
fore the contents of the parallelogram 
will be {a—b)X{c^d)=ac—ad'—bc+bd, 

But ac is the contents of the figure ABCl), for it is the pro- 
duct of the adjacent sides AB suid AD. And this exceeds the 
contents of the figure JFGD by the three parallelograms AJFE, 
EBHF, and FHCG. But ad is the contents of the figure 
ABHJf for the side AB=a, and AJssd, and these are the 
adjacent sides of the parallelogram. And be is the contents of 
the figure EBCG; for EB=b, and AD or BC=sc, and there- 
fore bc=EBCGy for it is the product of the adjacent sides EB 
and BC, But the parallelograms ABHJ and EBCG both in- 
clude the parallelogram EBHF; whereas it should be included 
by only one of them. It must, therefore, be returned; The 
contents of this figure EBHFz=zbd ; for FH:=by and HB=d, 
and their product is bd. And as BF has been taken twice from 
the figure, it is restored by considering bd a plus quantity, thus 
+bd, Q.E,D. 



EXAMPLES. 

1. Multiply 4m by 371. 

2. Multiply Sab by —bed. 

3. Multiply Smn by ixy. 

4. Multiply 7pg by y. 

5. Multiply —ISadefhj ^np. 

6. Multiply 7hp by ^tuz. 

7. Multiply 19ab by —xyz. 

8. Multiply 7an by —2an. 

9. Multiply 5aaa by Zaaa. 



Ans. \2mn. 

Ans. — Ibahcd. 

Ans. Z2mnxy. 

Ans. Ipgy. 

Ans. ^2>adefmnp. 

Ans. 2%hptuz. 

Ans. — \9dbxyz. 

Ans. — 14aan?i. 

Ans. Ibaaaaaa. 
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10. Multiply — 4xy by —xxyy. 

11. Multiply — llefc by —Wee. 

12. Multiply ^mn by 2mmn. 

13. Multiply Vldbc by — 8aic. 

14. Multiply lla:^2^ by — yy. 

15. Multiply — ^mmm by — rmn, 

16. Multiply ^^ by ^. 

81 • When the same letter is repeated in the product, for the 
sake of brevity one letter only need be written, with a figure 
placed after and above it, denoting the number of times the 
letter is taken as a factor. 

This figure is called the expoTient or power of the letter, and 
it shows how many times the letter is used as a &ctor. Thus, 

V 82» If two or more letters of the same kind, having expo- 
nents, are to be multiplied together, we write the letter, and 
place over it the sum of the exponents. Thus, the product of a? 
by a^=ia£uiy,a4i==.aaacui'==^(i^. Hence the following 

BrULE. Add the exponents of the $ame letter^ and place their 
sum over theprodtict of the letter multiplied*ln^ the coefficients, 

17. Multiply 4wi* by 3m^ 

4x3Xw*X^^=12ot*+«=12ot«. 

18. Multiply — 5»' by — 4?^^ Am. 2M. 

19. Multiply — Sa" by 3a». Ans. — 9a*». 

20. Multiply 2af^ by 4a:». Ans. %3ir^. 

21. Multiply 3a'^3 by ba'b. Ans. \bd^b\ 

22. Multiply ah^ by c^b. Ans. a*b\ 

23. Multiply aWc by a'bd. Ans. a!^b^cd. 

24. Multiply 7cf<^ by a*cm. Ans. 7aVm. 

25. Multiply 9a^iV by -fl«3'ca^. Ans. -9a^'*»ca:". 

26. Multiply 15mV by Zmn. Ans. Abm^n'. 

27. Multiply Sa"*^" by 2a'^b\ Ans. Qa^b''+\ 

28. Multiply 4ary^ by —xy:^. Ans. — 4x"^^2'. 



) 
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29. MtQtiply 17aV by 4aacc. Am. 68aV. 

30. Multiply 3a"+- by — 4a'»-". Am. —12a*-. 

31. Multiply Ta" by 3a-^. -An*. 21. 

32. Multiply llw' by — 5»«. ilTW. — 55n^ 

33. Multiply 4a« by — 3flr^ il«5. —12a*. 

34. Multiply 7m" by 3m\ ilw. 21m'". 

35. Multiply 6ai« by a'^-*. Am. ^h"^. 

36. Multiply a-« by cr^. Am. ar^. 

37. Multiply ar" by a:". -Atw. 1. 

38. Multiply 7?i' by 771"*. Am. 1. 

Case II. 

8S« When the multiplicand is a compound quantity, and the 
multiplier is a simple quantity. 

BuLE. Multiply each term of the multiplicand separately by 
tlte multiplier, and prefix the proper sign to each term of the 
product. 

EXAMPLES. 

(1) (2) (3) (4) 

Multiply 3a+5a: 7m— 4» 33— 4c 53:4-73 

By 4m 3a. '5c 3m 



12am-\-20m>z. 21am— 12an. lbbe—20ce. 15ma;+213?7i 

(5) (6) (7) (8) 

4a:'— 3ar» 4m'^+2n Sa^c—d abc+m'' 

3a: 3m' 5a^ 4am 



123^'^9a2^. 12m«+6m'7i. ^Oa^bcd'—bad^. 4a'3cm+4am"+^ 

9. Multiply 5a'a:-7y+4a:^— 33' by 4ay'. 

Am. 20a^a:y'— 28aj^+16aa:y— 12a3y. 

10. Multiply 7a^3^+4am'-6y by 4aW. 

Am. 28a'3W4-16aW— 24a''mV. 

11. Multiply 4a'3^— 6a'c+c' by —5a'. 

Am. — 20a*3^+30a^c-5aV. 
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12. Multiply — flJ'— Sa:*— 14»i-» by — flw». 

Case m. 

81* When both the multiplicand and multiplier are com- 
pound quantities. 

EuLE. Multiply each term of the ymdtiplicand by each term 
of the 'irmttipiier^ remembering that the prodiut of like signs is 
•4-, and the prodtict of unlike signs is — ; then add together ak 
the products. 

KoxE. Temos which are alike shonld be placed under one another. 





EXAMPLES. 






(1) 

Multiply 8a+43 
By 2a+ b 


-f4i« 




(2) 

^+y 

2x—y 


+3ai 


2z'+2xy 


6a«+lla3+43«. 




2z'+xy-f 


(3) 
4ay+2y 






28a2a;y— 16ay«+24flmy 

+14aa:y— 8y*-|-12wy 




28a*a:y— 16a^+14aa:y— 


S^'\-24amy-\'12my. 


(4) 
22?-Yy 

^+y 


(5)' 
^a+4m 

2a— 2ot 


-Sm^ 


(6) 
3a— 23 ; 

2a 53 


+2x'y+7/ 


Qa^+Sam 
— Qam- 


6a'*-4a3 

Uab+10b\ 


2x*+S:i^y+f. 


Qa^-\-2am- 


-2>m\ 


^^-19ab+10b\ 
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(7) 



— 16a'^«+20a2i3-[-32fl3*-8y 

8a5-22a^3-17a3^+48a'^^+26a^*- 8**. 

85i When positive and negative terms balance each other in 
the product, they should be cancelled. 

(8) (9) 

a^+ax+a^ 1— z+a:'— or' 

fl — a: l-{-x 

c^ —3^. 1 —a:*. 

86i The continued product of factors is often expressed in 
one line. 

10. (1+x) (l+a;*).(l— a;+r^-.a:3)=:l— a:«. 

11. (a+2a;) (a— 3a:) (a+4a:)=a'+3a'a;— lOor'^— 24a:5. 

12. Kequired the continued product of 3a — x, 2a-\-ix, and 
4a— 2a:. Am. 24a^+28a'a:— 360^^+82:3^ 

13. Multiply Sx^'-2xy—f by 2a:— 4y. 

Ans, 63:^—1 6a:'2/-|-6a:y'+42^. 

14. Multiply a:«+2a:+l by ar*- 2a:+3. 

Atis, a:*+4a:+3. 

15. Multiply a-\-h—c by a— 3+c. 

Ans. a'— 3'+25c— c^ 

16. Multiply 3fl— 2^ by — 2a+43. 

Ans. — 60*^+1605— 83«. 

17. Multiply 5a'— 3a3+43' by 6a— 53. 

Ans. 30a3— 43a23+39a3'— 2031 

18. Multiply a'+a3+3'* by a-3. Ans. <^-b\ 
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19. Multiply a^—x^ by a*— a;*. Am. a'— 2d*a:*+a5». 

20. Multiply 2ar*— a2:y+6 by 3r^+3a:y— 5. 

Am. 6a;*— 3z3y+8ar^— 9a;y+33a:y— 30. 

21. Multiply 5a'— 4ar+3a:« by 2a«— 3aa:— 4a:«. 

-47W. 10a*— 23a'a;-2a^+7aa:'— 12a^. 

22. Multiply 2a'— Saar+ir* by 5a'— 6aa;— 22:". 

il?^s. 10a*— 27a3a:+34aV— ISoa:'— 8ar*^ 

23. Multiply a^— 3a'+3a— 1 by a'-2a+l. 

Am. a*— 5a*+10a^— 10a'+5a— 1. 

24. Multiply a"*- a" by 2a— a". 

Am. 2a'»+*— 2a"+*— a'^+a**. 

25. Multiply a*— a^a:-J-a'a:'— aar'+a;* by a+ar. 

Atis. o'-j-a;*. 

MULTIPLICATION BY DETACHED COEFFICIENTS. 

87i The coefficients of the polynomials should be arranged 
according to the successive powers of the letters, increasing or 
decreasing by a common difference; and, when this common 
difference is wanting, its place should be supplied by zero. 

The following examples wiU illustrate the above : 

1. Multiply a'+2a+l by a'-2a+l. 

1+2+1 
1-2+1 

1+2+1 
-2-4-2 

+1+2+1 



1+0—2+0+1. 



In adding the coefficients of the partial products, we perceive 
that the second and fourth places are a zero : but the letters 
must be written with their powers regularly ascending from left 
to right ; and, where zero is the coefficient, the value of the 
quantity is nothing. Thus, a*+Oa^— 2a'+0a+l=a*— 2a'+l, 
because zero is the coefficient of the second and fourth terms. 
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2. Multiply a:*— re* by ai'+a:. 

1+0-1 

1+0+1 

1+0-1 

+1+0-1 

1+0+0+0-1. 
With, the letters and their powers added, it will be 

The second, third, and fourth terms are of no value. 

3. Multiply 3a»-4fl3^+63'by 2a'-4^. 

3+0-4+6 
2+0-4 V 

6+0- 8+12 ^ 

-12- 0+16-24 

* 

6+0-20+12+16-24. 

We now annex the letters with their proper powers, decreas- 
ing by a constant common difference, thus : 

W^20(^b^+12aW+lQab*^2W. 

4. Multiply 2a'-3aA«+5^' by 2a'-53'. 

2+0— 3+ 5 
2+0- 5 

4+0— 6+10 

-10- 0+15-25 



4+0-16+10+15-25. 

Affixing the letters with their powers, we have, 

4a»+0fl*J-16fl'P+10a'3'+15flJ*-25^= 
4a»-16fl«^+10a«33+15a3*-25^'. 

5. Multiply 5fl5^— 3fl?+fl by 2a*+(^. 

Am. l(Ja9+5fl'— 6a*— fl^+a*. 

6. Multiply 3a:8-22:-2 by ar^-3. 

Am. 3r*— 110:^- 2a:«+62:+6. 
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7. Multiply ^+y— 3 by y"— y. 

Am, ^+^— 4y'— ^+3y. 

8. Multiply ar'+a;*+a:'+ar»+2:+l by z— 1. 

Am. a:*— 1. 

9. Multiply a'-2fli+4^ by (^+2ah+W. 

Am. tf*+4rfy+lM*. 

10. Multiply 3a*+3a'i+3c^*«+3a3'+83* by 7«-7«. 

-An*. 21a»— 2iy. 

11. Multiply 7?-\-oi?y'\-xi^-\-if by a:— y. Am. a!*— y*. 



SECTION V. 

DIVISION. 

Art. 88* Division is the converse of Multiplication, and is 
perfonned like that of numbers. Its object is to find how 
many times one quantity is contained in another; or to find 
what quantity, multiplied by a given quantity, will produce 
another given quantity. 

The product of like signs, as in the rule of Multiplication, 
produces -j-i <^d unlike signs — . 

Gasb L 

89t When the divisor and dividend are both simple quan- 
tities. 

K o^c be divided by a, the quotient will be he ; because a 
multiplied by he will produce dbc. 

If 4a^c be divided by 2a, the quotient will be 2hc; because 2a 
multiplied by 23c will produce Aahc. 

If ^hx be divided by Sa;, the quotient \a2h; for Zb multiplied 
by 8a: is %x. 

From the above illustration we derive the following 

Bulb. Write the dimdeiid over the divisor ^ in the manner of 

4 



^ 
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a fracttcTif and reduce it to its stn^iest form by cancelling the 
letters wnd figures that are oomrnxm to aU the terms, 

Or^ divide the coefficient of the dinndend by the coefficient of 
the divisor , and can/ceL the letters common to the divisor and 
dividend. 



1 Divide 6a^ by 2a. 

^=83 ; or, 6d^^2a=83. 

2. Divide 12abcxy by 4bx. 

-^^s=8acy; or, 12abcxy-T'^xs=:Sacy. 

8. Divide mTwp by op, Ans, mn. 

4. Divide 7abm by am. Ans. 7h. 

6. Divide 14xyz by 7z. Ans. 2yz, 

6. Divide lOedfcd by &bcd. 

7. Divide 9mnx by Sx» 

8. Divide 17 abh jab. 

9. Divide 4:9qrst by 7^. 

10. Divide 2(}hmno by 4no. 

90f Powers and roots of the same quantity are divided by 
sabtraoting the index of the divisor from that .of the dividend. 
Thus, if we wish to divide ef by d^, we subtract the index 8 
from the index 6, and set the remainder 2 over the a ; thus, a*. 
This process is evident from the fiict that a!^^=aaaaa, and c^ 
r— aofl, and aaaaa divided by aaa gives aa=a\ 

11. Divide 4£i»y by 20^. 

^=2aW; or, 4tf«3*-r2ay=2aV. 

MUr 

12. Divide To* by a^. Ans. 7a\ 
18. Divide Mh'cd by 8a5. -An*. 2fl'»&:i. 
14 Divide 7r'p'' by ry. Ans. Try. 

15. Divide GOpV by ZOp*. Ans. 2/2^. 

16. Divide 12ary l>y ^ox*. -Atw. By". 

17. Divide 96r*5rtt« by 4»s(W. Ans. 2f*u*. 
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18. Divide ncfxtj' by 17. Am. cfx^. 

19. Divide a* by «*. Ans. ai. 

Case II. 

91 • When the divisor is a simple quantity, and the dividend 
a compound one, we adopt the following 

BuiiE. Divide each term of the dividend hy the divisor ^ as in 
Art. 89. Or^ we may write the divisor under the dimdend, in 
the form of a fraction^ and then caitcd equal giumtities when 
found in the divisor and in each term of the dividend, 

EXAMPLES. 

1. Divide 9<^d+Mc-12ah by 8a. 

OPXBATIOV. 

Za)9(^b+Wc—12ab 



Sa^b+2ifc-- U. Am. 

We find that 8a is a factor in each term of the dividend; 
we therefore write the other fi^jtors under their respective 
quantities. 

2. Divide 8a'3c+16a!'5c— 4aV by 4a'c. 

Am. 2ab'j'4£^b'^c. 

3. Divide 9tfbcSa^b+lMhc by Sab. 

Am. 3a*c— a+6a*c. 

4. Divide SOtf'Jc+lSoM'— 10fl?3e by bab. 

Am. 4d;'c+3<P— 2ae. 

5. Divide Iba^^+SOsffy' hj a?. Am. 

6. Divide 7az*ya?'-'14ayz-{'21a^ by 7xy. Am. 

7. Divide jfrnq-^j^m—p^mc by j^. Am. 

8. Divide itxz-^S^z+s? by z. Ans. 

9. Divide 12ar^— 8a'iJ+16a'a;— IOat^ by 2a«. 

Am. 6er^— 4i+8aa;— 5tf~*y. 

Oase IIL 

92f When the divisor and dividend are both compound quan- 
tities. 



40 ALGBBBA. 

BuxB. Write dawn the quantities in the same manmer as in 
the division of Ttumbers in Arithmetic^ arranging the terms of 
each quantity so that the highest powers of one of the letters may 
^tand before the next lower. 

Divide the first term of the dividend by the first term of the 
divisor, and set the result in the quotient, with its proper sign, 

Multipiy the whole divisor by the term thus found; and, having 
subtracted the result from the dividend, bring down as ^ many 
terms to the remainder as are requisite for the next operation, 
which perform as before ; and so proceed, as in Arithmetic, till 
the work is finished, 

1. Divide a^+2ab+l^ by a+b, 

' V«+^ qnotient. 

a'+ ab 

ab+l^ 
c^+b* 

2. Divide c^+ba^x-^-bax^+a? by a+x. 



4a^+5aa:* 
4a^X'\-4aa^ 



aar-^ar 
aa?'\'a?, 

3. Divide a*+4a'^«+165* by af-2a3+45'. 



fl44-4fl«5«+16iY| 



c^^2ah+4.V 
2a'b+lW 

4a«i'— 8(i3«+163*. 
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It may bo verified that a^-|-2a3-f'45^ is the true quotient, by 
multiplying it by the divisor. It should also be observed, that 
in eoery stage' of the proceeding, the terms involving the highest 
powers of a have been placed first on the left. 

4. Divide 4a^— 9aV+6a»a:— tf* by 2a:«— 3aa:+a«. 

42:*— 6aa:3+2aV 

6aa:'— llaV+6a'ar 
Cor'— 9a=a;^+3a«ar 






93a If the divisor be not exactly contained in the dividend, 
the quantity that remains after the division is finished must be 
placed over the divisor at the right of the quotient, in the form 
of a fraction. * 

5. Divide cfs? by a-f-a?. 



»-z»(. 



2ar» 



a-^z 



94i The operation of division may be considered as ter 
minated when the highest power of the letter, in the first or 
leading term of the remainder, is less than the first term of the 
divisor. 

The division of quantities may also be sometimes carried on 
ad xnfiTotvm^ like a decimal fraction ; in which case a few of 
the leading terms of the quotient will, generally, be sufficient to 

4* 
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indicate ttie rest, without its being necessary to continue the 
operation. 

6. Divide a by a+ap. 



(iS^ ^ 






a-\-x 



— X 

a? 

—re 

a 






a» 


« 


a* a* 




a' «»• 





7. Divide a by a— z. 

8. Let a'— 2aa;+ar* be divided by a—x. Am, a—x, 

9. Divide a^^Mb+Sab^-'V' by a-3. 

ilTwr v^-'2ab+b\ 

10. Divide 8a3-4a«*-6ai^+3*' by 2a-3. 

ilTW. 4a«— 331 

11. Divide Si^+So^'— 4a'3— 4a» by a+5. 

iln*. 3J«— 4a2. 

12. Let 2aV— 5(m:+2 be divided by 2aa:— 1. 

Ans, oa;— 2. 

13. Divide 21a''-2W by 7a-75. 

ilTW. Ba*+S(^b+Za'b''+^ab^+^b\ 

14. Divideic^-j^+2yV— z*byx'+2r*— 2^. 
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16. Divide 1+a by 1— a. 

Ans. l+2a+2rf»+2ei'+2a^+, &c. 

16. Divide 8a:*— 16^+23y2r— 2a:y— &:«— 6jg« by 2x-^By+z. 

Ans* 4z+5y — 6z. 

I 17. Divide 6:c«-96 by 8a;-.6. 

Ans. 2a?+^+iz+m 

I 18. Divide a«+aW+a^5*+a=&'+y by a*+a»&+a«*»+a^» 

DIVISION BT DSTAOHED COEFFICIENTS. 

95i As the pupil has seen in Art. 87 that the operation of 
many questions in Multiplication is facilitated by using de- 
tached coefficients, he will readily perceive that the same prin- 
ciple will apply to Division. 

The terms of the divisor and dividend are to be arranged 
according to the power of the letteris, and zero must be inserted 
for the terms that are wanting. 

The first literal term of the quotient is obtained by dividing 
the first letter of the dividend by the first letter of the divisor ; 
and the letters belonging to the other terms are written in the 
same order, as they are found in the divisor and dividend. 

EXAlfPLBS. 

1. Divide <^+Sa''b+dal^+h^ by a+b. 

l-}-l coefficients of the divisor. 



1+3+3+1(5 



,1-1-2-1-1 coefficients of the quotient 
1+1 

2+3 

2+2 



1+1 
l+L 

a^-r-a^za^, first literal term of the quotient. The others will 
therefore be ab-^b\ and these terms annexed to the coefficients 
wiU be a'+2a5+i'. 
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2. Diyide a:*— ^ by a;^— y*. 

H.o+o+o-i(J+«=.J 

1+0-1 



1+0-1 
1+0-1. 

x*'-7'X^=z^f first literal part. The other regular parts are 
xy-\-i^. Having prefixed the coefficientSi it will be x^-^-Oxy 
+y'; bat| as the coefficient of the second term is zero, the 
term has no value. The correct answer will therefore be r^+^. 

3. Divide 3:c*— 48 by 3:c— 6. 

3+0+0+0-48(j,pg^^ 
8-6 



6 
6-12 



12 
12-24 

24-48 
24-48. 

a^-r-xssa^y first literal part. The succeeding terms will, there- 
fore, bo a^'\'Z-\-aP. Hence the true quotient will be, a:*+22i"+ 
42:+8. 

4. Divide 1— a' by 1+a. 

Arts. 1— fl+a'- a'+a^— fl'+a'— a"^. 

5. Divide 3^+3a:y*— 4a:'y— 43;* by a:+y. Ans. B]^—4a^. 

6. Divide a^-So'i— 8a%«+18a^'-8i* by a«+2ai-2*». 

Atis, a' — 5a5+45'. 

7. Divide m"— Sm^w+lOmV— 10;nV+6»i?i*— »' by m'— 
2wi7i+7i'. Ans, w'— 3m'^+3mn'— «l 

8. Divide a'^"+a**+*^"*-*— a*""*^*^*— 3"^" by a"*-*+3'*"*. 



MIBOELLANBOUB QT71B8TIONB. 4& 

QUESTIONS TO XZEBCISB IHB VOBBGOINQ BXTLB8. 

1. What is the sum of the foUowing quantities : 12a-\-bc-^' 
17^+133, Ba+12b+lbd+Sc, llc+lba+2Sb+10d, and 4d+ 
Ba+20b+lSc? Am. 38a+68^+42c+46d:. 

2. Add together 5fl+35— 4c, 2a— 5&+6c+2(f, a— 43— 2c 
+3c, and 7a+43— 3c— 6c. Am. 15a— 25— 3c+2<i— 3c. 

8. Find the sum of 3fl«+2fl3+45«, 5a«— 8a3+65», — 4««+5a5 
— 3^ 18a'— 20a5-19i«, 14a«-3a3+205^ and — 36a«+24a3— 
103^ Am. 

4. Kequired the sum of 5a'5— ITo'^c— 155V+5, — 4a'5+ 
8a^^— low— 4, — 3a*3-3a^^+20W— 3, and 2a«i+12a'^+ 
5W+2. Am. 

5. Add the following quantities : fl+5-j-^+^» a-\'b'\-C'—2dj 
a-^-b — 2c+<^, a— 33-}"<^+(£, — a+5-|-c-|-£?, and a — 3— 2c— 2«^. 

J.71^. 4a. 

6. Multiply a;'+2a;+l by a:*— 2a:+3. Am. a?*+42:+3. 

7. Multiply l—z-^-a^—a^ by 1+ar. il^w. 1— a:*. 

8. Multiply 1— 2a:+3a:«-4a:'+5a:^-6a:»+7a:'-8a:^ by 1+ 
2x+a^. Am. 1— Oa:"— Sa:*. 

9. What is the continued product of a+^j a— 3, o^+ai+^i 
and a^—db+J^ 1 Am. a'— ^•. 

10. Multiply ar»+3aa;»+3a«a:+rf' by a:'—3a3:*+3a«a:— a'. 
^ ilw*. a:"— 3aV+3aV— a«. 

11. Multiply a'^^+i"*-* by a»+^— i*^*. 

ilTW. a"^+a*^^5"^*— a"^'5**"^— 5"^. 

12. Divide a:*— a? by a:— a. Am. a^+^+^^+^'^+^*- 

13. Divide a:*— 9a?— 6a:y— ^ by a?+3a:+y. 

il?w. a?— 3a;— y. 

lV 14. Divide a:*— 4a:»+6a?— 4a;+l by a?— 2a;+l, and a:*— 
2aV+16a'a:— 15a* by a?+2aa:— 3a^,, and find the diflference of 
their quotients. Am. 2a:— 2aa;— l-}-5a'. 

15. Divide a?-16aV+64a« by a;-2a. 

Am. a?+2aa^+4aV— 8a«a?— 16a*ar— 32a?. 
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SECTION VI. 

1 

FEACTIONS. 

Art. 96« AlgebndcrFraoiions are similar to vulgar &ao- 
tions in Arithmetic ; they express a part, or parts, of a quantity 
or a unit 

97* They conost of two parts, the numerator and d&njom^ 
inatoTj the former being written above the line, and the latter 
hdow it ; and these, when taken together, are the terms of the 
fraction. 

98t The denominator shows into how many parts the quantity 
or unit is diyided ; and the numerator, how many of these parts 
are represented by the fraction. 

99« A proper fraction is one whose numerator is less than its 
denominator; as, 

a — b ' 7 

100* An improper fraction is one whose numerator is equal 
to or greater than its denominator ; as, 

a b4-c 7 

101 • A mixed quantity is a whole number or quantity, with a 
fraction annexed, with the sign either plus or minus ; as, 

a m a m 

T+y» or -— ar, or y-f--, or a:—-, or 7f 
on en 

1 02a A compound Jraction is a fraction of a fraction; as, 

I of i of J; or, J off of ^V 

103* A complex fraction is a fraction haying a fraction in. its 
numerator or denominator, or in both : as. 
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3 

4 
14i' 


4 

7 

ir 

12 


a a 

b c-^d 

-, or 

c n 

d p 
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104« The value of a fraction dependa on the ratio which the 
numerator bears to the denominator. 

105* The value of a fraction is not dianged by multiplying or 
dividing both numerator and denominator by the same quantity. 

106* The greaiest ammum measure of two or more quantities 
is the largest quantity that will divide all of them without a 
remainder. 

107* The least common multiple of two or more quantities is 
the least quantity that can be divided by them all without a 
remainder. 

108* A fraction is in its lowest terms when no quantity, ez- 
cq>ting a unit, will divide both of its terms. 

109« Quantities are said to be prime to one another when 
their greatest common Tneasure is a unit. 

110* Prime factors of quantities are those &ctors which can 
be divided by no quantity but themselves or a unit; thus, the 
prime &ctors of 35 are 7 and 5. 

Ill* A composite quantity is that produced by multiplying 
two or more quantities together. 

112* A fraction is, in value, equal to the numler of times the 
numerator contains the denominator. 

113* A fraction is increased in value either by multiplying its 
numerator or dividing its denominator. 

114« A fraction is diminished in value either by dividing its 
numerator or multiplying its denominator. 



48 ALaSBBA. 



CiBE L 

115« To find the greatest common measure or divisor %.£ the 
terms of a £»ction. 

Bulb. Arrange the two quantities according to the order of 
their powers, and divide that which is of the highest dimensions 
by the other, having first cancelled any factor that may he con- 
tained in all the terms of the divisor, without being common to 
those of the dividend. 

Divide this divisor by the remainder, simjiiified as before, and 
so on for each successive remaxnder, and its preceding divisor, 
till nothing remains; and the last divisor toiU be the greatest 
common measure or divisor required^ 

If any of the divisors, in the course of the operation, become 
negative, they may have their signs changed, or be taken affirm^ 
ativdy, without altering the truth of the result ; and, if the first 
term of a divisor should not be exactly contained in the first term 
of the dividend, the several terms of the latter may be multiplied 
by any number, quantity, or factor, t/iat will render the division 
complete. 

EXAMPLES. 

1. Find the greatest common measure or divisor of -s--r*T"« 

a C''^ax 

cX'\'X^)a^C'\-a^x 

c-\-x) a'c+a?*a;(fl? 

a^c-^-a^x. 

As x is found in both terms of the divisor, we divide those 
terms by x before the operation. 

The greatest common measure of both terms we perceive is 
c-^-x; that is, it will divide them both without a remainder, 

cX'^a^ X 

Thus, c+x) 3 , ., =-3. 

' ax+a^x (t 
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2. Reqidred the greatest factor of » . ^, — --rj. 

'-.2&i:«— 2i«») 
a:+5)a:«+25a:+y(a:+3. 

bz+U" 

We cancel 23^: in both terms of the second divisor, as it is 
eonunon to both. 

As x-\'h is the last divisor, it is the greatest &ctor or com- 
mon measure of the quantities proposed. 

3. Eeqnired the greatest common divisor of 8^ — 2a — 1, and 
4flS_2a«— 3a+l. 

3a«-2a— l)4a'— 2a«— 8a+l(4a 
3 



12a3— 6a«— 9a+3 
12a^-8a«-4« 



2^2— 5a+3)3a'— 2a— 1 
2 



6a»— 4a— 2(3 
6a«— 15a+9 



11a— 11 

a— l)2a'— 5a+3(2a— 3 
2a'-2a 



-3a+3 
— 3a+3. 



Afi 11 is common to both terms of the third divisor, it is 
cancelled; therefore a— 1 is the greatest common factor of both 
quantities. 

4. What is the greatest common divisor of a:^— a^, and 
x^^cf? Am. x—a. 

5 
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5. What is the greatest common fi&otor of 7? — 1, and ax-^a f 

Ans. ar-j-l. 

6. Beqnired the greatest common factor of ^— a^, and ^ — 
^X'-ya?+3^, Ans, t/^—a^. 

7. Kequired the greatest common measure of e^-^c^x+asi^ 
— a:*, and c^-^x\ Ans, ef — a^x-\-a3^—2^. 

8. Beqnired the greatest common factor of a*— a^, and a^-^- 
€^Q^. Am. a'+a:*. 

Casb II. 

116i To reduce fractions to their lowest terms. 

Ktjle. Divide the terms of the fraction by the prime factors 
common to both. 

Or, divide both terms of the Jraction by their greatest common 
divisor. 

117* That fractions after reduction have the same value as 
before, is evident from the &ct that their numerators retain 
the same ratio to their denominators; for equi-multiples and 
sub-multiples of any two numbers have the same ratio to each 
other as the numbers themselves. 

Letters or numbers common to all the quantities in each term 
of the fraction may be cancelled. 

EXAMPLES. 
Afthc 

1. Beduce tt-^t-^ ^ its lowest terms. 

oerbd 

4abc __ 2abX^ _ 2c . 
Qa'bd'^2abX^ad'^^ad: 

In this operation we find 2ab to be the largest &,ctor in both 

2c 

terms ; it, therefore, may be cancelled, and the answer is ^^, 

2. Beduce , ^ to its lowest terms. 

admny 

ahxy bx . 

— - — ^^ . Ans, 

admny dmn 



■^ "^ 
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In this question we find a and y common to both terms ; and, 
they being cancelled, the result is -z — . 

3. Keduce ^^to its lowest terms. Ans. — . 

mnojrqx px 



d^hc 



c 



4. Bedace -p-^^ to its lowest teims. Ans. rr. 

barr bb 

5. Kednce =-?-; — to its lowest terms. Am. ttt-. 

lobcm bbc 

4aa^ , 1 

6. Eeduce ^tt-o-s to its lowest terms. Ans. ;r— . 

7. Reduce ^r^z- to its lowest terms. Ans. 777. 

8. Reduce =77^ — 5- to its bwest terms: Am. ,^ % 

lolnnar 19 

9. Reduce stt-ot-t-b to its lowest terms. Am. 



IQa^dcde^ — 4aV 

10. Reducfe o ; ^^ — t-tq to its lowest terms. 

< 
In performing this question, we first find the greatest common 

measure of the two terms of the fraction, which is x-\'b ; we 

then divide both terms by it. Thus, 

a^ — l^x a^ — dx 



',+b^ 



a^+2bx+l^'^ x+b ' 



Am. 



11. Reduce aT-iQ^ ,0 % *<> its lowest terms. 

^ 3fl— 2a: 

12. Reduce -^ — . to its lowest terms. - 1 

a*-x* Ans. ^^ 

13. It is required to reduce -; — ^ to its lowest terms. 

^ X* — y* 
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Cash III. 

118« To reduce a mixed quantity to the form of a fraction. 

KuLB. Multiply the integral part by the deiumdnator of the 
frajctioTud part ; to this product annex the numerator of the 
fraction, prefixing to it the sign of the fraction ; under the whole 
vnite the derumdruxtor of the fraction, 

EXAMPLES. 

1. Reduce 7f to a fractional form. — ^-^ =T"* -^'"^^ 



5 5 



I 
2. Brcduce aA — to the form of a fraction. 
' e 



aX£+3_fle+3^ j^ 



3. Change a+ to a fraction. 

m 



' :^ . A.nSm 



m m 



nt'A^n 
4. Change a -^— to the form of a fraction. 



aXc — m-i-n ae — m — n . 



5. Reduce x to the form of a fraction. 

m 



xy,m — a—b mx — a+3 - 

- . Ans* 



m m 

b^^cd 
6. Change aA to the form of a fraction. 



an^b^ — cd 
Ans. — 



n 



4?ii •■4~0flj 
7. Reduce 7a; f — to the form of a fraction. 



56a:— 47i°— 5a 
Atis, q ■ 

8 
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k Bedace Iba- z to the fonn of a fraotion. 

4m • 

. QQam—&m^x+€p 
Ans. 3 • — . 

9. Reduce la-^h 1 — to the form of a firactioiL 

- 28a7i — 4^71 — 7c+m 
Am, 3 • — . 

471 

10. Change IItti— 47i+q-— o-j to the form of a fraction. 

11. Reduce 8a:*-j-5y— ^ _,q/8 *^ *^® ^®™^ ^^^ fraction. 

- 16a:^+10a:gg-~24a:«y^--152^^cP--<^ 
^'^' 2a;-3y' ' 

"^ Case IV. 

119* To represent a fraction in the form of a whole or mixed 
quantity. 

Bulb. Dwide the mcfnerator by the deTwminator for the inte- 
gral part, and torite the remainder , if any, aver the dencmdnator 
far the Jractumal part ; amvex this to the integral part, and it 
will repres€7tt the quantity required, 

EXAMPLES. 

27 
1. Change -^ to a mixed quantity, 
o 

^=27^8=3f. Am. 



88 
2. Change tt to a whole number. 



QQ 

g=88-*.ll=8. Am. 



3. Change — -*— to a mixed quantity. 



ax+c^ ^ , €? , 

ax-\-(r -r-a:=a-f~' Ans, 



z ' X 

5* 
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4. Ohasge — r — to a mixed quantity. 
b 

qJ) — (j^ , c? . 

— - — s=a^— a'-r-3=a— -r-. Am. 

V 

6. Change ■ to its equivalent mixed quantity. 

Ans. c? — aX'\-x^ 



6. Ckange "T ■ to a whole number. Ans, a?^zy+t/^, 

7. Change ^ to a whole number. Am. x^+xy-^-t^. 

8. Find a mixed quantity equivalent to . 

Am. a? . 

a 

Cash V. 

120* To reduce a complex fraction to a simple one. 

Bulb. If the mumerator or dcTunnmator, or hoth^ be whole or 
mixed quantities^ reduce them to improper fractiom. Then 
nadtiply the dejwndnator of the lower frctction into the numerator 
of the upper for a new numerator and the denominator of the 
upper fraction into the nzimerator of the lower for a new 
denofninator ; or^ invert the denominator of the complex fraction 
when reduced, and place it in a line with the Towierator ; then 
mzUtiply the two numjerators together for a new raimjerator, and 
the ttoo derumdnators together for a new deTwrninator. 

All firactions in this proposition must be reduced to this form, 

a 3 

c 4 

^, or ^, before they can be solved by the above rule. Now, 

b 5 

every fraction denotes a division of the numerator by the 
denominator, and its value is equal to the quotient obtained by 
such a division. Hence, by the nature of division, we have, 
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c ah ab 



Bj the preceding rules we are enabled to show all the vari- 
ations that can possibly happen in preparing fractions, and also 
the method of reducing them to their lowest terms. 

EXAMPLES. 
i I 

1. Reduce ~ to a simple fraction. . ~=}X?=H* -^ns, 

3 3 

2. Reduce ^ to a simple fraction. 



7 

3. Reduce j to a simple fraction. 

7 I 
A=||X*=V=21. Am. 

4. Reduce ^ to a simple fraction. 

a 

5. Reduce — r- to a simple fraction. 

a a 

3 b a 1 a . 



m-j-w m+w 5 «i+n bm-\-bn 
"T" 



6. Reduce to a simple fraction* 

a 
x^ — 

y 



a 1 a y ay . 

y y 
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7. Beduce to a simple fraotion. 

tn 
X 

n 



Or ' 



c c 



ac+5 n aaiArhn . 
= — !-)< =s \ — . Ans, 



m nx — m c nx — m cnx — cm 

X 

n n 



8. Beduce ;^ to a simple fraction. Am, ^^. 

X 

^""2 . ^ 6a— 8a; 

9. Beduce — 5- to a simple j&aotion. Am, ^TjUT- 

n 

10. Beduce to a simple fraction. Am, — 5 — 

X ^ ox 

11. Beduce — =:; — to a simple fraction. ^ 01 >i 

^^- "^ 62 • 

Case VL 

121 • To reduce fractions to a common denominator. 

Bulb. Multiply each mcmerator into aU the dencmnators 
except its own for a new numerator ^ and all the denominators 
together for a common denominator. 

Or^ find the least common nndtiple of aU the dettominators^ 
and it wHl he the deTunmnaJtar required. Divide the common 
nadtiple by each of the denominators ^ and multiply the quotients 
hy the respective Tmmerators of thefractiom^ and their products 
vnU be the nuTnerators required, 

FIBST METHOD. 

1. Beduce ^, ^, and f , to a common denominator. 
5X 8x4=160, numerator for ■i'^=J|3. 
7X12X4=836, numerator for J =Ui. 
3x12X8=288, numerator for f =i§ j. 

12x 8x4=884, common denominator. 
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Equimxiltiples of the tenns of a fraction express the same 
value as the fraction itself. The terms of -^ are each multi- 
plied by 8 and 4. Hence ^f } has the same value as ^, The 
same may be observed of j- and f . 

2. Eeduce 7, -3, and — , to a common denominator. 

o a n 

«X^X«=fl«^^fc=ii'Mi6rator of -7=rT- • 

ban 

C OCtL 

cX^X?^=^<^=]itimerator of -5=tv"- 

a ban 

«XJXi=Mm=nnmer»tor of ?=^ 

n ban 

by(^dy(ji==hdni=iQommon denominator. 

SEOOND METHOD. 

3. Reduce j, -jf^, and ^, to a common denominator. 

4)8, 12, 4 



8 
12 

4 



2, 8, 1; 4x2x3=24, common denominator. 
24 



3x7=21, numerator for f=fi. 
2x5=10, numerator for -fs^^^' 
6x1= 6, numerator for ^ ssjft-- 



4. Reduce j-, 33, and ^, to a common denominator. 

a;)4a:, a?, 8a; 
4 )4, a:, 8 
1, a:, 2; a;X4Xa^X2=8a;*, common denominator. 

8^ 

a 2ax 



4r 
a:» 
Sx 



2xy,a^=s2ax^ numerator to j-=^-j. 

b 83 

8 x^=o^» numerator to -5=:^. 

3a 802; 
a;X3a=3a2r, numerator to ^ss^-y. 



5. Beduce ^, ^, and ^, to a common denominator. 

^ns. if, fi, i|. 
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6. Bednce^, -^j -f , and 7, to a common denominator. 

Atis. 

7. Beduce ^ of 7|- and -^ of 5 to a common denominator. 

Am. 

8. Beduce jf of ^ of 17 and ^ of 19 to a common denom- 
inator. Ans. 

9. Beduce ~ and A ^^ ^ ^ ^ common denominator. 

10. Beduce — , — , and •; , to a common denominator. 

y X i— c 

Bki^-^Sca? ^my—4c7ny axy 
bxy — cxy ' bxy — cxy ' bxy — cxy' 

11. Beduce -, ?r, and , to a common denominator. 

X a;— 2 y 

. ozy— 2fly hxy dar*— 3ar*— 2da:+6a: 
7^-—2a:y 7?y — ^tay a^y^2xy 

12. Reduce ^, ^, and ^. to a conmon denominator. 

X y— 2 18 

18gy+183y— 36g— 363 54a:— 18ga; a;V--7a;y— 2ar^+14a? 
18a:y-86a: '18a:y-.36a;' 18a:y-36a; 

13. Beduce t-t-o, t> -> ^^^ e > to a common denominator. 

— o ^ a; X — 

4a3a:*— 20a3a: o^a;^— Saa:'^— 5fl5a:+15aa; 



Ans. 



5V-33ar*— 53«a;+153a;' 3V-33ar*-53*a;+153a;' 

. JV— 33a;*-53*a;+153i' 3V-33ar»-5^a;+1533:' 



14. Beduce x. y, -, and pr, to a common denominator. 

^ a: y--3 



ar^y — 33:" xy^ — Sxy ay — 3fl 

ATIS. 5 — I jT — f o~» 



ax 



xy^Zx ' a?y— 3a; * xy — 3a;' xy — 3a;* 
15. Beduce a, b, e, d, and -, to a common denominator. 



. ah H^ he hd a 
V 1> T T T 
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16. Change- and -J^ to a common denominator. 

2 m — n . Qx , nfx—fnnz 

Ans. -t: — and 



Zmy 8my 



17. Change z- and — to a common denominator. 
^ 7i z 






Case Vn. 

ADDITIOK OV irSAOTIONS. 

122* To add fractional quantities. 



BxjLB. Seduce the fractions to a comnum denommaitor^ and 
write the sum of the numerators aoer the common denominator 

s 

EXAMPLES. 

1. Add I, ^, and |^, together. 
Bere 7x12x16=1344 ^ 

5x 8x16= 640 > the new numerators. 
llX 8X12=1056) 

3040 

— =1H' -^^• 

And 8x12X16=1536, the common denominator. 

2. What ia the sum of y* -^y <^cL -7 ? 

Here aXdXf=adf ) 

cX^Xf^^^kf ( ^^® ^^^ numerators. 

eXhXd=ebd ) 
And bXdXf=^bdf the common denominator. 

'^ ^ adf ^ cbf , ebd adf+c&f+ehd . 
Therefore, ^+^-^^= ''^4' ' "^^^ 



so 
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8z* %n 'c 
8. Add the following qiiantities, a — ^ and h -J . 

8ar» ah^Zsi^ , . 2ax hc-\-2ax 
a — r-== — r— ; 5+—=— 4 . 



? — r« — » >Q • n T c numerators. 
5Xc ss^c, common denominator. 

— jr-+-^^ = ic =^+*-^ 



2flia:— Sea:" 



il9Z5. 



8a 497t , 8^ 
4. Add together g^, ^, and j^,. 



84aV+ %UmT?-\'\^bade 



UOadn" 

5. What is the sum of j^, ^j and f ? il^u. Iff 

6. What IB the sum of f , ^, and ^ ? -A^ns. 2^^ 

7. What is the sum of |^, §, f, and ^? ^7». 2|| 

8. What IB the sum of 8{, 8f , and 7| ? ^9U. 20^^ 

9. What is the sum of | of 7^, and ^ of 18? Am. 13^ 
10. What is the sum off of 1, and ^ off? Am. H 



11. What is the sum of I and 4- ? 



Am. f J 



12. What is the sum off of -^ and f of ^? Am. |f5f. 



Hi ™ ^ 7f 

8^ 22 
18. Find the sum of -7- and 77-. Am. 

4a oe 

14. Find the sum of 7;, -j, 7-. 

o 4 o 

15. Find the sum of -=- and — ^. Am. 

16. Find the sum of 4m, — ^r — . and — J^. 

2 , i^ 3 



dex-^-Sax 



Am. 



12ae 

47x 



60* 
28a--21 
28 ' 



. 9a+24m+87i+l 

Am. ^ • 

o 
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17. What is tlie sum of — = — , — 5--, and -rr- ? 

5 3 2 

139g— 8 

3 3 80 • 

18. Add — -^ and together.. a^ 

«+* «-* ^ Ans. -^ 

19. Add — r, —r-i, and -I5 together. 

a— ^ c+a c-^d ® 

JL ^ 

20. Add ' to rr =-. Ans. -^-^^ — —^o — jni — 

2 3 

Case Vin. . 

STJBTSAOnON OV I'SACTIONS. 

123« To subtract one fraction from another. 

Rule. BedMce the fractions to a common denominator , sidh 
tract the numerator of the stdHraherid from the numerator of the 
minuend, and vrrite the difference over the common denomi' 
nator. 

EXAMPLES. 



1. From J take ■^, 
7X11= 

4X 9: 



Here 7x11=77 ) ^^ 

, og J the new numerators. 

And 9x11=99, the common denominator. 

Whence H — f f =|J^. Ans. 

2. From - take -=. 
o a 

Here aX^==^ ) 

, , c the new numerators. 

And bXd=hdy the common denominator. 



__ ad be ad — be . 

Whence 7-=— 7^= — r^— . Ans. 
oa oa oa 



6 
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3. From { take Z^. Am. ||. 

4. From f take |. Ans. f . 
6. From 7| take 4^. Ans. ^. 

6. From 6^ take f of 5. Am. 2ff 

7. From 8f take f of 17^. Am. If 

8. From f of 11-^ take \i of 8^. ilTU. 1%^. 

9. From J of 13f take /^ of 7^. Am. 9/^. 

10. From f of 7 take ^ of 17^. jItw. 2 JJ. 

11. From qI take i -Atw. -^y^. 

2 2 4 

12. Take — r-r from =-. ilTw. 



fl+1 a— 1' ' a'— 1 

no -n 7a:, ^ 4a: >. 29z 

13. From -=- take -=-. Am. -^=-. 

b 1 35 

14. From — ^ — take — =t — . 

3c bo 

. 15fl3— 6ac— 10i»+12*c 

^^- i5S^ • 

15. Bequired the difference of -^ and -= . Ans. -^r-. 

16. Subtract ^^ from ^i^. -Atw. ^ 



17. Subtract a r- from 3a-| — 3-. il7«. 2a+-;. 

4a— 5 « ^ 3a — 25 ^ « 5 

18. Subtract x jr — from 7a: 5 — . Arvs. oa:+a+5. 

22 o O 

19. From ^ , ^ take ^ — r-^. Am. 4. 

a+3 a— 5 

20. From X take X ^. 5a'+26ai+5y 

a— 3 a+4 6a«— 64« 
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Case IX. 

MULUPLIOAXION OV 1BAGTI0N8. 

12li To multiply &actioD3 together. 

Bulb. Multiply the numerators together for a new numer' 
atoTf and the denominators for a new derwminator. 

When the numerator of oms of the fractums and the denrnn- 
tTuUor of the other can be divided by some quantity which is 
common to each of them, the quotients may be tised instead of the 
fractions themselves, 

Alsoy when a fraction is to be multiplied by an integer, it is 
the same whether the numerator is multiplied by it or the den/omr 
tnatoT is divided by it. 

If an integer is to be muUipUed by a fraction, or a fraction by 
an integer, the integer may be considered as hamng unity for its 
ienoTninator, 

A mixed quantity shaM be reduced to an improper fraction. 

Powers or roots of the same quantity are nndtiplied together 
by adding their indices. 

KXAMPTiTO. 

1. Multiply i by f iXi=ii' -A^*- 

2. Multiply ? by ^. fxj=^- ^'"^ 

n -.* 1.. 1 fl^c , TTiA dbc mh ah . 

3. Mnltiply — by =—:,, — Xr-3=~j' -^»«*« 

mn bed mn bed 7uL 

KozB. — The h, c and m, are cancelled in both ilustoTS. 

4. Multiply ^ by 2m. -x-^^^^. Ans. 



5. Miiltiply a+^ by -. 

a n 

a j ^y— ^+^ , a^+^ ^rn_ ahn+hmy ^^^ 



n an 
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6. Multiply^ by ^. 

^•^ z+y "^ z+y 

x+y z-^^ a^+2xy+y^' ^' 

7. Multiply — 5 by —r-y Arts, . „ _ . 

^ •' mrv mna nrwd 

8. Multiply ^ by gjj^. Am. ^^^. 

9. Multiply ^^ by gj^. Ans. ^j^,. 

10. Multiply ^ by ^. il7«. ^. 

11. Multiply ^ by ^. ^n.. 1. 

Wben the multiplier and denominator of the £raction are the 
same quantity, they cancel each other. 

12. Multiply = — by Imn. 

13. Multiply ^ by llo*. 

14. Multiply by zy. 

zy 

15. Multiply =Y-^ by 17 ah. 

16. Multiply 47a3 by -^. 

17. Multiply — - by — -. 

18. Multiply ^' by % 

Any "^ wt»" 

19. Multiply - by -^, Am. ^^-rr* 



Am. 


Zah. 


Am. 


Qmn. 


Am. 


4acd. 


Am. 


Zhm. 


• 

^725. Z. 


Am. 


rrfrfi 




Am. J. 


Ans, 


^m-f-n 
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Gasb X 

DIYISION OV 11IULGTI0N8. 

I2S« To divide one fraction by another. 

Bt7I<e. Multiply the denominator of the divisor by the numer- 
ator of the dioidendfor the numerator j and the numerator of the 
divisor by the denominator of the dividend for the denominator. 

Or, invert the divisor, and proceed as in multiplication. 

Or, divide the numerators by each other , and the denominators 
by each other, when this can be done vnthout a remainder. 

Mixed quantities should be changed to improper fractioTts, 

EXAMPLES. 

1. Dmdejby^. T'-^^lX^^^^^l' ^«^- 



2. Divide I by 1^. 



3a^5c _3g Ad_12ad_pad . 
^ • S""2^^5c""10^""5^* 

8. Divide ?^ by ??±??. 

2a+b 4g+a _ 8a?+6fl3+y 
8a-23^3a+25~ 9a«-43«. * 

A T.. -J 3a:, 11 ^ 36a: 9a? 

4. Divide —by j^. iln*. 44= jj. 

5^ 62* 2 

5. Divide -^ by 3a:». ilnj. ^t— „=7- 

loar 5 

6.Dmde^by^. Ans. -g^. 

7. Divide ^ by 11. il«j. ^. 

1 • 1 

8. Divide - by a:y. Ans, ^. 

9. Divide ^^Hy ^ An,, ^, 

6=* 



.7* 



a*, cf, a\ a\ 1, -, -5, -5, -5, 4&c. 
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10. Divide ^S' by ^. Ans. % 

12. Dmde -^ by g^. ^n,. -^ . 

^^- ^^^^" 2a^-4a3+2^» ^^ li=i^- 

20g'--20fl3^— 20g^3+205^ 
' 12a*-14fl3^-8a«3-^+10ai5' 

NEGATIYE EXPONENTS. 

If we divide o^ saccessiyelj by a, the following will be the 
quotients : 

1111 

By examining the above, we perceive that the exponent of 
each term is one less than the preceding; therefore the division 
might have been expressed thns : 

a*, a', a', a*, a°, ar\ at*, at', at^. 

By comparing the last quotients with the former, we find, 

a*z=z(jf\ a'=fl'; a^z=za^; az=a} ; l=a'; -=flr*; -5==a »; 

a^ a* 

We also perceive that exponential quantities are divided by 
subtracting their indices. 

Hence, if at* be divided by cT*, the quotient will be 0^+*= 
ar^ ; or, zr^ by 2r*'=ar^'^\ 

We also infer from the above illustration that 

^ a* a'_ ^, ^, ^ 111 

AgaiQ, we see from the above that any quantity which has 
zero for its exponent is equal to 1. 
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We infer, also, that if similar quantities with negative ex- 
ponents are divided bj subtracting their indices, that such 
quantities are mxdtiplied by adding their indices. 

Thus, flr«X^=flr», and a'x^=a'^=a'=l. 



EXAMPLES* 

1. Divide a"* by AT*. Ans. ar^. 

2. Divide m*^ by »i"*. Ans. m\ 

3. Divide x* by ar*. Am. t?. 

4. Divide 7ar* by ar*. Ans. 7x. 

5. Divide Stf^ by y». Ans. Syr*. 

6. Multiply a-* by 7(r^. -4?w. 7flr*. 

7. Multiply 3»i by ot"^. i!nj. 3m"®. 

8. Multiply 4ar-» by aP. Ans. 4ar\ 

9. Multiply (T^ b-^ c^ by a* i' c". -Aw*, a* i <r\ 

10. Divide a* by a^. Ans. a^. 

11. Multiply n^ by n *. iln*. » *. 

To free fractions from negative exponents. 

BiTLE. Transfer the letters which have negative exponents in 
the numerator to the denominator ^ and those which have negative 
exponents in the derunninator to the numerator, and then change 
the sign of the exponent. 

NoxB. This rale implies the moltipljixig of all the terms of the numer- 
ator and denominator by the same quantity. Therefore, by Art. 121, the 
valae of the fraction is the same. 

EXAMPLES. 

ar^b"^ 

1. Free the fraction -^^ — j- from negative exponents. 

a e 

Ans. -575. 
a^b^ 

m 7t~^ tt"^ 

2. Free the fraction — . . from negative exponents. 

X y~^ tT" 

- my^z 
Ans. -~-j. 
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8. Free the fraction — 7X-« ^^ negatire exponents. 

1— fl^— v* 

4. Free the fraction = -a^-a i_,y-a ^^°^ negative exponents. 

5. Free the fraction — ^= from negative exponents. 



6. Free the fraction _, ^^ ^ j-?^ ^'^°^ negative exponents. 

Avs. 



aV • 



SECTION VII. 

EQUATIONS. 

Abt. 126* The doctrine of equations is that branch of 
Algebra which treats of the method of determining the values 
of unknown quantities bj means of their relations to others that 
are known. 

This is effected by making certain algebraic expressions 
equal to each other ; which formula, in that case, is called an 
egiuUion, 

I27t The terms of an equation are the quantities of which 
it is composed ; and the parts that stand on each side of the 
sign s= are called the two members, or sides, of the equation. 

Thus, if zssza-^-by the terms are re, a, and b; and the mean- 
ing of the expression is, that some quantity z, standing on the 
left side of the equation, is equal to the sum of the quantities 
a and b, on tho right side. 
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128* A simple equation is one which contains only the first 
power of the unknown quantity ; as, 

a;-f-a=10; ax-^-bx^c; or, 4a:+2;=17; 

m which equation z denotes the unknown quantity, and the 
other letters and the numbers the known quantities. 

129« A compound equation is one which contains two or more 
different powers of the unknown quantity ; as, a^-^-axzsd ; or, 

130* A quadratic equation is one in which the highest power 
of the unknown quantity is a square. 

131 • A cuMc equation is one in which the highest power of 
the unknown quantity is a cube ; as, 

7?z=z^ ; or, a?^aa?'\'bz=sc. 

132. The root of an equation is such a quantify as, being sub- 
stituted for the unknown quantity, will make both sides of the 
equation vanish, or become equal to each other. 

133* The number of roots of any equation is indicated by the 
index of the highest power of the unknown quantity; hence a 
simple equation has one root, a quadratic two, cubic three, &g. 

134* Identical equations are those which have the terms of 
the equation the same. 

135* Numerical equations are those which contain numbers 
only in connection with the unknown quantities ; as, 

x^+7x+5=zl00. 

13& Literal equations are those in which numbers are repre- 
sented by letters ; thus, 

a^-\-px+ap=r. 

137. To reduce an equation is to discover the value of the 
unknown quantity in it. 

138i The process^ of reducing equations depends upon the 
following simple principles or axioios; 
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1. If to equal quantities we add the same, or equal quantities, 
the soms will be equal. 

2. If from equal quantities we subtract the same, or equal 
quantities, the remainders will be equal. 

3. If we multiply equal quantities by the same quantity, the 
products will be equaL 

4. If we divide equal quantities by the same quantity, the 
quotients will be equal. 

6. If we extract the same roots of equal quantities, those 
roots will be equaL 

6. If we raise equal quantities to the same powers, those 
powers will be equal. 

139i The known and unknown terms of an equation may be 
combined in various ways. 

1. By addition ; as, a:-{-7=16, or a:-{-a=^« 

2. By subtraction; as, a;— 9=19, or x — a=L 
8. By multiplication; as, 7x=84, or ax=c. 

X X 

4. By division; as, j=12, or -=(f. 

5. By a combination of two or more of these rules ; as, 
-— -^17=3a:— 5; or, .^-{-m=ca?— n. 

I. 

HO 9 To find the value of the unknown quantity, when com- 
bined with a known quantity, by addition or subtraction. 

1. Let a:-f-7=16 ; and it is required to find the value of x. 

Now, as x+7 is equal to 16, it is evident, from the second 
axiom, that, if from each of these equal quantities we subtract 
the same quantity, the two remainders will be equal. We 
therefore subtract 7 from each member of the equation. 

Thus, a;+7— 7=16— 7. 

As the plus 7 and minus 7 in the first member of the equa- 
tion cancel each other, the equation will be 

a:=16-7=9. 
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Therefore the valae of a; is 9 ; but, in the operation, we hare 
only transposed the plus 7 from the first member of the equation 
to the second, and changed it to a minus. 

2. Again, let x — 5=12 ; it is required to find the value 
of 2r. 

Now, by the first axiom, we find, if equals be added to equals, 
their sums will be equal; we therefore add 6 to each member 
of the equation, and we have 

a:— 5+5=12+5. 

In the first member of the equation, we have — 5 and +5 ; and, 
88 they will cancel each other, the equation will stand 

a:=12+5=17. 

Therefore, the value of a; is 17. 

All that we virtually have done in the above operation has 
been to transpose the minus 5, in the first member of the equa- 
tion, to the second, and to change it to plus. 

From the foregoing examples and illustrations, we deduce 
the following 

EuLB. When a quantity is transposed from one TJiember oj 
the equation to the ether ^ its sign must be changed. 

3. Given a:+15— 5=86— 8 to find the value of a:. 

By transposing, a:=86— 8 — 15+5. 
By uniting, a;=68. 

4. Given a:— 29+3=100— 19+3 to find the value of x. 
By transposing, a;=100-19+3+29— 3. 

By uniting, a;=110. 

5. Given a:+12— 3=7— 4 to find the value of ar. 
By transposing, a;=7— 4— 12+3. 

By uniting, xi=s — 6. 

6. Given x— 5— 4=24+7 to find the value of a;. 

Ans. a;=40. 

n. 

14lt When the known and unknown quantities are combined 
by multiplication. 
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7. What ifl the ^lue of 2: in the eqtiation 5ar4-18=58? 

By transposition, 5a;=:58— 18. 
By reduction, 5a:=40. 

By division, r=:8. 

We say that if 5 times x is equal to 40, it is evident that \ 
of 5 times 2, that is, 2;, is equal to 8. 

\ii% Hence, if the unknown quantity in any equation be 
multiplied by any number or quantity, in order to find its value, 
we divide the sum of dU the quantities, after being redticed, by 
the coefficient of the unknown quantity, 

8. What is the value of 2: in the foEowing equation, 

7a:— 28=46+10 ? 

By transposition, 7a:=46+10+28. 

By reduction, 7a:=84. ^ 

By division, 2:=12. 

9. Given 4a;— 5=71+8 to find x. Ans. 21. 

10. Given 6ar— 17— 7=0 to find x. Ans. 4. 

11. Given 5a:+28+8=6 to find x. Ans, —6. 

12. Given 7x-17+3=100 to find x. Ans. 16f 

13. Given 23a;-^96+l=0 to find x, Ans. 4^^. 

14. Given 17a:— 7— 5— 8:^=4 to find x. Ans. 1^. 

15. Given 9a:=7+8+10 to find x. Ans. 2J. 

16. Given 7a:— 10=5a:+14 to find x, Ans. 12. 

ni. 

143« To reduce an equation when the known and unknown 
quantities are combined by division. 

X 

17. Given -7=8 to find the value of a:. 

4 

Multiplying both terms by 4, we have a;=82. 
Therefore, if both terms of an equation be multiplied by any 
number, their products, by axiom third, are equal. 
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144. If a fraotion be multiplied by its denominator, the 
product is the numerator, and the denominator disappears. 

3a; 

18. Giyen -r-=9 to find the value of a:. 



Multiplying by 5, * 3x^:45. 

Dividing by 3, x=lh 

CUB 

19. Given --r-=c to find the value of a:. 

a 

Multiplying by d, ax=cd. 

Dividing by a, x=s^. 

^^ ^. a? 2a; 3a; 

20. Given -+--——=17 to find the value of a:. 

Z 6 

Multiplying by 2, a;4~o c-=34. 

o 

18ar 
Multiplying by 3, 3ar+4ar--p=:102. 

Multiplying by 5, 15a;+20a:— 18a:=:510. 

Uniting the teims, 17a;s=510. 

Dividing by 17, a:=30. 

145 1 Hence an equation may be cleared of fractions by 
multiplying each term of the equation by the several denom- 
inators. 

fM* ^Of ^3* 3* 

21. Given -r+-s 5 — T7r=9 to find the value of x. 

4 ' 8 12 

The least common multiple of the denominators 4, 6, 8, and 
12, is 24;. and, multiplyiog each member of the equation by 
this number, we obtain 

18a;+20ar— 9a:— 2a:==216. 
Uniting the tenns, 27x^216. 

Dividing by 27, a;s=:8. 

146i Hence an equation may be cleared of fractions by mul- 
tiplying each term of the equation by the least conmion multiple 
of the denominators. 

7 
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22. A boy being asked how many cents he had, replied, that 
if he had f and f as many, in addition to what he now had, he 
should have 62. Required the nmnber he had. 

Let z represent the number. 

Then, ^^4.a:=62. 

By multiplying all the terms of the equation by the least 

common multiple of the denominators, 4 and 6, which is 12, we 

have 

9ar+10a:+12a:=744. 

Collecting the a;'s, 31a:=744, 

Dividing by 31, a:= 24. Am. 

TZBmGAIIOR. 

184-20+24=62. 

28. Given — ^ [-3=6 to find x. 

4 

Multiplying by 4, 15 -a:+12=24. 

Transposing, 154-12—24=:a:. 

Changing terms, 2;=15-f-12— 24. 

Keducing, 2;=3. 

24. Given — ^ ^=13 to find x. 

Multiplying by 3, 5a:-4-5^=39. 

Multiplying by 2, 10a:— 8— 3a:+9=78. 

Transposing, lOar— 3a;s=:78+8— 9. 
Collecting terms, *Jx=ll, 

Dividing by 7, a:==ll. Ans. 

25. Given w^ to iBnd re. 

a 

Multiplying by a, mx^n^^ah. 

Transposing, ^ m2;s=a^-|-7i. 

Dividing by 7W, a:= — 3l_. Ans. 

m 
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IV. 

147t Combining the foregoing roles and illustrations, we 
deduce the following 

General Eule for solving all Simple Equations which contain 
only one unknown term : 

1. Clear the equation offractitms. 

2. Transpose all the terms containing the unknown quantity 
to one side of the equation^ and aU the remaamng terms to the 
other side J and reduce each member to its most simple form. 

3. Divide each member of the equation by the coefficient of the 
unkjujwn term. 

19 ^{x 

26. Giyen 2x — 3-=:-j-4-4 to find x, 

4 4 

Multiplying by 4, 8a;— 19=ar+16. 

Transposing, 8a:— 3x=16+19. 
Collecting, 5xr=:35. 

Dividing by 6, a;= 7. 

27. Given = — = — to find a;. 

a b 

Multiplying by a, 1— ix = — -= — . 

Multiplying by 3, 3— Wc=:a— a'a;. 

Transposing, dfz—J^xrs^a—b. 

Dividing by a«-i», a:=|=^=— . 

28. Given = — f--= — -r-j- =A to find x. i 

bz ax box x 

Multiplying by bdx^ ad-{-bc-'{a'-c)=zbdhx^bd. 

Omitting the parenthesis, ad-l-bc—a-^-cssbdhx—bd. 
Changing and transposing, bdhxsssad'{'bC'\-bd — a-^c, | 

Dividing by M&, a:= — ^ — ^rr ' 
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V. 



148f If the tenns of the equation contain both mnpU and 
compound denominators, it will, generally, be found conyenient 
to diyest it of the simple denominators at first, and afterwards 
of those which are compound. 

29. Given _ -+__=._^ to find x. 
Multiplying by 9, 6a:+7+5^?27:=6ar+12. 

Transposing, "^ =6a;4-12--6a?— 7sas6. 

Multiplying by 6a;+3, 63a:+117=30a?+15. 

^ Transposing, 63a:-30a:«15-117. 
Keducing, 332;=:— 102. 

Dividing, a:= — 3-j^. 

„- -. 2a;+8* ISi— 2 , x Ix x+lQ ^ , , 

30. Given —J^l--—^+^=-—^ to find x. 

Multiplying all the terms by 36, it being the least oommon 
multiple of 9, 3, 12, and 36, we have 

Tj ^ • * RA 468a:-72 
Reducing terms, 50=-=^= g^r-. 

Multiplying by 17a:— 32, 850a;— 1600^468a:— 72. 
Eeducing terms, 382a;=1528. 

Dividing by 382, a;=4. Ans. 

XXAMPLIIS. 

1. Given 6a;+22— 2a;=31 to find x. Ans, xsssB, 

2. Given 4— 19a:=5l4— 21a: to find x. Ans, a?=5. 

3. Given 24a;— 12=240— 12a; to find x. Ans, x=:7, 
^4. Givenl5a;+7a;— 10=12a;4-90tofinda;. Ans. a:s=10. 

5. Given 7a;+2a;=12a;— 36 to find x. Ans. a;=12. 
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6. Given 12x— 3a:— 2a:=:63 to find x. Am. x=d. 

7. Giyen X'\^+'^=:S7 to find x. Ans. a:=60. 

8. Given a:— 1+13=|4-40 to find x. Am. x=108. 

9. Given |+~=:£ +22 to find x. ^Ans. a:=120. 

10. Given ar— 1+20=|+|+26 to find x. Ans. a:=56. 

Zx X 

11. Given 3a:+-j+15=^4~^l *^ ^^^ ^* ^^' a;=8. 

4a;4-8 

12. Given a: ?— =8 to find a:. ' Ans. a:=28. 

6 



13. Given 21+^:^^=^^^ ^ ' to find x. 



3ar-ll 6ar— 5 . 97--7a: 

2 

iln^. a;=:9. 

14. Given x-\ — jr — =12 5 — to find x. Ans, a;=c5. 

\6. Giyen 17x-^-^=20:t-?^-5 to find x. 

Ans. xzssSL 
16. Given 9ar-^+?^=12a:-5^-13 to find x. . 



Ans. x=s7. 



X . X . X . X 



17. Given x+-+-+_+-=2a:+17 to find x. 

Alts. arssGO. 

18. Given -=:3+c to find x. Ans. x=i- 



X 6+c 

19. Given 8x — 40s=sO to find x. Ans. a;=5. 

20. - Given a4 — ssb+cA — to find x. Ans. ar== — ; — . 

X X a—b-^c 

^^ ^. 3a:— 3 , 20— a: 6a:— 8 4a:— 4 ^ , , 

21. Given x = 1-4= — ^ = — I = — to find the 

5 2 75 

value of a;. ' Ans. a:=6. 

7* 
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22. Given a3i?'\'hz=7na?'\'nx to find x, Ans, x=s . 

a — in 

» 

23. Given aa:-4-m=&c+?i to find x. Am, a:= r-. 

24. Given -r =ffi — c to find x. Ans, x=—^ — t-^. 

c oc—b 

25. Given =15x+7i to find x. Am, a;=s- —1 — . 

a m 7m— loam 

26. Given — r— =a--3 to find x, 

c 

. 4ab—ac4'abC'-b^c 

Am, x= 7-^ . 

b—c 

27. Given •; \-de=^ — to find x. 

b—c e 

cde'—bd^-^bd+cd 
Sce-^-ah—Zbe 

28. Given bx ; — \ 3l — ^^^jn+n ^t>_ to find x. 

. 2bcfn4'2bcn — 4ab — 2ac — abc 
"*"*• "^ 114c-8c+4J • 

„ _. te+18 ., ll-8a; . .^ 13-ar 21-2ar 

to find the value of a?. Am, 2;=10. 

30. Given — 3- — He-— ts= — S — to find the value of a;. 
9 5a:— 12 18 

Am. a:=6. 



SECTION VIII. 

PBOBLBMS. 

1. A gentleman stated that his age was twice that of his old- 
est son, and that the sum of their ages was 72 years. Required 
the age of eaoh. 
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Let X ss= the age of the son. 

Then 2x =s the age of the gentleman. 

Therefore, x+2xz=72, the age of boiL 

Or, 3a:=72. 

Dividing, 2;=:24, the age of the son. 

2x=48, the age of the gentleman. 
Proof, 24+48=72. 

2. What nnml^er is that, to which if ^ of it be added^ the 
sum will be 99? 

Let z = the number. 

4x 
Then, --+a:=99. 

Clearing effractions, 4a;-|-7a;=693. 
Collecting the terms, lla;=693. 
Dividing, x= 63, the number. 

3. A's and B's estates are valued at $3240, but B's is only { 
the value of A's. What is the property of each ? 

Let X = A's estate. 

7x 
Then, -^ = B's estate, 
o 

Therefore, a:+^=:3240. 

Clearing of fractions, 8a; + 7a;=25920. 
Or, 15a:=25920. 

Dividing, a;=1728, A.'s estate. 

I^l^-=1512, B.'s estate. 

o 

4. K § of a certain number be added to j|- of it, the sum will 
be 98. Eequired the number. 

Let X =s the number. 

Then, ^+1=98. 

Clearing of fractions, 4a;+3a;=:588. 

Or, 7a:=588. 

Dividing, x= 84. Atu. 
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5. A certain gentleman divided his property, consisting of 
$5300, among his foor sons. A, B, C, and D. He gave $350 
more to B than A ; he gave $400 more than B ; but he gave 
D twice as much as he gave A and B. How much did each 
son receive ? 

Let X = A's share. 

Then a:+350 = B's share. 

And a;+ 350+400 = C*s share. 

And 2(2a;+350)=42:+700= D's share. 

Therefore, a;+a;+350 +a:+350 + 400+4ar+ 700=5300 

Reducing, 7a:+1800=5300. 

Transposing, 7a;=5300— 1800. 

Reducing, 7a:=3500. 

Dividing, 2:= 500, A's share. 

5004-350= 850, B's share. 
850+400=1250, C's share. 
2(500+850)=2700, D's share. 

Verification, 500+850+1250+2700=6300. 

6. Divide $70 among James, John, and Charles ; give John 
twice as much as James, and give Charles twice as much as 
John. 

Let X = the sum ^ven to James. 
Then 2x = the sum given to John. 
And 4a; = the sum given to Charles. 
Then, by the conditions of the question, 

x+2a;+4a:=70. 
Or, 7a:=70. 

Dividing, a:=10, the sum given James. 

2a;=20, the sum given John. 

42;=40, the sum given Charles. 
Verification, 10+20+40=70. 

7. Two men found a purse containing $144, and it was agreed 
that B should have $30 more than A. How many dollars did 
each receive ? 
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Let X = the stun A receiyed. 
Then a;+30 = the sum B received. 
Therefore, a:+a;+30=:144. 
Or, 2a;+30=:144. 

Transposing, 2xs=sl44-*-30« 

Or, 2a:=114. 

' Dividing, 2:= 57, the sum A received. 

:i;4-30= 87, the sum B received. 
Verification, 57+87=144. 

8. My horse and chaise are worth $336, but the chaise is 
worth five times as much as the horse. What is the value of 
each? 

Let X s=: the value of the horse. 
Then bx = the value of the chaise. 
And, x+5a:=336. 

Or, 6ar=336. 

Dividing, x^= 56 = value of the horse. 

52;=280 = value of the chaise. 
Proof, 56+280=336. 

9. What number is that whose third part exceeds its fifth 
by 12? 

Let X = the number required. 

' X 

Then its third part will be ~. 

o 

And its fifth part, ■=•• 

o 

Therefore, ~— f=12. 
3 5 

Multiplying all the terms by 15, we have, 

5a;— 3a:=180. 

Or, 2a:=180. 

Dividing, :c= 90,. the number required. 

10. John Smith's oldest daughter is 15 years old, and his 
youngest daughter is 11; he has $1728, which he wishes to 
give them. How shall he divide this sum, that each may de- 
posit her share in a bank which pays 6 per cent, simple interest. 
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SO that both shall have an equal sum when they are 21 years 
old? 

Let a; = the sum the youngest receives. 

And, 1728 — x =s the sum the oldest receives. 

Then, a:+a:X.06xlO=1728— a;+(1728— a:X.06x6). 

Or, a:+.6a:=1728— a;+622.08— .36a:. 

Transposing, 2.96a:=2350.08. 

Dividing, a;==$793^, the youngest receives. 

$1728— $793ff =$934^, the oldest receives. 
Let the pupil prove this question. 

11. A man being asked the value of his horse and saddle, 
replied that his horse was worth $114 more than his saddle, and 
that § the value of the horse was 7 times the value of his 
saddle. What was the value of each ? . 

Let X = the value of the saddle. 
And a:-[-114 = the value of the horse. 
Then, § (a;+114)=7ar. 
Or, 2a;+228=21a: 

Transposing, 19a:=228. 
Dividing, a;=$12, value of the saddle. 

$12+$114=:$126, value of the horse. 

12. A can reap a field in 7 days, B can reap it in 5 days. 
Li what time can they both reap it together ? 

4 

Let a; = the days they would reap it together. 

A would reap ^ of it in a day, and B would reap ^ of it in a 

1 1 12 

day ; therefore in one day both together would reap c^-[-^=qc 

7 ■ oo 

of it. 

But, by the conditions, the field was to be reaped in x days. 

12 
Therefore, ^ : 1 : : 1 day : x days. 

\2x 

Multiplying extremes, -Qr= 1» 

Multiplying by 35, 12a;=35. 

Dividing, a;= 2^ days. Ans. 

13. I have two carriages ; the value of one is five times that 
of the other, and the value of my horse is equal to both of my 
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carriages. The wortli of them all is $800. What is the value 
of each ? 
Ans, First carriage $25, second carriage $125, horse $150. 

14. A gentleman being asked his age, replied that his was 
twice that of his wife, and that his wife was three times as old 
as his daughter, and that the sum of their ages was 1^0 years. 
Required the age of each. 

^ ( Gentleman's age, 72 years. 

Ans, } His wife's age, 36 years. 

( His daughter's age, 12 years. 

15. A man met 4 beggars, to whom he gave 77 cents. To 
the first he gave twice as many as to the second ; to the third, 
as many as he gave to the first and second ; and to the fourth, 
as many as he gave to the first and third. What sum did he 
give each ? 

Ans. First 14 cents, second 7, third 21, fourth 35. 

16. A drover has a lot of oxen and cows, for which he gave 
$1428.. For the oxen he gave $55 each, and for the cows $32 
each, and he had twice as many cows as oxen. Eequired the 
number of each. Ans. 12 oxen, 24 cows. 

17. A gentleman, at his decease, left an estate of $1872 for 
his wife, three sons, and two daughters. His wife was to receive 
three times as much as either of her daughters, and his sons to 
receive each one hajf as much as one of the daughters. Ee- 
quired the som each received. 

Ans. Wife $864, dau^ters $288 each, sons $144 each. 

18. A boy bought apples, oranges, and pears ; he gave two 
cents a-piece for the apples, three cents for the oranges, and 
four cents for the pears. He had twice as many oranges as 
apples, and three times as many pears as oranges. The sum he 
expended was $2.24. How many did he buy of each kind ? 

Ans. 7 apples, 14 oranges, 42 pears. 

19 Let 85 be divided into two such parts that one of them 
shall be four times as large as the other. A7is. 17 and 68. 
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20. Divide $100 among A, B, and C, so thai A may haye 
$20 more than B, and B $10 more than C. 

Am. A $50, B $30, and $20. 

21. A prize of $1000 is to be divided between A and B, so 
that their shares may be in the proportion of 7 to 8 ; required 
the sha|e of each. Am. A*b share $466|, and B's $533^. 

22. What number is that whose 3d part exceeds its 5th part 
by6f? ^ Am. 48. 

23. A laborer agreed to serve for 36 days on these condi- 
tions; that for every day he worked he was to receive $1.25, 
but for every day he was absent he was to forfeit $0.50. At 
the end of the time he received $17. It is jnequired to find • 
how many days he labored, and how many days he was absent. 

Am. He labored 20 days, and was absent 16 days. 

24. Out of a cask of wine, which had leaked away ^, 13 
gallons were drawn, and then being gauged it was found to be 
half falL How many gallons did the cask contain ? 

Atis. 78 gallons. 

25. Divide 30 into two such parts that § of the one shall 
exceed ^ of the other by 6f . Am. 18 and 12. 

• 

S{6. What two numbers are those whose difference is 3, and 
the difference of whose squares is 51 ? Am. 10 and 7. 

27. Three men, A, B, and C, trade in company ; A put in a 
certain sum, B put in twice as much as A, and C put in three 
times as much as both, and they gain $864. What is eadi 
man's share of the gain ? 

, Am. A's $72, B's $144, C's $648. 

28. James and William have between tiliem 44 apples, and 
James says to William, if you will give me 12 of jsour apples, 
your number will then be only f of mitie. William replied, if 
you will give me 12 of yours, your number will then be only f 
of mine. Bdquired the number of each. 

Am, James had 24 apples, and William 20. 
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29. Let 112 be divided into two such nxunbers that the 
greater shall be to the less as 9 to 7. Ans, 63 and 49. 

30. Let 19 be divided into two such parts that three times 
the greater shall be equal to four times the less. Bequired 
those numbers. Arts. lOf and 8f . 

31. There are two numbers whose sum is 24, and if 7 be 
added to the larger, and 4 to the less, their ratio will be as 4 to 
3. Bequired those numbers. Ans. 13 and 11. 

32. The difference of two numbers is 4, and 7 times the 
• larger number is equal to 11 times the less. Required those 

numbers. Ans. 11 and 7. 

S3. A merchant has two kinds of grain, one at $2.50 per 
bushel, and the other at $2 per busheL He wishes to make 
a mixture of 80 bushels, that shall be worth $2.10 per bushel. 
How many bushels of each sort must he use ? 

Atis. 16 bushels at $2.50, and 64 at $2. 

34. A man having lost j- of his money, found he had $96 
left. Eequired the sum he had at first. Ans. $128. 

35. J. Jones found a certain sum of money, which was equal 
to ^ of what he possessed ; but having spent $40, the remainder 
was ^ of the sum he found. Bequired the sum he at first 
possessed. Ans. $36^. 

^6. Li my school f of my pupils study grammar, ^ of the 
remainder read, 10 spell, and the remainder, which is } of the 
number that read, study navigation. Required the number of 
pupils in the school. Ans. 70 pup& 

-Y 37. A gentleman lent a certain sum of money for 3 years at 
5 per cent, compound interest ; that is, at the end of each year 
he added ^ to the sum due. At the close of the third year he 
lost $15.25, but then there remained due to him $2300. Re- 
quired tiie sum lent. Ans. $2000. 

T 28. A spendthrift spent ^ of the fortune left him by his 
father, and he then earned $124. Soon after he lost in specu- 
lation % of his property, after which he gained $274. His 

8 
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property was now valued at ^, wanting $86, of his original 
estate. What was the sum left him by his father ? 

Am. $1720. 

39. A asked B how much money he had. He replied, if I 
had 5 times the snm I now possess I could lend you $60, and 
then ^ of the remainder would be equal to ^ the dollars I now 
have. Bequired the sum which B had. Ans. $24. 

40. A gentleman left an estate of $1862 for his three sons. 
He gave his youngest $138 less than his second son, and to his 
oldest son he gave as much as to the other two. How much 
did each receive ? 

Ans, Youngest son $399, second $532, oldest $931. 

41. A, B and C, found a purse of money, and it was mutu- 
ally agreed that A should receive $15 less than^ one-half, and 
that B should have $13 more than one quarter, and that C 
shpuld have the remainder, which was $27. How many dollars 
did the purse contain ? Am, $100. 

^' 42. Lent my good friend S. Jenkins a certain sum of money, 
at 6 per cent., which he kept until the interest was f of the 
principal. The sum then due was $500. Bequired the sum 
lent. Am. $350. 

43. A certain man added to his estate -^ its value, and then 
lost $760. But he afterwards gained $600. His property then 
amounted to $2000. What was the value of his estate at first ? 

Am. $1728. 

44. James said to John, I have 40 shillings more than you. 
Yes, replied the other, and ^ of yours is equal to J of mine. 
Bequired the number of shillings that each had. 

Am. James 72 shillings, and John 32. 

45. A merchant bought a number of barrels of flour, and 
having sold half the number and 4 barrels more to A, and f of 
the remainder wanting 4 barrels to B, he had 20 barrels re- 
maining. Bequired the number the merchant bought. 

Atis. 136 barrels. 
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46. What number is that from which, if 7 be subtracted, ^ 
of the remainder will be 5 ? Arts. 37. 

47. It is required to divide 44 into two such numbers that J 
of one of them shall be 6 more than f of the other. 

Ans. 24 and 20. 

'-Z- 48. It is required to divide the number 43 into two such 
parts that one of them shall be 3 times as much above 20 as the 
other wants of 17. Required the numbers. 

Ans, 29 and 14. 

49. John Jones can reap a certain field in 10 days, but, with 
the help of his oldest son, he can do it in 8 days; How long 
would it require his son to perform the labor himself? 

Atis, 40 days. 

50. A engaged to reap a field for 90 shillings, and he could 
perform the labor in 9 days ; but he took in B as a partner, and 
they supposed it would require 5 days for both to perform the 
labor, but they finished it in 4 days. How much, in justice, 
must A pay to B ? x^^"* ^^ shillings. 

51. I have two horses, and a sa^e \forth $30. Now, the 
saddle and first horse are. worth -^ the second horse, but the 
saddle and second horse are worth three times the first horse. 
Required the value of each. 

Ans. First horse $60, second horse $150. 

52. A gen ik man let f of his money at 5 per cent., and the 
remainder at G per cent., and his interest amounted to $180. 
What were the suuis lent ? 

Ans. §1200 ajb 5 per cent., $2000 at 6 per cent. 

53. A can do a piece of work in 12 days, B can do the same 
work in 10 days, and C can perform it in 8^ays. How long 
would it require A^and'B to do it; how long A and C; how 
long B and G ; and how long A, B and C, to perform the labor ? 

Ans A and B 5 j^ days, A and 4| days, B and C 4| 
days, A, B and 0, S-^^ days. 
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64. Lent $780, at 6 per cent., for 5 years. What principal 
will amount to the sum in 4 years, at 10 per cent ? 

Ans. $724.28f. 

55. Lent my neighbor Jenkins $270 for 4 years, at 6 per 
cent. ,• some time afterwards, I borrowed of him $500, at 8 per 
cent. How long shall I keep it, to balance the favor ? . 

Ans, If^ years. 

56. A fox is pursued by a greyhound, and is 60 of her own 
leaps before him. The fox makes 9 leaps while the greyhound 
makes but 6 ; but the latter in 3 leaps goes as far as the former 
in 7. How many leaps does the greyhound make before he 
catches the fox ? 

Atu. The greyhound makes 72 leaps, and the fox 108. 

57. A gentleman gave in charity $46 ; a part thereof in equal 
portions to five poor men, and th& rest in equal portions to 7 
poor women. Now, a man and a woman had between them $8. 
What was given to the men, and what to the women ? 

Ans. The men received $25, and the women $21. 

58. A man has two farms, and his stock is worth $188. Now, 
the stock and his first farm is worth once and two-sevenths i^e- 
value of the second farm, but the stock and the second farm is 
worth once and five-eighths the value of the first &.rm. What is 
the value of each farm ? 

Ans, First farm, $384; second farm, $441. 

:^- 59. A certain clock has an hour hand, a minute hand, and a 
second hand, all turning on the same centre. At 12 o'clock 
all the hands are together, and point at 12. How long will it 
be before the second hand will be between the other two hands, 
and at equal distances from each? Also, before the minute 
hand wiU be equally distant between the other two hands ? 
Also, before the hour hand will be equally distant between 
other two hands % 

Ans, 60/j^<^ seconds, 61f|^^seeonds, 59|f seconds. 

60. What number is that, the treble of which, increased by 
12, shall aa much exceed 54 as that treble is less than 144 ? 

Ans, 31. 




\ 
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SECTION IX. 

EQUATIONS OF THE FIBST DEGREE, CONTAINING TWO 

UNKNOWN QUANTITIES. 

Abt. 149i Wlien the problem contains two unknown quantities, 
there must be two independent equations involving them ; and 
from them an equation may be deduced, which shall contain 
only one of the unknown quantities. 

The process by which one of the ttnknown quantities, is thus 
removed is called elimination; and this may be performed 
In three ways. 

First, by Addition and Subtraction. 
Second, by Comparison. 
^ Third, by Sub^itution. 



r 



<c 



150i Elimination by addition and sxtbteacxion. 

EXAMPLBS. 

( 8a:— %=11 ) 
1. Given | ««. i 5 an \ to find the value of a; and y. 

1. By first condition, dx—2y= 11. 

2. By second " 6a;+5y== 67. 

3. Multiplying 1st by 2, . 6a;— 4^/= 22. 

4. Multiplying 2d by 1, - ' 6a;+5y= 67. 

5. Subtracting 3d from 4th, 9y= 45. 

6. Dividing 5 th by 9, y=s 5. 

7. Multiplying 1st by 5, 15a:— 10y= 55! 

8. Multiplying 2d by 2, 12a:+10y=134. 

9. Adding 7th and 8th, 27a:=189. 
10. Dividing 9th by 27, a:= 7. 

VERIFICATIOK. 

3X7—2x5=21-10=11. 

6xT+5x5=42+25=67. 

8* 
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« 

( bx+4yz=2B ) 

2. Given { Qx—^y 12 ) *^ ^^ *^® value of a: and y. 

1. By the first condition, bx-\-4y=: 23. 

2. By the second, 6a:— 3y= 12. 

3. Multiplying 1st by 6, 30a;+24y=138. 

4. Multiplying 2d by 5, 30a:— 15y= 60. 

5. Subtracting 4th from 3d, ' 3%= 78. 

6. Dividing 5th by 39, V= 2. 

7. Multiplying 1st by 3, 15a:+12y= 69. 

8. Multiplying 2d by 4, 24i-.12y= 48, 

9. Adding 7th and 8th, 39a:=117. 
10. Dividing 9th by 39, «= 3. 

' VEBIFIOATION. 

5X3+4x2=15+8=23. 
6x3—3x2=18-6=12. 

3. A says to B, if ^ of my age were added to § of yours, the 
sum would be 19 J years. But, says B, if f of mine were sub- 
tracted from ^ of yours, the remainder would be 18^ years. 
Bequired the sum of their ages. 

1. By first condition, 

2. By the second, 

3. Clearing the 1st effractions, 

4. Clearing the 2d, 

5. Multiplying 3d by 35, 

6. Multiplying 4th by 3, 

7. Subtracting 6th from 5th, 

8. Dividing 7th by 398, 

9. Substituting 20 for ^ in the S 

10. Transposing and uniting, 

11. Dividing 10th by 3, 

VEBIFIOATION. 



!+?= m. 




M= ^^- 




3a:+10y= 290. 




35a:-16y= 730. 


m 


105a:+350y=10150. 




105a;- 48y— 2190. 




3982^= 7960. 




y= 20. 




d, 3a:+200= 290. 




3a:= 90. 


1 


X=: 30. 
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From the operation of the preceding examples, we deduce the 
following 

Ettuo. Multiply or didde the given equations by sibch rmm- 
hers or quantities as wiU make the term that amtams om/e of the 
unknown quantities the same in each of them; then add or 
subtract the two equations thus obtained^ and there toUl arise a 
new equation with only orve unknown, quantity in it, which may 
be resolved by Art. 147. 

151 • EcnONAXION BY OOMPlBISOir. 

- _ J^ - . J to find the values of a; and y. 

1. By the first condition, 2a;4'%=17. 

2. By the second, 5a;— 2v=sl4. 

S. Transposition of the 1st, 2a;s=sl7— %. 

4. Dividing the 8d by 2, a;=: — ^^. 

5. Transposition of the 2d, 5a;=14-}-2^' 

l44-2v 
6.Dmdi,«the5thby6, ''=-^- 

As things which are equal to the same are equal to each 
other, we therefore infer that — ^r— ^, in the 4th, is equal to 






lUXJJ «AO UUl 


;u %f\j^i 


IM W «• 


7. Therefore, 




17 


-8y 14-|-2y 
2 - 6 ■ 


8. Clearing of fractions, 
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-15y=28+4y. 


9. Transposing 8th, 






19y=57. 


10. Dividing 9th by 19, 






y— 3. 


11. Substituting 3 for the 


value of y 


in 




the first equation, we 


have. 




2x— 17-9. 


12. By reduction, 






%r=8. 


13. Dividing 12th by 2, 






z^4. 
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TXBI7I0ATI0K. 

2x4+3x3= 8+9=17. 
5 X4-2 X 3=20—6=14. 
Hence the following 

Bulb. Observe which of the unknaum quantities is least tn- 
voivedy and Jind its value in each of the equatiojiSf as in 
Art. 148. 

Let the ttvo values thus found be made equal to each other, and 
there unU arise a new equation^ with omly one uvknaum qiuintity 
in it, w/iose value may be found as in Art. 147. 

152t Elimination bj bxtbsxitution. 

5. Two boys playing marbles, the older said to the younger, 
if you had three times as many marbles as you now possess, 
the sum of yours and mine would be 19. But the younger 
replied, if twice the number of mine were subtracted from four 
times as many as you have, the number would be 20. Bequired 
the number of marbles that each possessed. 

Let X represent the marbles of the elder ; 
And y the number of the younger. 

1. Then, by the condition of the question, a;+3y=19. 

2. And * 4a;— 2y=20. 

3. Transposing the 1st, a;=19— 3y 

4. Putting the 3d into the 2d, 4(19— S^^)— 2y=20. 

6. Then, 76— 12y— 2y=20. 

6. Transposing and reducing, y=4. 

7. Putting the value of y into the 1st, a;+12=l9. 

8. Transposing and reducing, a:=19 — 12=7. 

Ans, The elder had 7 marbles, and the younger 4. 

TEBIFIOATIOX. 

7+3x4= 7+12=19. 

4X7-2X4=28- 8=20. 

By the above method of operation, we deduce the following 

BuLE. Find the value of either of the unknoum quantities in 
that equation in which it is least involved ; then svhstitute this 
value in the place of its equal in the other equation, and there 
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tffUl arise a new equation, vnth ardy one uTikrunjon g^ntity in 
it ; the vahie of which may he found by Art. 147. 

EXAMPLES. 

6. Given j ^^^{S \ ^^^®^ ^ ^^ V' 

Atis, a;=4; ^=3. 

7. Given J ^ jf H n \ Required x and y, 

• Am, a:=5; y=2. 

8. Given < ^^ J Required a; and y. 

Ans. x=7 ; y=b, 

9. Given \ - o ^Iqa \ Reqiiired z and y. 

il?w, a;=8; y=s2. 

10. Given J ^ Zl q \ Required a: and y. 

Ans, x=zb ; y==7, 

11. Given ] ^ ' I^ .^ [ to find x and «. 

( 2a;— 6y=— 56) ^ 

ilTW. a;=8; y=12. 

Atis. x=2; ^=10. 

, IS. Given \ „ ' ^^ n/x c to fijid tte value of a: and y. 

( 8a:— -2^= 80 ) 

Ans. a;=12; y=B, 

14. Given ] ^ , ^ ^. \ to find the value of a; and y. 

( 2a:+2y= 24 ) 

Ans. x=2; y=10. 

15. Given ] ^ 99 H oa ( *<^ ^^ *^® '^^^ ^^^ '"^^ y* 

Ans. a:=10; y=5. 

16. (&iven K /v _-• 9 Z]_fio v *^ ^^ *^® "^^^ ^^ ^ *°^ y* 

ilTw. a?=7; y=ll. 



« 
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17. Given 



2 3 



18. Given 



4' 6 
3a; 



to find the value of a; and y. 



y=n 



^+1=37 



Arts, a:=12; y=18. 



to find the value of x and ^. 

t 



19. Given 



20. Given 



21. Given 



22. Given 



23. Given 



Ans, a;=35; y=10. 

to find the value of a: and y, 

Ans. 2:=28; ^=21. . 

to find the value of z and y, 
Ans. a;=24; y=18. 

to find the value of 2: and y. 
Ans. x=:2; y=12. 

to find the value of x and y. 

^+3y=134 

^ J Am. a;=56; y=40. • 

T , c to find the value of x and «. 



4a: 2y_ I 
y— 3- 2 

[ a;+7jr=175 

J 8 9 
[3a;+8y=126 



14x+^4= 38 
6 

a:+122^=146 
a: 7y 



7 10 
a: 



=-20 



24. Given 



X y 
— f=m 
a 

=71 



c ^ 



. W — nc ad — mc 

Ans, x=j ; y=: =—. 

cfm^—an an — om 



to find z and y. 



. abcm+acdn hcdn — ahdm 

Ans. x= T-T-- ; y= 



ad-^bc 



ad-^-bc 
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25. Given - 



1-12=1+8 



I 



to find the value of 
X and y. 



5 ^8 4 ^ 

Ans. a;=60; y=!40. 



1 



^SECTION X. 

ELIMINATION WHERE THERE ARE THREE OR MORE UN- 
KNOWN QUANTITIES INVOLVED IN - AN EQUAL NUMBER 
OF EQUATIONS. 

Bulb. Find the values of (me of the unkrunmi giuintities in 
each of the three given equations, as if aU the others toern 
known ; then put the first of time values equal to the second, 
and either the first or second equal to the third, and there wiU 
arise tuH> new equations with ordy two unkrwum quantities in 
them, the values of which may he found as in Art. 147, ana 
thence the value of the third. 

Or, the unkrvofum quantities may be obtained by rrndtiplying 
each of the three equations by such quantities as tvUl make one 
of their terms the same in aU of them; then, having sub' 
traded any tvx) of these resulting equatiojis from the third, or 
added them together, as the case may require, there wHl remain 
ordy tvx) equations, which may be resolved by the former rules. 

Or, we may find the value of one of the unknown quantities in 
that equation in which it is least in'oolved, and then substitute 
this value for that unkrunon quantity in aU the other equations, 
and, proceeding in the same way with these equations, v>e obtain 
the other unknown quantities. 



1 
2 



1. Given - 



EXAMPLES. 

[x+ y+2z=:Al>i 

a;-j-%+ ;?=47 



2+ 3+ 4-^^ 



to find the value of x, y and z. 



J 
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4. From the 1st equation, £=41 — ^— 2z. 

5. From the 2d, a:=47— %— z. 

6. From the 3d, a;=:20— ^— 1 

7. Eqnal values of x in 4th and 

5th, 41— y— 22:=47— 3y— ;?. 

• 8. Value of y in 7th, 2^=^4^- 

9. Eqnal values of 2; in 4th and 

6th, • 41-y-2z=20-^-|. 

10. Value of y in 9th, 2^=63-^. 

64-z 9z 

11. Equal values of ^ in 8th and 10th, -~-=63 — rr-. 

12. Beduoing, , 2r=:12. 

13. Substituting for z its value in 8th, y=--^ — =9. 

14. Substituting for y and z their values 

in 4th, a;=41-9-24=8. 

1 / 5a:+4y-22r=28 \ , ^ . ,. , . 
2. Given 2 10^-62,+4z=30 \ *" ^^ *^^ ^"^^^ ^^ ^' 2^' 
3( 2x+y^z=9) ^^^- 

Subtracting the 2d from twice the 1st, we have^ 

4. 14y— 8z=26. 

Subtracting the 2d from 5 times the 3d, 

5. lly— 9z=15. 

Subtracting 14 times the 5th firom 11 times the 4th, 

6. 382r=76. 

7. z=2. 

Substituting for z its value in the 5th, 

8. Ily-'18=15. 

9. y=3. 



BQVAtlONS. 



OT 



Substitnting for y and z their valnes in the 3d, 

10. 2ar4-3— 2=9. 

11. 2=4. 



/ ar— y—2z^ \ 

3. Given < 62;+S^4-32:=45 > to find x, y, and z. 

i 4x+Sy— z=-Sl ) 

Ans. x=:4c; y=6; « 

/ &r— %— 7z=~36^ 

4, Given ^ 12a;— y— 3z= 36 > to find a:, y, an^ ar. 

( Gx— 2y— 2r= 10 ) 

ilTW. a;=;;4; y=6; 

/ 7a;-f-4y— 2r= 78 \ 
6. Given ^ 4ar— 5y— 3z=— 21 > to find x, y, and z. 
i a;— 3y-4z=— 37 ) 

ilTW. x=zS; y=7; z 

/ a;+y=30 ^ 

6. Given < x+z=2b > to find a;, y, and z, 

- { y+z=lb ) 

Am. a;=20; y=10; z 

( 8a;— 4y=24— z \ 

7. Given < 6a:+ y= 2:+ 84 > to find x, y, and z, 

( a:+80=3y+42 ) 

il?w. a:s=sl2; y=20; z 



8. Given 



=3. 



=6. 



=5. 



=8. 



2+34-^^ 
3 4^2 
U^2 3 ' 



to find Xf y, and z. 



I 



ilTw. a:=36; y=24; z=12. 
' 3tt+ a:+2y— z=22 ^ 

n n- ^— y+32:==35 I ^ ^ , * , 

»• Give^ j 42.+3a:-2y =19 f *^ ^^ ""^ "^^ 2^' ^^ ^• 
,2m +4y+2z=46. 

^?i5. M=4 ; a:=5 ; y=6 ; zs=7. 
9 
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BQUATIONS OF IHB FIB8T DBGBEE, OONTAININa 8BTBBAL UK- 
KNOWN QUANTITZB8. ^ 

^ IXAIIPLES. 

1. A says to B and C, give me half of jour money, and I 
shall have $55. B replies, if you two will give me one third 
of yours, I shall have $50. But C says to A and B, if I had 
one fifth of your money, I should have $50. Required the sum 
that each possessed. 

Ans, A=$20, B=$30, C=$40. 

2. A merchant has three kinds of sugar. He can sell 3 lbs. 
of the first quality, 4 lbs. of the second quality, and 2 lbs. of 
the third quality, for 60 cents ; or, he can sell 4 lbs. of the first 
quality, 1 lb. of the second quality, and 5 lbs. of the third 
quality, for 59 cents ; or, he can sell 1 lb. of the first quality, 
10 lbs. of the second quality, and 3 lbs. of the third quality, 
for 90 cents. Required the price of each quality. 

Ans, First quality, 8 cents per lb. ; second, 7 cents ; third, 4 
cents. 

3. A gentleman's two horses, with their harness, co£it him 
$120. The value of the worst horse, with the harness, waa 
double that of the best horse ; and the value of the best hors0, 
with the harness, was triple that of the worst horse. What was 
the value of each ? ' 

Ajis. Harness, $50; best horse, $40; .worst, $30. 

4. Find three numbers, so that the first with half the other 
two, the second with one third of the other two, and the third 
with one fourth of the other two, shall each be equal to 34. 

Ans. 10, 22, and 26. 

5. Find a number of three places, of which the digits have 
equal differences in their order ; and, if the number be divided v 
by half the sum of the digits, the quotient will be 41 ; audj if V 
396 be added to the number, the digits will be inverted. 

Ans. ?46. 
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6. A fanner has a large box, filled with wheat and rye ; seven 
times the bushels of wheat is equal to four times the bushels of 
lye, wanting 3 bushels ; and the quantity of wheat is to the 
quantity of lye as 3 to 5. Bequired the bushels of wheat and 
tht bushels of rye. 

Am. Wheat 9 bushels, rye 15 bushels. 

7. A says to B, if 7 times my property were added to ^ of 
yours, the sum would be $990. B replied, if 7 times my prop- 
erty were added j|;o -f of yours, the sum would be $510. Be- 
quired the.property of each. Ans. A's, $140 ; B's, $70. 

Y^8. If ^ of A's age were subtracted from B*ft age, and 5 
years added to the remainder, the sum would be 6 years ; and 
if four years were added to -^ of B's age, it would be equal to -r 
■j^ of A's age. Bequired their ages. 

Ans. A's, 98 years ; B's, 15 years. 

9. What fraction is that, if 1 be added to its Qumerator, its 
value is ^ ; or, if 1 be added to its denominator, its value is ^ ? 

Atis. ^. 

10. A says to B, if | the difference of our ages were sub- 
tracted, from my age, the remainder would be 25 years. B 
replies, if ^ of the sum of our ages were taken frt>m mine, the \^ 
remainder would be -J- of yours. Bequired their ages. 

Am. A's, 30 years ; B's, 20 years. 

11. There are two numbers, and if |- of their difference were 
taken from 4 times their sum, the remainder would be 62 ; but 
the difference of their sum and difference is equal to f of the 
larger number. Bequired the numbers. Ans. 12 and 4. 

12. Three men reckoning their money, says the first, if $100 
were added to my money, it would be as much as you both 
possess. Says the second, if $100 were added to my money, I 
should have twice as much as you two havou Says the third 
man, if ij^luO were added to mine, I should have three times as 
much a:' y n bpth have. How much money had each man ? 

Am. First, $9^, second, $45^^, third, $63^. 

13. A, B and C, speaking of their ages, A said that the sum 



» 
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of their ages was 90. B replied, that if his age were taken 
from the som of the other two, the remainder would be 30. 
said, if his age were taken from the other two, the remainder 
would be j^ his age, Bequired their ages. 
. Ans. A's, 20 ; B's, 30 ; O's, 40. . 

14. There are 4 men, A, B, and D, the value of whose 
estate is $14,000 ; twioe A's, three times B's, half of C's, and 

^ ', one fifth of D's, is $16,000 ; A's, twice B's, twioe G's, and 
'V two fifths of D's, is $18,000; and half of A's, with one third 
of B's, one fourth of G's, and one fifth of D's, $4000. Re- 
quired the property of each. 

Am. A's, $2000; B's, $3000; C's, $4000; D's, $5000. 

15. Find four numbers, such that the first, together with half 
the second, may be 357 ; the second, with ^ of the third, equal 
to 476 ; the third, with ^ of the fourth, equal to 595 ; and the - 
fourth, with ^ of the first, equal to 714. 

Ans. First number, 190; second, 334; third, 426; fourth, 676. 

16. If I were to enlarge my field by making it 5 rods longer 
and 4 rods wider, it would contain 240 square rods more than 

it now does ; but, if I were to make its length 4 rods less, and ^^ 
its breadth 5 rods less, its contents would be 210 square rods ^^ 
less than its present surfiu^e. What are its present length, 
breadth, and contents ? 

Ans. Length, 30 rods; breadth, 20 rods; contents, 600 square 
rods. 

^ 17. A person exchanged 12 b^^^ of wheat for 8 bushels 
of barley, and £2 16«. ; offering, at the same time, to sell a ^ 
certain quantity of wheat for an equal quantity of barley, and. 
£3 15; . in cash, or for j£10 in cash. ' Bequired the prices of the 
wheat and barley per bushel 
Ans. Wheat at 8 shillings, barley at 5 shillings, per bushel. 

'' 18. A farmer, having 89 oxen and cows, found, after he had 
sold 4 oxen and 20 cows^ he had 7 more oxen than cows. What 
number had he of each at first ? Ans. 40 oxen and 49 cows. 

19. A and B drivmg tlieir turkeys to market^ A says to B, 
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give me 5 of jour turkeys, and I shall have as many as you. 
B replies, but give me 15 of yours, and then yours will be f of 
mine. What number of turkeys had each ? 

Ans. A 45 and B 55 turkeys. 

20. It is required to find two such numbers, that if ^ of the 
first be added to ^ of the second, the sum shall be 25 ; but, if ^ 
of the second be taken &om j- of the first, the remainder will 
be 6. Atis. 48 and 36. 



21. What fraction is that, if 5 be added to its numerator, its 
value is 2, but if 2 be added to its denominator, its value is ^ ? 

Ans. J. 

22. B says to C,.if 8 years were taken from your age and 
added to mine, I should be twice as old as you. C replies, if 3 
years were taken &om your age and added to mine, our ages 
would be the same. Kequired their ages. 

Am. B*s age 21, O's age 15 years. 

23. It is required to find two numbers, so that f of the first 
added to f of the second shall be 15^, and if j- of the second be 
subtracted from ^ of the first, the remainder shall be b}^. 

Ans. 10 and 12. 

24. It is required to divide 50 into two such parts that f of 
the larger shall be equal to § of the smaller. 

; Ans. 32 and 18. 

25. A gentleman, at the time of his marriage, found that his 
wife's age was to his as 3 to 4; but, after they had been 
married 12 years, her age was to his as 5 to 6. Required their 
ages at the time of their marriage. 

Atis. The man's age 24, his wife's 18 years. 

26. A farmer hired a laborer for ten days, and he agreed to 

pay him 12 shillings for every day he labored, and he was to 

forfeit B shillings for every day he was absent, and he received 

at the in\d of his time 40 shillings. How many days did he 

labor, aiid how many days was he absent ? 

A71S. He labored 6 days, and was absent 4. 
9* 
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27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 

Ans, Chaise, $112; horse, $96. 

28. A and B engaged in trade, A with $240, and B with 
$96. A lost twice as much as B; and, upon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Am. A lost $96, and B lost $48. 

'i^ 29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the labor ? ' Ans, 9f days. 

30. A merchant has two kinds of grain, one at 60 cents per 
bushel, and the other at 90 cents per bushel, of which he wishes 
to make a mixture of 40 bushels that may be worth 80 cents 
per bushel. How many bushels of each must he use ? 

Am. l^ bushels of '60 cents, 26§ of 90 cents. 

31. A faimer has 30 bushels of oats, at 30 cents per bushel, 
and which he would mix with com at 70 cents per bushel, and 
barley at 90 cents per bushel, so that the whole mixture may 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 
oats ? Ans. 10 bushels of com, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
had sold 10 more of his oxen, he found he had 2 more oxen 
than cows. How many had he of each at first ? 

Ans. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six 
times the less, and their sum is 15. Required the numbers. 

Am. 9 and 6. 

34. A and B can perform a piece of work in 6 days, A and C 
in 8 days, and B and C in 12 days. In what time would each 
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of them perform the work alon^ anoy|row long woiild it take 
item to perform the work togett^^l^ 
_^A ns. A would do the work in 9f days, B in 16 days, C in 









4,- /; " ' ■ 






v^ " / » • ^-» >. 



-^:r.^,,.,. 



/ '1 ' i ^~ 









6 ^Y , 9^' ^'^J 






Vf /. 



/ K 



A ^ 



y i 



f r - y V- «-^ ^^ -/r v.- ,3 



I 



a 

0;=: b, 

a 



102 



ALGEBRA. 



27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the 
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ilTis. 9 and 6. 

And B can perform a piece of work in 6 days, A and G 
, and B and C in 12 days. In what time would each 
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of them perform the work alon^ and^pDw long woiild it take 
them to perform the work toget^ J|i^ 

Ans, A would do the work in 9f days, B in 16 days, in 
48 days, A, B and G together, in b^ days. 

35. A gentleman left a sum of money to be divided among 
his four sons, so that the share of the didest was ^ of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of the third J of 'the sum of the 
other three; and it was found that the share of the oldest 
exceeded that of the youngest by $14. What was the whole 
sum, and what was ihe share of each person ? 

Ans, Whole sum, $120 ; oldest son's share, $40 ; second son's, 
$30 ; third son's, $24; youngest son's, $26. 



SECTION XI. 

NEaATIVE QUANTITIES. 

Abt. 153. The student will sometimes find that, on account 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES* 

1. The length of a certain field is a, and its breadth is b; 
how much must be added to its breadth that its contents may 
he m? ' 

Let X = the quantity to be added to its breadth. 



Then 


b-\'X the breadtL 


And 


a{b-\-x)z=im, the contents. 




ab-\-ax — m. 




b4-x — . 
a 




Xs=: b, 

a 
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2. Let the length o^ibe field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, that the 
contents of the field may be 80 square rods ? 

Let a; = the quantity to be added to the breadth. Then, by 
the above formula, 

x= i=:^ -^6=2 rods, the quantity to be added. 

VEBI7IGATI0N. 



10x6+2=80 square rods. 

3. Let the length of the field be 10 rods, the breadth 8 rods; 
it is required to find what quantity must be added to the breadth 
that the contents may be 60 square rods. 

By the formula, 

x= 3=T7T— 8=— 2 rods. 

« a 10 

We perceive by the above that it is — 2 rods which are to be 
added, and not -f-2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that — 2 added to -|-8 becomes 8 — 2^6, 
the answer, which is tiie same as subtracting -j-2 from +8. 
And, in general, adding a minus quantity brings ike same result 
as subtracting a plus quantity of equal value, and vice versa, 

VEEIPICATION. 



10x8—2=60 square rods. Ans. 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtii^acted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same /as to add a plus 
quantity. If, therefore, we change the sign of a; in the formula 
first obtained, x will then express how much is to be subtracted. 

Thus, — rc= bj 

a 

_ m Q 60 „ , 
or, x=b — — =8--=-;.=2 rods. 

a 10 
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VEBinOAXION. 



10x8 — 2=60 square rods. 

5. If the field were 10 fbds long and 8 rods wide, how many 
rods must be taken from its width that its contents may be 100 
square rods? 

By the formula, 

- :«=i-^=8-^^=-2 rods. * 
a 10 

That is, —2 is to be subtracted from -|-8 ; ^)r, as we perform 
subtraction in j&^gebra by changing the sign of the subtrahend, 
and thus annexing it to the minuend, we have 

8— (-2)=8+2=10 ; 
80 that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smiili, at the time of his marriage, was 50 years 
old, and his wife was 40. When will his age be twice that of 
his wife ? 

Let 2;=the time. 

Then, 50+a:=2x40+2:. 

50+a:=80+2a:. 
And, a:=50-. 80= —30 years. 

As the answer is — 80 years, it is evident that he is not vau) 
twice as old as his wif^, but 30 years ago his age was twice' 
hers. 

VEBIFICATION. 



50-30=40—30x2. 
20=20. 

7. J. Jones is 40 years old, his wife 30. When will they 
both be of the same age ? 
Let a;=the time. 
Then, 30+2;=40+2:. 

a;— a:=40— 30. 
0a:=10. 
And, x^^ = oc. 

Hence they can never be of the same age. 
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8. What fraction is such, that if 2 be added to its numerator 
its value is ^, or if 2 be added to its denominator its yalue is ^ ? 

^^: 312- 

9. What j&aotion is such, that if 7 be added to the numerator 

its value is nothing, but if 2 be added to its denominator its 

value is infinite ? . — 7 ' 

* Ans, — jj. 

10. What firaction is such, that, if 4 be added to its numer- 
ator its value is nothing, but if 10 be subtracted from its 
denominator its value is 1 ? 

THE GOUBIEBS. 

1. Two couriers set out at the same time from A and C, and 
travel towards each other until they meet. The distance from 
A to is m miles. The first courier travels a miles per hour, 
and the second b miles per hour. How ^ from A and will 
they meet ? 

A B _0j p 

Let us suppose them to meet at B. 

And let x = the distance A B. 

And y = the distance B C. 

Then sc-^y = A C =i wi. 

As the first travels x miles at the rate of a miles per hour, to 
find the tiine he will travel this distance, we say, 

X 

As a miles : x miles : : 1 hour : - = the time the first cou- 

a 

rier will travel the distance A B. 

And, as b miles : y miles : : 1 hour : ^ hours s=: the time 

^ b 

the second courier will travel the distance B C. 

As both couriers set out at the same time, and arrive at the 

same time at C, 

Therefore -=f, 

a 

And x=^. 

o 
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If we substitute tliis value of re in the first equation, we 
have 

And ay-\-lfy=ihm. 



Hence y = 



a-^-h' 



Substituting this value of y in the equation a:==-^, we have 

CL bm abfn am 



5 a-\-b ab+b^ a+b' 

The values of x and y in the above equation are both posi- 
tive. Therefore, whatever value we may assign to a, b and m, 
it will answer the conditions of the question. 

This may be illustrated by the following question : 

» 

2. Two men, A and B, set out from two places, distant &om 
each other 144 miles, and travel towards each other. A goes 
12 miles an hour, and B four miles an hour. How &x must 
each travel before they meet ? 

By the above formulae, 

x=: — r-7= ^^ . ^ = 108 miles, the distance A travels. 
a-^-b 12-1-4 

And y = — —-=— rr----r-= 36 miles, the distance B travels. 
^ a+b 12-J-4 

VESiriOATION. 

108+36=144 miles. 

3. If the couriers were to set out at the same time from aA 
and B, and travel towards C, both going the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being m, how far would each travel before 
they meet, suppose at a point ? 

F A B C D 

Let X = the distance AC. 
And y =: the distance B C. 
Then a:— 2^=AC— BC=:AB=w. 



• 
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By performing the same operation as in the first question, 
w^find 

X y 

and a:=:-~. 
b 

Therefore -—-—yzszTn, 

And ay—by=ibm. 
Whence «/= 7. 

Substitute this last value of y in the former equation, and 
we have 

ay a bin abm am 
^^T^b^a^b'^^^'^a^b' 

Here it is evident that the values of x and y will not be 
positive, unless a be greater ,than b ; or, in other words, unless 
the courier which sets out from A travels faster than the one 
that sets out from B, he will never overtake him. 

4. Suppose the first courier to travel 9 miles per hour, and 
the second 6 miles per hour, and the distance A B to be 18 
miles, and it was required to find how far each would travel 
before the one overtook iiie other. 

Then a=9, 3=6, and »i=18. 

And, by the first formula, 

«= r=-7v — ^=54 miles, the distance the first courier would 

a — b 9—6 

travel. 
And, by the second formula, 

y= if=-o — x-=36 miles, the distance ijie second courier 

would travel. 
We perceive, by the above operation, that the joint C, where 
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the couriers meet, is 54 — 36=18 miles fiirther from A than B 
is, which is equal to the distance m. 

5. Again, let a=:6, 3=9, and 77z=18 ; or, suppose the first 
courier sets out from A and travels 6 miles an. hour, and the 
second sets out at the same time from B and travels in the 
same direction towards at the rate of 9 miles per hour. What 
distance will each travel before they meet ? 

By the first formula, 

x=z — i=-5 — j^=— 36 miles, the first travels. 
fl— 6 — 9 

By the second formula, 

hm 9x18 r^ ., , 
a;= — f=-5 — ;7-=— 54 miles, the second travels. 
a — 6—9 

Here the values of x and y are both negative. Now, how shall 
we interpret this result ? What is the moaning of the negative 
sign, in this case ? 

To understand this, we must observe that we began by sup- 
posing the parties to be travelling towards C, and any motion 
in this direction would have been indicated in this example, as 
it has been in the preceding examples, by the sign -f . But, 
when the sign -{- is taken to indicate motion in one direction, 
the opposite sign — must indicate motion in tibe opposite direction. 
Hence the minus sign, resulting as above, indicates that the 
parties, in order to meet, must travel, not towards C, as wo at 
first supposed, but in the opposite direction, towards F, a point 

36 miles from A, and 54 miles from B, where they will meet. 

• 

6. Again, let a=6, 3=6, and 7?i=18; or, we will suppose 
the couriers both to start at the same time from A and B, and 
both to travel in the same direction towards G, and both trav- 
elling at the same rate of 6 miles per hour, the distance A B 
being 18 miles. What distance will each travel before they 



# 



meet? 
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27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 

Am. Chaise, $112; horse, $96. 

28. A and B engs^ed in trade, A with $240, and B with 
$96. A lost twice as much as B; and, upon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Am. A lost $96, and B lost $48. 

•i^ 29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the labor ? ' Am. 9| days. 

30. A merchant has two kinds of grain, one at 60 cents per 
bushel, and the other at 90 cents per bushel, of which he wishes 
to make a mixture of 40 bushels that may be worth 80 cents 
per bushel. How many bushels of each must he use ? 

Am. l^ bushels of BO cents, 26§ of 90 cents. 

31. A faimer has 30 bushels of oats, at 30 cents per bushel, 
and which he would mix with com at 70 cents per bushel, and 
barley at 90 cents per bushel, so that the whole mixture may 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 
oats ? Am. 10 bushels of corn, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
had sold 10 more of his oxen, he found he had 2 more oxen 
than cows. How many had he of each at first ? 

Am. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six 
times the less, and their sum is 15. Bequired the numbers. 

Ans. 9 and 6. 

34. A and B can perform a piece of work in 6 days, A aud 
in 8 days, and B and C in 12 days. In what time would each 



r long would it take 
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of them perform die work alon^ aniJ/bw 1 
them to perform the work togettpr^l'^ 
, Am . A would dojbg work in 9f da ye, B in 16 days, in 
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27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 
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Atv^, 9 and 6» 



id B can perform a piece of work in 6 days, A and 
and B and C in 12 days. In what time would each 
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of them perform the work alon^ imd^w long would it take 
them to perform the work toget&^ }f0 

Ans. A would do the work in 9f days, B in 16 days, in 
48 days, A, B and G together, in 5^ days. 

35. A gentleman left a sum of money to be divided among 
his four sons, so that the share of the oldest was ^ of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of the third ^ of 'the sum of the 
other three; and it was found that the «ihare of the oldest X 
exceeded that of the youngest by $14. What was the whole 
sum, and what was the share of each person ? 

Ans, Whole sum, $120 ; oldest son's share, $40 ; second son's, 
$30 ; third son's, $24 ; youngest son's, $26. 



SECTION XI. 

KEGATIVB QUANTITIES. 

Art. 153. The student will sometimes find that, on account 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES. 

1. The length of a certain field is a, and its breadth is ^; 
how much must be added to its breadth that its contents may 
he m? 

Let X z=z the quantity to be added to its breadth. 
Then b-\'X=thG breadth. 

And a{b-\-x)=my the contents. 

ab-]-'ax=m, 

a 

X=: 0. 

a 
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2. Let the lengtih ofUxe field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, that the 
contents of the field may be 80 square rods ? 

Let a; = the quantity to be added to the breadiih. Then, by 
the above formula, 

m 80 

x= i=^^— 6=2 rods, the quantity to be added. 

YEBIFIOAXION. 



10x6+2=80 square rods. 

8. Let the length of the field be 10 rods, the breadth 8 rods; 
it is required to find what quantity must be added to the breadth 
that the contents may be 60 square rods. 

By the formula, 

x=: 3=ta— 8=— 2 rods. 

^ a 10 

We perceive by the above that it is — 2 rods which are to be 
added, and not +2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that — 2 added to +8 becomes 8—2=6, 
the answer, which is the same as subtracting -j-2 from -J- 8. 
And, in general, adding a minus quantity brings the same result 
as subtracting a plus quantity of equal value, and vice versa, 

VERIFICATION. 



10x8—2=60 square rods. Am. 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtracted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same ^ as to add a plus 
quantity. If, therefore, we change the sign of a; in the formula 
first obtained, x will then express how much is to be subtracted. 

Thus, — a;= ^, 

a 

m Q 60 , 

or, xssib — ^=8— =-p:=2 rods. 

a 10 
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TEBIFIOATION. 



10x8—2=60 square rods. 

5. K the field were 10 fbds long and 8 rods wide, how many 
rods must be taken from its width that its contents may be 100 
square rods ? 

By the formula, 

. w Q 100 „ , * 

• a:=3 =8— ^i7r=— 2rods. 

a 10 

That is, —2 is to be subtracted from -j-8 ; <or, as we perform 
subtraction in j^gebra by changing the sign of the subtrahend, 
and thus annexing it to the minuend, we have 

8— (-2)=8+2=10 ; 
so that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smith, at the time of his marriage, was 50 years 
old, and his wife was 40. When will his age be twice that of 
his wife ? ^ 

Let 2:=the time. 

Then, 50+a;=2xJ0+S, 

50+a;=80+2a:. 
And, a;=50— 80= — 30 years. 

As the answer is — 30 years, it is evident that he is not nom 
twice as old as his wif^, but 30 years ago his age was twice' 
hers. 

VEBIFICATION. 



50-30=40—30x2. 
20=20. 

7. J. Jones is 40 years old, his wife 30. When will they 
both be of the ssime age ? 
Let a;=the time. 
Then, 30+a:=40+a:. 

a;— a;=40— 30. 
Oa;=10. 
And, x=^ = oc. 

Hence they can never be of the same age. 



J 
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8. What fraction is such, that if 2 be added to its numerator 
its yalue is j-, or if 2 be added to its denominator its value is j- ? 

Ans, — =^. 

9. What fraction is such, that if 7 be added to the numerator 

its value is nothing, but if 2 be added to its denominator its 

value is infinite ? . — 7 ' 

• Ans. — jj. 

10. What fraction is such, that, if 4 be added to its numer- 
ator its value is nothing, but if 10 be subtracted from its 
denominator its value is 1 ? 

THB GOUBIEBS. 

1. Two couriers set out at the same time from A and C, and 
travel towards each other until they meet. The distance from 
A to G is m miles. The first courier travels a miles per hour, 
and the second b miles per hour. How &r from A and G will 
they meet ? 

A B _0^ p 

Let us suppose them to meet at B. 
And let x = the distance A B. 

And y = the distance B G. 

Then x+y = AG = m. 

As the first travels x miles at the rate of a miles per hour, to 
find the time he will travel this distance, we say, 

X 

As a miles : x miles : : 1 hour : - ^ the time the first cou- 

a 

rier will travel the distance A B. 

And, as b miles : y miles : : 1 hour : j- hours = the time 

the second courier will travel the distance B G. 

As both couriers set out at the same time, and arrive at the 
same time at G, 

Therefore -=^. 

a 

And x=^. 

o 
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If we si^stitute this value of a; in the first equation, we 

have 

ay , 

And %y-\'hy=hm. 



Hence y = 



a+b' 



Substituting this value of y in the equation x=s~y we have 



b a+b ab+h^ a+b' 

The values of x and y in the above equation are both posi- 
tive. Therefore, whatever value we may assign to a, 3 and m^ 
it will answer the conditions of the question. 

This may be illustrated by the following question : 

2. Two men, A and B, set out from two places, distant from 
each other 144 miles, and travel towards each other. A goes 
12 miles an hour, and B four miles an hour. How far must 
each travel before they meet ? 

By the above formulae, 

a:= — r-7= ..^ . ^ = 108 miles, the distance A travels. 
a-fb 12-f4 

And y = — --;= .,^ . . = 36 miles, the distance B travels. 
^ a+b 12+4 

VEBJUriOATION. 

108+36=144 nules. 

3. If the couriers were to set out at the same time from Ai 
and B, and travel towards C, both going the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being m, how far would each travel before 
they meet, suppose at a point C ? 

FAB D 

Let z = the distance A C. 
And ^ = the distance B C. 
Then ar— y=AC— BC=AB=wi. 



• 



102 ALGEBBA. 

27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 

Am. Chaise, $112; horse, $96. 

28. A and B engaged in trade, A with $240, and B with 
$96. A lost twice as much as B; and, upon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Ans, A lost $96, and B lost $48. 

'^ 29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the labor ? ' Am. 9f days. 

80. A merchant has two kinds of grain, one at 60 cents per 
bushel, and the other at 90 cents per bushel, of which he, wishes 
to make a mixture of 40 bushels that may be worth 80 cents 
per bushel. How many bushels of each must he use ? 

Am, 13 J bushels of '60 cents, 26§ of 90 cents. 

31. A faimer has 30 bushels of oats, at 30 cents per bushel, 
and which he would mix with com at 70 cents per bushel, and 
barley at 90 cents per bushel, so that the whole mixture may 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 
oats ? Ans. 10 bushels of corn, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
had sold 10 more of his oxen, he found he had 2 more oxen 
than cows. How many had he of each at first ? 

Am. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six 
times the less, and their sum is 15. Eequired the numbers. 

Am. 9 and 6. 

34. A and B can perform a piece of work in 6 days, A aud 
in 8 days, and B and C in 12 days. In what time would each 
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of them perform the work alon^ and^|Kw long would it take 
ihem to perform the work toget%^ 

ns. A would do the work in 9f da ys, B in 16 days, in 
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27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 
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Ans. 9 and 6. 



id B can perform a piece of work in 6 days, A and 
and B and C in 12 days. In what time would each 
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of them perform the work aloni, and^w long would it take 
them to perform the work togeth^ypi^ 

Ans. A would do the work in 9f days, B in 16 days, in 
48 days, A, B and G together, in 5^ days. 

35. A gentleman left a sum of money to be diyided among 
his four sons, so that the share of the oldest was ^ of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of the third ^ of *the sum of the 
other three ; and it was found that the. share of the oldest X 
exceeded that of the youngest by $14. What was the whole 
sum, and what was the share of each person ? 

Ans, Whole sum, $120 ; oldest son's share, $40 ; second son's, 
$30 ; third son's, $24 ; youngest son's, $26. 



'^ SECTION XI. 

KEGATIVB QUANTITIES. 

Abt. 153. The student will sometimes find that, on account 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES. 

1. The length of a certain field is a, and its breadth is b; 
how much must be added to its breadth that its contents may 
be m ? 

Let 2; = the quantity to be added to its breadth. 

Then b-\'X=ih.e breadth. 

And a{b-{-z)=i7nj the contents. 

b4-x=—, 
a 

X=s: b. 

a 
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2. Let the lengtih oiUxe field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, that the 
contents of the field may be 80 square rods ? 

Let a; = the quantity to be added to the breadth. Then, by 
the above formula, 

fn 80 

x= isrs . ;r— 6=2 rods, the quantity to be added. 

a 10 ^ " . 

YEBIFICIiATION. 



10x6+2=80 square rods. 

8. Let the length of the field be 10 rods, the breadth 8 rods; 
it is required to find what quantity must be added to the breadth 
that the contents may be 60 square rods. 

By the formula, 

x= 3=T7^— 8=— 2 rods. 

« a 10 

We perceive by the above that it is — 2 rods which are to be 
added, and not +2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that — 2 added to -|-8 becomes 8 — 2^6, 
the answer, which is the same as subtracting -\-2 from -\-S. 
And, in general, adding a minus quantity brings the same result 
as subtracting a plus quantity of equal value, and vice versa. 

VERIFICATION. 



10x8 — 2=60 square rods. Ans. 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtracted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same /as to add a plus 
quantity. If, therefore, we change the sign of a; in the formula 
first obtained, z will then express how much is to be subtracted. 

Thus, —x= 3, 

a 

. m Q 60 , 

or, x=iO — ^=8— =-T^2 rods. 

a 10 
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TEBIFIGATIOK. 



10x8—2=60 sqnare rods. 

5. K the field were 10 fbds long and 8 rods wide, how many 
rods must be taken firom its width that its contents may be 100 
square rods ? 

By the formula, 

^ w Q 100 ^ . * 

• a:=3 =8— ^pr. =—2 rods. 

a 10 

That is, — 2 is to be subtracted from -j-8 ; <or, as we perform 
subtraction in j^gebra by changing the sign of the subtrahend, 
and thus annexing it to the minuend, we have 

8-(_2)==8+2=10 ; 
so that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smith, at the time of his marriage, was 50 years 
old, and his wife was 40. When will his age be twice that of 
his wife ? " 

Let 2;=the time. 

Then, 50+a:=2xJ0+S. 

50+a;=80+2a:. 
And, a;=50— 80=— 30 years. 

As the answer is — 30 years, it is evident that he is not vam 
twice as old as his wif^, but 30 years ago his age was twice' 
hers. 

VERIFICATION. 



50-30=40—30x2. 
20=20. 

7. J. Jones is 40 years old, his wife 30. When will they 
both be of the same age ? 
Let a;=the time. 
Then, 30+a:=40+a:. 

a;— a;=40— 30. 
Oa;=10. 
And, a;=Jjf = oc. 

Hence they can never be of the same age. 
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8. What fraction is such, that if 2 be added to its numerator 
its value is j-, or if 2 be added to its denominator its value is j- ? 

Ans. — =^. 

9. What fraction is such, that if 7 be added to the numerator 

its value is nothing, but if 2 be added to its denominator its 

value is infinite ? . — 7 ' 

• Am, — ^. 

10. What fraction is such, that, if 4 be added to its numer- 
ator its value is nothing, but if 10 be subtracted from its 
denominator its value is 1 ? 

THE COUBIEBS. 

1. Two couriers set out at the same time from A and C, and 
travel towards each other until they meet. The distance from 
A to C is m miles. The first courier travds a miles per hour, 
and the second h miles per hour. How fiur from A and G will 
they meet ? 

A B _0j p 

Let us suppose them to meet at B. 

And let x = the distance A B. 

And y = the distance B C. 

Then x+y = AG = m. 

As the first travels x miles at the rate of a miles per hour, to 
find the time he will travel this distance, we say, 

X 

As a miles : x miles : : 1 hour : - = the time the first cou- 

a 

rier will travel the distance A B. 

And, as b miles : y miles : : 1 hour : ^ hours = the time 

the second courier will travel the distance B C. 

As both couriers set out at the same time, and arrive at the 
same time at G, 

Therefore ^=%. 

a b 

And x=^. 

o 
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If we si^stitute this value of a; in the first equation, we 

have 

ay , 

And %y-\'hy=bm, 

but 



Hence y = 



a+5' 



Substituting this value of y in the equation aJ==-}r> we have 

a inn ohm am 



5^ fl+3 ab+b^ a+b' 

The values of z and y in the above equation are both posi- 
tive. Therefore, whatever value we may assign to a, 3 and m, 
it will answer the conditions of the question. 

This may be illustrated by the following question : 

2. Two men, A and B, set out from two places, distant &om 
each other 144 miles, and travel towards each other. A goes 
12 miles an hour, and B four miles an hour. How far must 
each travel before they meet ? 

By the above formulae, 

x= — r-7= -i^ , A = 108 miles, the distance A travels. 
a-j-3 12+4 

bjn 4 X 144 

And y = ,=s ..^ . . = 36 miles, the distance B travels. 

^ a+b 12+4 

VEBIEICAnON. 

108+36=144 miles. 

3. If the couriers were to set out at the same time firom aA 
and B, and travel towards C, both going the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being m, how far would each travel before 
they meet, suppose at a point C ? 

FAB D 

f ' ' ' 

Let X = the distance A C. 
And y = the distance B C. 
Then ar— y=:AC— BC=AB=?w. 
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27. A gentleman bought a horse and chaise for $208, and f 
of the cost of the chaise was equal to f th^ price of the horse. 
What was the price of each ? 

Am, Chaise, $112; horse, $96. 

28. A and B engaged in trade, A with $240, and B with 
$96. A lost twice as much as B; and, upon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Am. A lost $96, and B lost $48. 

%^ 29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the labor ? ' Am. 9f days. 

30. A merchant has two kinds of grain, one at 60 cents per 

bushel, and the other at 90 cents per bushel, of which he wishes < 

to make a mixture of 40 bushels that may be worth 80 cents i 

per bushel. How many bushels of each must he use ? \ 

Am. l^ bushels of '60 cents, 26§ of 90 cents. i 

31. A &.rmer has 30 bushels of oats, at 30 cents per bushel, | 
and which he would mix with corn at 70 cents per bushel, and '^ 
barley at 90 cents per bushel, so that the whole mixture may ^ 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 

oats ? Am. 10 bushels of com, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
had sold 10 more of his oxen, he found he had 2 more oxen 
than cows. How many had he of each at first ? 

Am. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six 
times the less, and their sum is 15. Eequired the numbers. 

Am. 9 and 6. 

34. A and B can perform a piece of work in 6 days, A and 
in 8 days, and B and C in 12 days. In what time would each 
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long would it take 






of them perform the work alonei^ 
them to perform the work togetb^ 

Ins, jA^w9uld_do^ie work- in 9f days, B in 16 days, in 



y4 &^^y>-fU^?^ s.^,_. ^' 



7 






n 



/ 



All y^ /<} i^ ^ r /2v7 y 



■ "z?'- />/ V 7* "/-•'P'./ >--/ 



/ 












4- 



^' V 6 -7- > V C' 






T,- / 



-" /T - V 



--V 









7^; / 



7 



.'.;.■ i 



r//.-».# 



2V • ' • fif-' 



'/• • 



iff* r / -■''' • y • y^ J-> - • 






9/ .. / c 



/ 

/2 



/ 



3+a:: 



711 






X 



a 



27. A gentlemao bought a horse and chaise ibr (20S, and f 
of the ooBt of the ohttiss was eqoal to § th^ price of the horae. 
What was the price of each? 








■'., ''- 


^■;- ' 




f '■' 


U''. 

"1 


/^ ■ 


f ;■■■ 


^ 


'u e, 


,' ^ i-< 


'o^ ,':'■ ■ 


4 

1 1 






/( f 


If- 


<- 


:. V' 


I., ^ "" ■ -■'■ 


^■, 


.-1-: 


/,:/.'' 






• ■'/f 








(!<■ 


/ ^ 



if /■«' //f 



JjM. 9 aJid 6. 
B can perform a piece of work in 6 days, A o.iid C 
1 B and C in 12 dajs. In what time would each 
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of them perform the work alon^ and^w long woiild it take 
them to perform the work togeth^^ 

Ans, A would do the work in 9f days, B in 16 days, in 
48 days, A, B and C together, in 5^ days. 

85. A gentleman left a sum of money to be divided among 
his four sons, so that the share of the oldest was ^ of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of the third \ of -the sum of the 
other three; and it was found that the.. share of the oldest )^ 
exceeded that of the youngest by $14. What was the whole 
sum, and what ?ras the share of each person ? 

Ans. Whole sum, $120 ; oldest son's share, $40 ; second son's, 
$30 ; third son's, $24 ; youngest son's, $26. 
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'► SECTION XI. 

5 



NEGATIVE QUANTITIES. 

Abt. 153. The student will sometimes find that, on accoxmt 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES. 

1. The length of a certain field is a, and its breadth is d; 
how much must be added to its breadth that its contents may 
he m? 

Let a; = the quantity to be added to its breadth. 
Then b-\-x=iliG breadth. 

And a(b-\-x)=s:my the contents. 

ab'^-axzrzm. 

a 

m 

a;= h. 

a 
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2. Let the length oi libe field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, that the 
contents of the field may be 80 square rods ? 

Let a; = the quantity to be added to the breadih. Then, by 
the above formula, 

m 80 

^=5 jr— 6=2 rods, the quantity to be added. 



a 10 

VEBIFIOATION* 



10x6+2=80 square rods. 

8. Let the length of the field be 10 rods, the breadth 8 rods; 
it is required to find what quantity must be added to the breadth 
that the contents may be 60 square rods. 

By the formula, 

xz=, 3=«— — 8=— 2 rods. 

<^ a 10 

"We perceive by the above that it is — 2 rods which are to be 
added, and not -|-2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that — 2 added to -|-8 becomes 8 — 2=6, 
the answer, which is the same as subtracting -j-2 firom -{-8. 
And, in general, adding a minus quantity brings the same result 
as subtracting a plus quantity of equal value, and vice versa, 

VERIFICATION. 



10x8—2=60 square rods. Ans, 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtracted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same /as to add a plus 
quantity. K, therefore, we change the sign of a; in the formula 
first obtained, x will then express how much is to be subtracted. 

Thus, —2?= by 

a 

- w Q 60 „ , 
or, x^szh — ^=:8— r-;:=2 rods. 

a 10 
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10x8—2=60 square rods. 

5. Kthe field were 10 feds long and 8 rods wide, how many 
rods must be taken from its width that its contents may bo 100 
square rods? 

By the formula, 

- zz=zb =8— =7r-=— 2rods. 

a 10 

That is, — 2 is to be subtracted from +8 ; -or, as we perform 
subtraction in j&!lgebra by chan^g the sign of the subtrahend, 
and thus annexing it to the minuend, we have 

8— (-2)=8+2=10 ; 
so that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smith, at the time of his marriage, was 50 years 
old, and his wife was 40. When will his age be twice that of 
his wife ? 

Let 2;=the time. 

Then, 50+a;=2x40+a:. 

50+z=80+2a;. 
And, a:=50— 80=— 30 years. 

As the answer is — 30 years, it is evident that he is not now 
twice as old as his wife, but 30 years ago his age was twice 
hers. 

YEHIFICATION. 



50-30=40—30x2. 
20=20. 

7. J. Jones is 40 years old, his wife 30. When will they 
bpth be of the same age ? 
Let rrsthe time. 
Then, 30+a;=40+a;. 

a;— a:=40— 30. 
Oa;=10. 
And, * x=^ = oc. 

Hence they can never be of the same age. 
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8. What faction is such, that if 2 be added to its numerator 
its value is j^, or if 2 be added to its denominator its value is j- ? 

Arts, — =-jr. 

9. What fraction is such, that if 7 be added to the numerator 

its value is nothing, but if 2 be added to its denominator its 

value is infinite ? . — 7 ' 

* Ans, — ^. 

10. What fraction is such, that, if 4 be added to its numer- 
ator its value is nothing, but if 10 be subtracted from its 
denominator its value is 1 ? 

THE GOUBIEBS. 

1. Two couriers set out at the same time from A and C, and 
travel towards each other until they meet. The distance i^om 
A to C is 971 miles. The first courier travels a miles per hour, 
and the second b miles per hour. How far from A and C will 
they meet ? 

A B Q^ p 

Let us suppose them to meet at B. 

And let z = the distance A B. 

And y = the distance B C. 

Then x+y = A C = w. 

As the first travels x miles at the rate of a miles per hour, to 
find the tiine he will travel this distance, we say, 

X 

As a miles : x miles : : 1 hour : - = the time the first cou- 

a 

rier will travel the distance A B. 

And, as h miles : v miles : : 1 hour : ^ hours = the time 

the second courier will travel the distance B C. 

As both couriers set out at the same time, and arrive at the 
same time at C, 

Therefore -=|. 

a b 

And 2:=—. 

b 
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I 

If we sxibstitute this value of a; in the first equation, we 
have 

And %y-{-hy=.hm. 

Hence y = 



Substituting this value of y in the equation a:==-^ we have 

a, }ym ahm o/m 



5 a-\-b ab+b^^ a+b' 

The values of x and y in the above equation are both posi- 
tive. Therefore, whatever value we may assign to a, b and m, 
it will answer the conditions of the question. 

This may be illustrated by the following question : 

2. Two men, A and B, set out &om two places, distant &om 
each other 144 miles, and travel towards each other. A goes 
12 miles an hour, and B four miles an hour. How far must 
each travel before they meet ? 

By the above formulse, 

x=: — r^= ^^ . . = 108 miles, the distance A travels. 
a-f-b 12+4 

And y = — r^= ^o . a = 36 miles, the distance B travels. 
^ a+b 12+4 

VEBIEIOAIION. 

108+36=144 miles. 

3. If the couriers were to set out at the same time from aA 
and B, and travel towards C, both going the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being m, how far would each travel before 
they meet, suppose at a point C ? 

F A B C D 

Let X = the distance A C. 

* 

And y = the distance B C. 

Then a:—^=:AC— BC=AB=7w. 
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The first divisor is fotmd thus : 

And the second thus : 

S{z'^xy+3{3^^x) (-.l.)+(— l)9=3a;*-6r*+8a:+l. 

3. Extract the cube root of a:"— 6a:*-|-15a:*—20a:"-|-15a;=— 
6a:+l. 






3a;*— 12ar'4-15ar»— 6x+l)3a;^-12a:»+15r^-6a:+l 

3x^-12r'+15ar»—6a:+l. 

4. Extract the cube root of a^+d3^+21x+21. 

Ans. a;+3. 

5. Extract the cube root of 1— 6y+r2y^— 8y^. 

Ans. 1 — *2y. 

6. Extract the cube root of a'— 6a'+40a^— 96a— 64. 

Ans. c^ — 2a — 4. 

V 7. Extract the cube root of t^+Sc^b+Sal^+b^+Sa^c+Qabc 
'+3yc+3ac*+33c'+c». Am. a+b+c. 

BY DETAGHSD G0£F?ICI£NTS. 

1. What is the cube root of a:"+62:'— 402:«+96z— 64 ? 

1+6+0-40+0+96-64(1+2—4 



rx3 = 


3) 6 


(1+2)' = 
l'X3 = 


1+6+12+ 8 • 
3)_12_48 



1+6+ 0—40+0+96—64. 
Hence, 1+2— 4=a;«+2x— 4. Ans. 
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2. What is the cube root of &:»— 862;^+542r^— 27a:*? 

84-0-36+0+54+0-27(2+0—3. 

8 



2^x3 = 12)+0-36 



8+0-36+0+54 +0-27. 
Hence, 2+0— 3=2a:»+0a:»— 3x=2r^— 32:. 

S. What is the fourth root of a:*+&i;*+24a:«+32a:+16 ? 

Am. a;+2. 

4. What is the cube root of a;*- 3a:*y+3a:»S^— y*? 

Ans, a?-^y, 

187> Beasoning analogous to that employed in Art. 185 will 
show, that, if a point be placed over every third figure, begin, 
ning at the uriifs place, the number of points thus placed will 
be the number of digits in the cube root; and attention to 
Art. 186 will furnish the following operation : 

1. Extract the cube root of 1860867. 

. a + i +c 
1860867(100+20+3=123. 
a? = 1000000 ss first subtrahend. 



3a' = 30000)860867 = first remainder. 

3a'3= 600000 

So^* = 120000 

38 = 8000 



728000 = second subtrahend. 
^a+hf = 43200)132867 = second remainder. 

^a+bYc = 129600 

3(a+d)c» = 3240 

e'= 27 

132867 = third subtrahend. 

This process is the origin of the Rule given on page 248 of 
the Author's National Astehmsiio to which the pupil is re- 
ferred. 






^ 
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SYUBOUCULL lOBlL 

1860867(100+20+3 
(100)'= 1000000 [=123. 

3(100)2+3(100)20+(20)«=S6400)860867 

72^000 

8(100+20)«+ 3(100+20)8 +3''=44289)132867 

182867. 

2. What is the cube root of 31^55^75 ? Atis. 315. 

3. What is the cube root of 37259704 ? Am. 334. 

4. What is the cube root of 116930169 ? Am. 489. 

5. What is the cube root of 508.169592 ? Am. 7.98. 

6. What is the cube root of .724150792 ? Am. .898. 

188« To extract any root of a compound algebraical quantity. 

Since (a+a;)'"=a"*+wia'*"^a:+ &c., it is obvious, that when 
th6 quantities are properly arranged, and the first term of the 
root is found^ the second term of the mth root will be obtained 
by dividing the second term of the proposed quantity by wa"*"*, 
or by m times the first term, raised to the {m — l)th power. 

And, if the root thus found be raised to the mth power, and 
the result be subtracted firom the quantity proposed, and the 
process be repeated when necessary, any root of a compound 
quantity may be determined. 

The similarity of the processes employed in this and the pre- 
ceding articles will be immediately noticed, it being observed in 
the former, the complete powers of a monomial, binomial, tri- 
nomial, &c., are subtracted from the proposed quantity by on^, 
twoy three, &c., operations; whereas, in the latter^ the subtrac- 
tion of the same quantities is effected at (mce. Hence the 
following 

General Bule. 1. Arrange the terms so that the highest 
power shcdl startd in the first term, and let the next higher occupy 
the second piace. 

2. Find the root of the first term, and place it in the quotient; 



BYOLUTION. 137 

OTuf, havvng raised this root to the required power, subtract it 
from the first term, and then bring down the second tern for a 
dividend, 

3. Involve the root last found to the next inferior pofuxr, and 
multiply it by the index of the given pcnjoer for a dimsor. 

4. Divide the dividend by the divisor , and the quotient wUl he 
the next term of the root. 

5. Involve the whole root thus found to the required power, 
which svhtrojct from the given quantity, and divide the first term 
of the remainder by the same dwisor as before. 

6. Proceed in this manner for the next term of the root, and 
so proceed until the work is finished. 

See page 255 of the Author's National Abxthmetig. 

TX AMPLER. 

1. Bequired the square root of a*— 20^x4- 3aV — 2aa:'-}~^* 
a* 



2a^)^2a'x 



<^^2(V^X+C^3l? 



%^)^7? 



a*— 2a»a;+3aV— 2a2r'-|-2:*. 

2. Required the cube toot of a;«+6r'— 40a:'+96a:— 64. 

a;«+6a:«— 40a:'4-96a;— 64(ar*+2a:— 4. 
a:« 



3z*)62^ 



a:«-j-6a:».4-12a;*+&c8 



3a;*) —120^ 



aJ»+6a:*-^40a:^+96a;— 64. 



3. Required the fourth root of 16a?*— 96a:'y+216r^2r^— 216a:y» 
12# 
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iai:*-96a:V+216a:^2r'-216ary»+8l2^(2a?'-3y. 
16a:* 



S2s^)^9^y 



16a?*-96a:3y+216«2y'— 216«2^+8V. 



4. Required the cube root of m'— 6w2'+407ra«— 96m-^64. )^ 

Ans, TT^ — %n — 4. 



\ « 



. 5. Required the fifth root of 32a:^— 80a:*+80a:'— 40ar*+10a: 
— 1. Ans, 2a:— 11 



SECTION^ XV. 



SURDS, OR RADICAL QUANTITIES. 

Art. 189t Surds, or radical quantities, are roots whose values 
cannot be exactly obtained, being usually expressed by means of 
the radical sign, or fractional indices ; in which latter case the 
numerator shows the power to which the quantity is to be raised, 
and the denominator its root. 

Thus, fsfSy or 3^, denotes the equare root of 3. is/W^ or a^, 



m 



is the cube root of the square of a ; and a", or s/ct^ is the nth 
root of the mth power of a, 

190. The quantity sf^^ or V^, is an irrational quantity or 
surd,* because no number, either whole or fractional, can be 
found, which, when multiplied by itself, will produce either 2 or 
3 ; but their proximate values may be found, to any degree of 
exactness, by the common rule for extracting the square root. 

Problem I. 

191 • To reduce a rational quantity to the form of a surd, or 
radical quantity. 



^ 



I 
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BuLE. Eaise the quantity to a power corresponding to the 
index of the surd to which it is to he reduced^ and ofoer this new 
quantity place tlie radical sign, or proper index^ and it wiU he 
the form required, 

EXAMPLES. 

1. Let 5 be reduced to the fonn of a square root. 
Here 5x5=5'^=25; whence //25^ -^^• 

2. Eeduce 2r^ to the form of the cube root. 

Here (2a:«)^=8a:«; whence /J/^, or (8a;')*» or ^x^. Am. 

3. Let — 2x be reduced to the form of the cube root. 
Here (—2a:)3=—8a:«; therefore 4/^=^B?. Ans. 

4. Let 8a^ be reduced to the form of the square root. 

Ans. a/S^. 

6. Let ^ be reduced to the form of the cube root. 
o 




6. Reduce a? to the form of the fifth root. Am. /^x^. 

7. Let be reduced to the form of the fourth root. 

X — y 

8. Let (x—if) be reduced to the form of the square root. 

Am. /^^-r—.^'^Ai 



((^-^T) 



/ 



193> If a rational quantity be joined to a surd, it may bo 
reduced to the form of a surd by raising the rational part to the 
required power, and multiplying it by the surd. 

9. Let 5a/ 7 be reduced to a simple radical form, 

10. Let 3a/^ be reduced to a simple radical form. 

3A/a=V3x3XAA=A/9«^ Am. 
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11. Let d/^S be reduced to a simple radical form. 

12. Let ^V^ ^^ reduced to a simple radical form. Am, VT* 
1% .Let ^/^^ be reduced to a simple radical form. 

^- J5- 

14. Let Z^m be reduced to a simple radical form. 

Am. /^d^m. 

x-ul \x 1 

15. Let =- — pr be reduced to a simple radical form. 



X 
X 



'2x ' I 9 
16. Let -^ I j-^ be reduced to a simple radical form. 

Am. J^. 

Pboblbm II. i\ 

193* To reduce quantities of different indices to others that 
shall haye a given index. 

BuLE. Divide the indices of the qaantities given hy the index 
under which the qiuzntities are to be reduced, and the quotieyUs 
will be the new indices for those quantities. * 

Then, over the quantities with their new indices place the 
givefi index, and they imU be the equivalent quantities required. 



EXAMPLES. 

K • 

1. Eeduce 4t^ and 8^ to other quantities of the same value, 
each having the common index ^. 
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Here i-^J=JXf=|=3, the first index. 

And }-^^=:|Xf =f ==^9 ^o second index. 

Whence (4')*=4*; and (8»)*=8* Ath. 

M4, The truth of this rule will be evident; for if 4 be liaised 
to the 3d power, and the 6th root extracted, that root wiU 
be equal to the square root of 4. 

Thus, 4X4X4=64; /5^==2; A/i==2. 

And, if 8 be raised to the 2d power, and the 6th root extracted, 
the result will be equal to the cube root of 8. 

Thus, 8X8=64; ^5^64=2; j^%^% 

2. Reduce 3^ and 5^ to the common index ^. 

Ans. >^=y^9; ,^=>yi25. 

3. Reduce es^ and (P to quantities that diall have the common 
) index ^. Ans. Afc? and ^^^. 

4. Reduce Zc? and 2a^ to the quantities that shall haye the 
\ common index ^. Am. 3^/? and 2^^?. 

5. Reduce 62^ and 6^^ to quantities having the common 
I index 3^. Am, 5^r^and6jy^ 

• ^ s. 

6. Reduce a" and Ifi to quantities having a common index ~. 

I 

J? —V— — ' —V* — 

a"=a»'^*=a"'; and ^=3'^^"=^"'. 

« j|_ jj X 

Therefore a»=(a'"0'*> and ^=(i'')"'. 

Pfobubm m. 

195t To reduce surds to a common index. 

Rule. Reduce- the indices of the qtuzntities to a comrnxm de- 
nomiTiatoTf and then involve each quantity to the ;power denoted 
by its Tuumerator, 
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]EXAMPLBS« 

1. Keduce 3^ and 4^ to quantities liaying a common index. 

We first reduce the £ractional indices, j- and -^^ to a common 
denominator, and find them to be f and f , which have the same 
value aa i and ^. 

Hence 3*=3*= (3^)*=27* or aJ^. 

And 4*=4*=(4«)*=16*^ or y^IB: 

2. Reduce 4^ and 6^ to equal quantities, that shall have the 
aame index. 

J and i = ^ and -jS^. 

Therefore 4*=4^=(4*)*=(256)T^ or V25B: Am. 
And 6i=6^==(6«)^=(216)T^ or jySIB; Am. 

3. Beduoe 2^ and 3^ to equal quantities baying a common 
index. ^ns. /J/TS^and /J/Sf. 

4. Eeduce a^ and b^ to equal quantities having a common 

index. Am. /»y?and//?: 

1 i 

5. Reduce x"^ and ^to quantities having a common index. 

Ans. *^a/^ and ""a/^. 

Pboblem IV. 
196* To reduce surds to their most simple form. 

Rule. Resolve the given quantity into ttvo factorSy otic of 
which shall he the greatest corresponding power coTVtained in it, 
and set the root of this power before the remaining fojctcr^ vnih 
the proper radical sign between them. 

Note. — When the given surd contains no factor which is an exact 
power, it is already in its most simple form. Thus ys/15 cannot be re- 
duced lower, because neither of the &ctors 5 or 8 is a square. 

EXAMPLES. 

1. Let i\/38 be reduced to its most simple form. 
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We divide 48 into two &ctors, 16 and 8, 16 being the great- 
est power of the required root. We therefore extract the 
square root of 16, and write its root, 4, before the other factor, 
haying the sign prefixed to the surd. 

Thus V48=VT6x3=4V3. Ans. 

2. Let /v^lOS be reduced to its most simple form. 

In this question we find the factors of 108 to be 27 and 4, 
27 being the largest possible factor of which the cube root could 
be extracted. The operation, therefore, is 

Thus An0S===/y27x3=:3/y4: Ans. 

3. Let A/lb be reduced to its most simple form. 

Ans, 5a^. 

4. Let 4^80 be reduced to its most simple form. 

Ans. 2/^. 

5. Keduce A/27aV to its simplest form. 

Here V'27??==V5a^X^az==^/SS^X^/^Sa^ 

6. Keduce /^b4(fz* to its simplest form. Ans. Bax/^2a'z. 

PaOBLEM V. 

197* When any number or quantity is prefixed to the surd, 
that quantity must be multiplied by the root of the &ctor, as in 
Art. 196, and the product must then be joined to the other part, 
as before. 

EXAMPLES. 

1. Let 2/v/^ be reduced to its most simple form. 

Here 2v^==2a/I6x5==:2x4>>/2==:8/v/5: Ans. 

In performing this question we first find the factors of 82, 
which are 16 and 2. 

We then extract the square root of 16, and multiply its root, 
4, by the number prefixed to the surd, and find the product to 
be 8, to which we subjoin the surd 2. . 

198t This and all similar questions might have been per- 
formed by squaring the number prefixed to the surd, and then 
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multiplying this number by the surd. Let this product be 
divided into two &ctors, as before, and the square of the former 
prefixed to the latter will give the answer. 

Thus, 2V32=A/2X2X32=>s/l2g=A/B?x2=8V2. Ans. 

2. Let b/Y^ be reduced to its most simple form. 
Here 5/^21=5^/8x3=5 xSAj^rzzlOy^T 

Or 6/^24=^5x5x5x24=,^^'S0OT=Ayi000x3=10/}/^ 
8. Keduce 24/^ to simple terms. Ans. 4//S7 

Problem VI. 

199* A fractional surd may be reduced to a more convenient 
form by multiplying both the numerator and denominator by 
such a number or quantity as will make the denominator a com- 
plete power of the kind required, and then proceeding as be- 
fore. [Art. 198.] 

EXAMPLES. 

1. Let \/f be reduced to its most simple form. 

Vfx|===A/5i=V^X^=iV^. Ans. 

2. Let y^<^be reduced to its most simple form. 

Aj^=/y!x|=/yif =AJ9;^0?=iyyi5. Am. 

8. Let As/^he reduced to its most simple form. 

Ans. |/«/l¥. 

4. Let 4/^ he reduced to its most simple form. 

Ans. i/Y^. 

5. Let /^ be reduced to its most simple form. 

Ans. J/^^. 

EXAMPLES TO EXERCISE THE FOREGOING RULES. 

1. What is the most simple form of a/ 12b ? Ans, 5/\/5I 

2. What is the most simple form of VSOaV? 

* 

Ans ^axAt/^. 
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8. Wliat is the most simple form of j^TSSaW^l 

Ans. , Sab/l^la^. 

4. What is the most simple fonn of 7a/BD ? Ans. 2Sa/K 

5. What is the most simple form of f a/^ ? Ans, -^a/B. 

6. What is the most simple form of -^s/^ 1 Ans. -^a/T. 

7. Let a/^SS^c? be reduced to its most simple form. 

^ Ans, 4axA/^, 

8. Let ^^^56a;*+64^ be reduced to its most simple form. 

Ans. W(72^+Si^). 

Problem Vii. jl 

200i To add surd quantities together. 

L When the radicals are similar, annex the radical part to 
the sum of the coefficients. 

EXAMPLES. 

1. Add 7a/2 to 5 V2: Ans. 12^/27 

2. Add Sa/oJ to 3VaJ. Ans. %AfSb. 
8. Add as/xy to Ia/I^. Ans. (a+3)/\/«y. 

4. Add Is/c^—y to yA/c^^y. Ans. (I+y)A/a' — y. 

n. When the radical parts are dissimilar, make them omilar 
by Art. 197, and proceed as above. 

But, if the surd part cannot be made the same in all the 
quantities, they can only be added by the signs + and — . 

5. Add a/is and /v/B2 together. 

First vTS=V 9X2=3V2. 

And VS2=VT^X2=4V5. 

Then 8V^+4V2=7yi/2: Ans. 

6. Required the sum of ,^^^75 and ^5052. 

First A^'S75=y^a25xB=5/3^. 

And 4/Tm=i/^ 64X3=44^ 

Then b/^+4:^B=9/^. Ans, 

13 
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— 7. Required the sum of V27 and Vi5. Am. T/s/TC 

8. Required the sum of //517 and V72. Am. lly^/2. ' 

9. Find the sum of a/ISD and a/IOS". Am. 15//5: 

10. It is required to find ilie sum of Af^ and 4/IS5. 

Am. hiif5. 

11. Find the sum of 4^/51 and 5>yi28. Am. 32/5/2; 

12. Find the sum of yij^and iif^. Am. fy^/J 

18. Required the sum of Zs/c^h and hs/\^h. 

Am. {Sa+20c?)Ai/J. 

Pboblem Viil. 
201 • To find the difference of surd quantities. 

Rule. When the radicals are, or have been made, similar 
annex the common radical part to the difference of the rational 
parts. 

But, if the quantities have no comrrum surd, they can he sub' 
tr acted only by changing the sign of the suJbtrahjend. 

EXAUPIdSS. 

1. From A/320"take a/W 

First A/S2lF=VBix5=8V5: 

And V^^=VTBx5=:4a/5: 

Then 8V5-4V5"=4vT5: Am. 

2. Find the difference between /^HS and aJ^. 

First AjT28=y^/B¥><2=44/2: 

And /{r5i=Aj^2TxI=34/2: 

Then 4a5^-3^=>^. Am. 

3. Required the di£forence between 2 V50 and a/TS. 

Am. 7a/2I 

4. What is the difiference between 2>^^^S2D and S/^TSS ? 

Am. 2/i^b. 
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5. Kequired the difference of /\^7S and V^« -^^' a/SI 

6. Required the difference of 4/25B and /{^SZ 

7. Required the difference of /^ and ^^^^ 

Ans. i^/S: 

8. Required the difference of /$^ and ^^^^ 

9. Find the difference of f /^i^Tand ^/^/7F. 

V35 35)^*- 
10. From V^^ take dxA/Sa, Ans, —Ixa/oI 



/15a 14^2^ 



Peoblem EK. 

202* To multiply surd quantities together. 

Rule. When the surds are of the same kind, find the ^product 
of the ratioTwl parts, and the product of the surds ; and the two 
joined together, vnth the common radical sign between them, vnU 
give the whole product required, which may be reduced to its * 
most simp^form by Art. 199. 

203* If the surds are of different kinds, they must be reduced 
to a common index, and then multiplied together, as before. 

204* Powers and roots of the same quantity are multiplied 
by adding their exponents. 

1. Find the product of 3 V? and 2^8. 
Here S^/E 
Multiplied by 2 ^/S 

Gives 6>v/1S=6a/(16x3)=24v^ Ans. 

2. Find the product of i^/f and f 4/|: 
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Here i^ 

Multiplied by |>^ 

Gives t^= Ja5^ (f Xf ) = i^ m 

«^(2VX-4^)=(tXi)A/I5=i4^T5: Am. 

3. Multiply 2* by 8* 

Here 2*==2*=(23)*=8* 

And 3*=8^=(3«)*==9^ 

72*. Ans. ^^^ 

4. Multiply 5//S by 3^/^ 

1 3 

Here bA/a=ba=zbc^. 



And 34/;?-3a*= 






5. Multiply 4VI2 by 3V5. 

6. Multiply 3V5 by 2/s/S; 


lba^= 


jItw. 24. 


7. Multiply i,^ by f 4/ 12. 




-4725. i/^/B^ 


8. Multiply 4V| by ^Wh 




Ans. |a/i\7- 


9. Multiply 7Ay 18 by 5/J/3: 




il?w. 70/4^. 


10. Multiply f /^ by ^.^07. 




ilw*. 7^^102. 


11. Multiply 2a^ by a* 




ilTM. 2a^ \ 


12. Multiply (a+3)* by (a+3)*. 


, 


^7W. 'A/{a+by\ \ 


13. Multiply Z'-A^xy+y by A/z+A/y. 
By expressing the surds with fractional indices, we have 


z-^z'^yi+y. 

x^+yi 

z^ — xy^-{'Z^y 


r 


« 


+xy^'-z^y+y^ 




J 


+/ 
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14. Multiply Jj^a'b^+ah^+ab+ah^+b^ by J—b^. 
ai+a^^+ah^+ab+Jh^+b^ 
a*— 3* 

c^+ah^+a'b^+ah+ab^+ah^ 

^ah^'-a'b^-ah—ab^-'ah^^U' 
^ ^\ Ans, 

\ 16. Multiply A/a+A/b+fi/c by /v^+V^— Vcl 

Ans. a+3— c-j-2VaJ'. 

Pkoblem X. 

205* To divide one surd quantity by another. 

Rtjle. When the surds are of the same kind, find the quotient 
of the rational parts, and the quotients of the surds, and the t}vo 
joined together, with the common radical sign betuoeen them, vnU 
give the whole quotient required. 

But, if the surds are of different kinds, they must be reduced 
to a common index, and be divided as above. 

The quotients of different powers or roots of the same quantity 
are found by subtracting their indices. 

EXAMPLES. 

1. Divide 6yv/5B by 3V^ 
Here^^=2/v/12=2V3X^=(2x2)v^=4V^ Ans. 

2. Divide 8VT0S by 2f/W. 

Here ?^^=4a/I8=4V9x2=(4x3)V2=12V2. Am. 
2a/^ 

3. Divide 8>^^5I2 by 4/.yZ 

Here ?^^=2/^'^5B=2y^/Mxl=8y^ Ant. 

18* 
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4. Divide 12 times the cube root of 280 by 3 times the cube 
root of 5. 

Here l?^^^=4,^5/5B==4/y5x7=8A5^. Am. 

5. Divide 6>v/51 by 3^2! Ans. 6VS". 

w 6. Divide 4/{/75 by 2/^181 Am. 2^^ 

7. Divide 4V^by 2s/^. Am. 2a/W. 

8. Divide 6/J/IOD by 3^. Am, 2^^^. 

^ 9. Divide V20+VT2 by //S+a/ST i3«5. 2. '^ 

^ 10. Divide 32f VH'by U^^. Am. ^{^f^ 

206* Since the division of surds is performed by subtract- 
ing their indices, it is evident that the denominator of any 
fraction may be taken into the numerator, or the numeratoi 
into the denominator,^ by changing the sign of its index. 

EXAMPLES. 

1. Let - be expressed by a negative index. 

2. Let — be expressed by a negative index. 



1—1 
a"~l 



■=a-". 



3. Let -^ be expressed by a negative index. 

<r 1 

4. Let -J be expressed by a negative index. 
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5 Let cT^ be expressed by a positive index. 

_i ari 1 

6. Let [ be expressed by a negative index. 

Arts, (a+a:)"i. 

7. Let a{c^ — a*)"* be expressed by a positive index. 

a 



Am, 



" 8. Wliat is the value of --: ? 



a"» 



a"» 



--=a"^-»=a°=l. 



a« 



Whence it follows that a"* is a symbol eqxdvalent to unity > 
consequently 1 may always be substituted for it. This, how- 
ever, has been demonstrated in a previous article. 

Pboblem XI. 
207t To involve or raise surd quantities to any power. 

Let c^ represent a surd quantity ; then, by Art. 204, its 
square will be 

A A ^T'A XA 

Therefore, to involve a surd to any required power, we adopt 
the following 

EuLE. When the surd is a simple quantity^ multiply its 
index by 2 for the square, 3 for the cubcy ^c, and it tmll give 
the pmjoer of the surd part, which, being annexed to the proper 
power of the rational parts, will give the whde power required, 

if the surd be a compound quantity, muUiply it by itself the 
* requisite number of times. 

EXAMPI<ES. 

1. What is the square of 3a* ? 

3a*><^=3a^==9/ya^ Ans. 
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2. What is the cube of f V3 ? 

Here (fV3)'=5VV27=^V(9x3)=|VS: Am. 

3. Bequired the square of 8>^/3. Am. 9>^J/7. 

4. Required the cube of 17 VST ilw*. 103173V21. 

5. What is the fourth power of ^V?"? Am. ^. 

6. Bequired the cube of a/S. Am. 3v^ 

7. Bequired the third power of ^ /v^ Am. I^z/Si 

8. Bequired the fourth power of Jv^ Am. f . \ 

\ 9. What is the mth power of a" ? ^ti*. a". 

10. Bequired the square of 2+a/3I Am. 7+4\/TEI 

r — — 

\ 11. What is the -th power of a» ? -4n*. a'*. 

PsoBLEM Xn. 

208t To find the roots of surd quantities. 

BuLE. When the surd is a simple quantity, multiply its 
index by ^for the square root, by ifor the cube root, <J-c., and it 
vnll give the root for the surd part, which being annexed to the 
root of the ratioTud part, vnll give the whole root required. 

The truth of this rule may be illustrated by the following 

EXAMPLES. 

1. What is the cube root of the square root of 64 ? 

The square root of 64=VM=64*=8. 

And the cube root of 8=:a5^^^8*=2. Am. 

209* The same result would haye been obtained if we had 
multiplied the index (J) of the given quantity by the index of 
th^ required root (^), the product of which is iXi=i > an<i i^ 
we had considered this (|) the index of the root to be extracted 
of the given quantity 64, the operation would have been thus : 

yyM=2. Ans., as before. 
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2. Beqmred the cube root of the square root of a. 

a*'^*=a* Ans. 

3. Required the fourth root of y^/ST 3*><i=8^. Am. 

4. What is the square root of 9/{/^? 

Here (9/y3)*=9*x3*^*=9*x8*=34/3: 

5. What is the square root of 10^ ? 

10^=1000 ; //IOOO=:10VTO. Am. 

\ '6. What is the cube root of |J>s/a^? Ans. ^/^/1l. 

7. What is the square root of ^^ ? Am. ^a/^^ 

Problem XTTT. 

210t To find factors that shall cause any surds to become 
rational. 

L When the surd is a monomial, multiply it by the same 
quantity, with an index such as when added to the index of the 
given quantity will make it a unit. 

The quantity a/cTot c? is made rational by multiplying it by 
fsfa or d^. 
Thus, sfay^tsfa^ or a?y^€^=:a. 
And it will be rational if d^ be multiplied by a^, thus, 

Also, if c^ be multiplied by a^, it will be rational ; thus, 

EXAMPLES. 

1. What fiictor will make x^ rational ? Am. a:* 

2. What fector will make y^ rational ? Am. y^. 

3. What factor will cause ar^ to become rational ? 

Am. aK 
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n. When tke sard is a biBomial or residual qoantity, and 
both the terms are even roots, to find a factor that will make the 
quantity rational. 

In Art. 158 we have shown that the product of the sum and 
difference of any two quantities is equal to the difference of 
their squares; therefore, when one or both of the terms are 
even roots, we multiply the given binomial or residual by the 
same quantity, with the sign of one of its terms changed. 

Note. — It is sometunes necessary to repeat the operation. 

EXAMPLES. 

1. To find a multiplier or factor that shall make 4-4-\/S 
rational. 

Given surd, 4+i\/5 

Multiplier, 4 — V^ 

16+4a/5 
-4V5-5 

Product, 16 —5=11 rational quantity. 

2. Find a &ctor that shall make tsfa-^-fsfb rationaL 

a — b rational qoantity. 

3. What &ctor will make l-^-A/WTaiionell 

I+a/3 
1-VS 

— a/S-8 
1 — 3^—2 rational quantity. 
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4. Wliat fiiotor vill make /</h—f/\ rational ? 

V5-V1 

5-V5 
+a/3-1 

5 —1=4 rational quantify. 

5 Find mnltipliers that shaU make A/^-^/i^ rational. 

5— a/15 
+VT5— 3 

5 —3=2 rational quantity. 

6. What multiplier will make A/Z—A/x'TBiional ? 

5 — >v/S5 
+V^— a: 

5 —X rational quantity. 

TTT. A trinomial surd may be rendered rational by changing 
the sign of one of its terms for the multiplier. 

BZAMPItES* 

1. To find multipliers that shall make V7+a/3— a/2 
rationaL 
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JvxRL I 



a/7+a/3+a/2 

+A/21+3-VB 

+VI1+VB-2 

8+2a/2I 
-8+2a/21 

-64-16a/21 

+16V5I+84 

84—64=20 rational qnantitj. 

2. Find a &ctor that will make a/S—a/1-'a/5 lationaL 

//8-A/1-//3 
a/8+a/1+a/5 

+V8-.1-A/S 

+V24-A/3-3 

4~2a/3 
44.2v^ 



16-8a/S 
+8a/S-12 

16—12=4 rational quantity. 

QUESTIONS POR BXEBGISE. 

1. Find a multiplier that shall make a/^—zs/^ rationaL 

Ans. >s/5+a/2. 

2. Find a multiplier that shall make a/T-j- a/B ra.tional. 

Ans. a/7— /\/B". 
8. Find a multiplier that shall make VIO— a/2 rational. 

Am. A/TD+>v/2f. 
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4. Find multipliers that shall make A/a+A/^'4->\^ rational. 

Arts. ts/a—sfB—fs/c^ and (a— 3— c-}-2/v^). 

5. Find multipliers that shall make /ifi — ^/l rational. 

Am. (>^+^)(a/5+V^). 

Pboblem XIV. 

Abt. 21 It To reduce a fraction, whose denominator is a 
surd, to another that shall have a rational denominator, without 
changing its value. 

E.ULE 1. Wlien the proposed fraction is a simple one, multiply 
each of its terms by the denominator. 

2. If it be a compound surd, find such a multiplier by the last 
Art. as unU make the denominator rational, then multiply both 
the numjeratoT and denomin/itor by it. 

EXAMPLES. 

1. Keduce to a fraction whose denominator shall be 

A^a 

b ts/a bs/a . 

rational. X = • Ans. 

sfa fja ^ 

2 Beduce to a fraction whose denominator shall be 

rational -— X — :=-^^^— . ^ns. 

2 

3. Beduce the fraction — to another whose denominator 

shall be rational. 2 2 s/^ 2^b . 

^ X == — ? — • Atis. 

V5 VS V5 5 

3 

4. Beduce to a fraction whose denominator shall 

VS-a/2 

be rational. 

Here 3 ^ 3 V^+V^^^WRW?^ 

3vr+3V2- ^vr+V2-^^^^ ^^ 

3 1 

14 



\ 
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6. Extract the square root of |. 

Here f|=-J=^x^=^=^=^. Ar. 

6. Reduce r 7= to a fraction whose denominator shall be 

rational. 

Here ^ ^ ^ 3+a/2^3V2+2 ^ 3V^2 ^ 
3-v^ 3->v/2 3+V2 9-2 7 

ft 

a/7 

7. Reduce — ^- to a fraction that shall have a rational 

denominator. -A«*. ^^ . 

8. Reduce r r^ to an equivalent fraction having a ra- 

V3 



tional denominator. Arts. 



2 • 



5 

9. Reduce the fraction to an equivalent fraction 

having a rational denominator. Ams, ~ . 

o 

« 

10. Reduce the fraction to an equivalent fraction 

having a rational denominator. Arvs, = . 

1 

11. Reduce — 7^~ — 7= to a fraction that shall have a ra- 

A/5+V7 

tional denominator. -Atw. ^ jr — . 
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3 

12. Reduce the fraction to an equivalent fraction 

that shall have a rational denominator. 

Am. 5 =V5+V2. 



Problem XV. 

212« To change a binomial^ or residual surd, into a general 
surd. 

KuLE. Involve the given binoTrddl, or residtud, to a power 
correspoTiding vnth that denoted by the surd; then write the 
radical sign of the same root aver it. 

EXAMPLES. 

1. It is required to reduce 2+i\/3 to a general surd. 
Here, (2+V3)2=4-f4V^+3=:7+4VB'. 
Therefore, 2+VS=V(74-W3). 

2. Reduce /\/5+a/3 to a general surd. 

Here, •(\/2+V^f=2+2//B-|-3=5+2VB. 

Therefore, V^+ V 3= V(5+2a/B]". 

3. Reduce ^/^-\-i^fi to a general surd. 

Here, (/J/2+,^'=6+64/2+6/5/i. 

Therefore, ^+/$^=y^^+^+>yi). 

4. Let S—a/5 be reduced to a general surd. 

Am. VP3-6V^. 

5. Let V^+^V^^^ changed to a general surd. 

Ans. a/J^+S//E). 

6. It is required to change 4 — /s/7 to a general surd. 

Am. a/(53— 8//7). 
tf 7. Let 7/^^BV3/^/9 be changed to a general surd. 

Am. yy(786-1323^+5674/5). 
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Problem XVI. 

TO EXTRACT THE SQUARE ROOT OF A BINOMIAL SURD. 

213« A binomial surd is one in which, one of the terms, at 
least, is irrational ; as fl±>v/2s or A/a±/v/X 

To extract the square root of fl+yv/7, we put 

And /s/{a^js/F)=:m — n. 

By squaring both of these equations, 

We have a-\-j^:=7r?'\'2mn+7i^. 

And a — jsJT)^=^7r^ — ^mn-^-r^. 



By addition, 2a =2^^ +2?il 
And a=:7r^-\-7^. 

Multiplying the two first equations together. 

We have V(<*+V^)XV(^— a/^=(^+^)X(^~w)« 
And s/(o^--h)'=7r^—7^. 

HJaving both, the sum and difference of tt^ and »^ we obtain, 
by addition and subtraction, the following equations : 



w'= ^ -^ and 7^^=.' 



Therefore, ^=v(^±^^— "=^), 

Consequently, V(g+A/^)= V { "--^ '^ ^^~^ )\j^ 

And V(.-V3)=v(^-±^^^)-V(^=^-=^> 

It is certain that both a and ^ {(i^—h) must be rational, in 
order that the expressions within the parentheses may be 
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rational, in which case each of the above values will be either 
two surds, or a rational and a surd. 

The above formulas will apply to any particular values for a 
and h ; observing that if h be negative, the signs of h in the 
formulae must be changed. 

EXAMPLES. 

1. What is the square root of 11+ V72 ? 
Here, a=ll, and ^=72. Therefore, 

And ^(eiW=i))^^(ll-V(ll'-72) y^^ 

Therefore, V(ll+V72)=3+//2; 

2. What is the square root of 10— ^/Sf5? 
Let fl=10, and *=96. 

Then v(''+^f-^))=v(^»+^f-««))=VS: 

And v( -^-^) )=v( ^^-^f-^^) )=2. 

Therefore; ^(1^— a/55)=V^— 2. 

3. What is the square root of 6-}-y^/^ ? Am. l-j-^F.* 

4. What is the square root of 6+2^/5"? Am, V^+l. 

5. What is the square root of 12+2//^ ? -^W5. V5+a/T 

6. Eequired the square root of 36±10^11. 

ilw. 5±vTr. 

7. What is the square root of 7— 2a/T[) ? ilTw. //S— V^ 

8. What is the square root of l-j-4/y/— 3? 

ilTW. 2+//I=B, or 2— V^. 
14* 



r 
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SECTION XVI. 

IMAGINABT QUANTITIES. 

Abt. 214» As every algebraical symbol hitherto considered, 
whether it be affected with the sign + or — , when raised to 
an even power gives a positive result, it follows that no even 
root of a negfUive quantity can be either positive or negative. 
The even roots of negative quantities having, therefore, no sym- 
bolical representation in accordance with the views of Algebra, 
so far as we have yet considered it, can only be indicated or 
expressed by means of the radical sign, or corresponding 
fractional inder. Hence arises a new species of symbolical 
expressions, called Imaginary or Impossible Quantities. 

Thus the square root of — a^ is neither +a nor — a, but is 
written V "-^*> and is equivalent to A/a^X( — 1)=V«V'~I 
=dz^A/ — 1, which is said to be impossible, or imaginary, in 
consequence of involving the symbol // — 1. 

By Art. 78 we learn that the product of real quantities, that 
have like signs, is always plus ; and, if the signs are unlike, the 
product is minus. We, therefore, infer, that the product of two 
imaginary quantities, that have the same sign, is equal to 
miTtus the square root of their product, considering them as real 
quantities. 

Hence, (+V — «)(+ V —a)=—A/ «'=—«. 



(+V^=a)(+A/=3)=— Va?^ 

215» If the twa imaginary quantities have different signs, 
then, it is evident, their product will be equal to plus the square 
root of their product, considering them as real. 

Thus, (+yN/^=a)(— V=3)=+Va?: 



1 
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EXAMPUBS. 

1. Multiply W^=^ by 2V^=2. 

2. Multiply 4+ V=3 by 3— ^^=51 

4+V=S 

12+3v'=3 

12+3^^=^—4^^=5+^/15". 

3. Multiply 3^^=! by 7a/=F. ^Itw. — 21//8: 

4. Multiply -TV^^by -3a/=F. -Aw. --21^/I2: 

5. Multiply 4+v^:=7 by V==2. ilns. 4/i/=2-//Ti'. 

216» If one imaginary be divided by another, haying the same 
sign, the quotient will require the positive root. 

But, if the imaginaries have different signs, it is evident that 
their quotient will require the negative root. 

EXAMPLES. 

6. Divide 6a/=3 by 2//=3: Ans. Sa/J. 

7. Divide 2^^=10 by — 5V==2; Ans. — f VS". 

8. Divide - V=T by — 7V^=3. Ans, -} ^ 



7a/ 3* 

d 

9. Divide +a/ —a by + V — *• -^^« +^1* 

10. Divide — V^^a by — V— *• ■^'^* + Vt- 



5 

11. Divide 4+a/==2 by 2--V=2. il?w. 1+V=^. 

12. Divide l+V^^Tby 1— V^H. ilTW. V^=T. 

13. Divide 2a/==7 by -3a/=5. Ans. — f Vf 
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SECTION XVII. 

f 

QUADRATIC EQUATIONS, OK EQUATIONS OF THE SECOND 

DEGREE. 

•• 

Art. 217« A quadratio equation is one in which Ihe un- 
known quantity rises to the second power. 

Quadratics are of two kinds : those which contain only the 
square of the unknown quantity are called pure quadratics, and 
those which contain both the first and second powers of the 
unknown quantity are called affected quadratic equations. 

The following are examples of pure quadratics: 

EXAMPLES*. 

a 

1. Given 4a:«— 7=29 to find x. 
Conditions, 4z=— 7=29. 
Transposing, 4^^=29+7=36. 
Dividing, ar*=9. 
Extracting square root, a;=±3. 

2. Given a;j^'\'h=iC to find x. 

Conditions, (za:'+i=c. 

Transposing, aa:^=c — 3. 

Dividing, :i^z=.c — h. 



a 



Extracting square root, x=±^- 



Hence, to find the value of the unknown term, we have the 
following 

Rule. Transpose and reduce the eqication, so that the urt^ 
hwwn quantity may be positive^ and the first Tnemher of the 
equation. Divide both members of the equation by the coefficient 
of the unknown quantity ; then extract the square root of 
both members. 



I 
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8. Given 5a:'+5=3a;'+55 to find x. 
Conditions, 5ar*4-5=3a:^4-55. 
Transposing, 5ar^ — 3a:'=55 — 5. 
Reducing,. 2ar^=50. 
Dividing, 2r*^25. 
Extracting square root, a:=±5. 

4. Given 2ar^+8=3a:»— 28 to find x. 
Conditions, 3ar*— 28=2a:«-f 8. 
Transposing, 3a:^— 2a:''=28 + 8. 
Reducing, ^k'ssSG. 
Extracting square root, a; =±6. 

5. Given 7a:^— 5=3a;'-j-ll to find x. Arts. a;=±2. 

6. Given ^+15:?=7ar^— 417 to find x. Am. ^=±12. 

7. Given 3a:»+7=^+35 to find x. Am. a;=±4. 

9. Given 3^^db=id to find x. Am. x=zt:A/d+ab. 

10. A lady bought a silk dress for £8 155., and the number 
of shillings she paid per yard was, to the number of yards, as 
4 to 7. How many yards did she purchase for her dress, and 
what was the price per yard ? 

Let X = the number of shillings paid per yard. 

7x 
Then -j- = the number of yards. 

And the price of the whole, "T"^^ ^^^ shillings. 

Clearing of fractions, 7a:'=700. 

Dividing, r'=100. 

Extracting the square root, x=10s.f price per yd. 

7x 
Therefore, --.=17^ yards. Am. 

4 
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11. I have 10 acres of land. If it were a square field, what 
would be the length of one of its sides ? Ans. 40 rods. 

— \- 12. A and B lay out money on speculation ; the amount 'of 
A's stock and gain is $27, and he gains as much per cent, on 
his stock as B lays out. B's ^m is $82 ; and it appears that 
A gains twice as much per cent, as B. Required the ci^ital of 
each. ' Ans, A's capital, $15 ; B's, 



13. There are two square fields, the larger of which contains * 
25,600 square rods more than the other, and the ratio of their 
sides is as 5 to 3. Required the contents of each. 

'' Ans, Contents of the larger, 40,000 square rods. 

---rf f •: ^Qgntents of the smaller, 14,400 square rods. 

14. I have three square house-lots, of equal size ; if I were to 
add 193 square rods to their contents, they would be- equivalent 

to a square lot whose sides would measure each 25 rods. Re- ^^ 
quired the length of each of the sides of my three house-lots. 

J "^ ' ? ;» Ans. 12 rods each. 

* 

15. A farmer has a square field, and the number of rods 
round it is -^ the number of square rods of its contents. Re- 
quired the number of acres in the field. Ans. 10 acres. 

■ 

16. John Smith has a field, which is a right-angled parallel- 
ogram ; its sides are in the ratio of 4 to 3 ; a diagonal, passing 
from one comer to its opposite, is 100 rods. Required the 
contents of the field. Ans. 30 acres. 

17. Two workmen, A and B, engage to work for a certain 
number of days, at different rates. At the end of the time, A, 
who had been absent 4 days, received 75 shillings ; but B, who 
had been absent 7 days, received only 48 shillings. Now, if 
B had been absent only 4 days, and A 7 days, they would have 
received exactly alike, flow many days were they engaged for, 
how many did each work, and what had each per day ? 

Ans. They were engaged to work 19 days. A worked 15, 
and B 12 days ; A received 5 shillings, and B 4 shillings per 
day. 
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18. Two numbers are to each oliLer as 4 to 5, and the som of 
their cubes is 1512. What are those numbers ? 

V^' :. ' •.., Am. 8 and .10. 

19. A bushel measure contains 2150f cubic inches, and 1 
wish to make a box that shall contain 50 bushels. Its length 
is to be to its breadth as 3 to 1^ and its height f its breadth. 
What are its dimensions ? 

Ans. Length 108.84+, breadth 36.28+, and height 27.21+ 
inches. 

20. What must be the dimensions of a cubical box that shaU 
contain 100 bushels ? 

Am. 'Height, length, and breadth, 59.9+ inches. 

21. Two numbers are to each other as 3 to 7, and the differ- 
ence of their cubes is 2528. What are those itumbers ? 

Am, 6 and 14. 

22. Bought a house-lot for $5184. Its length is to its breadth 
as 3 to 1. I gave as many dollars per square rod as the lot is 
rods in breadth. What were the dimensions of the lot ? 

Am, 36 rods long, 12 rods wide. 

Problems. 

23. Let m be divided into two parts, whose squares shall be 
to each other as nto p. 

Let* X = the greater. 

And m — x = the less. 

Then ar* : {m—xf : : n : p. 

Multiplying extremes, px^=^n(m — x)^. 

Evolution, Xfs/p=dtJ>/n{m—x) . 

Reducing, xa/ pz=7nA/n—Xjs/n, 

Transposing, xjs/p-\-x/s/n=ims/n. 

Dividing, a;=— — the greater. 

/s/p-\-sfn 

a ux X- mt>/n msfp 

Subtractmg, m =— p: — - — the less. 



\ 
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If we take the miniis sign, we have 

xsfp^=^ —A/n{m--x), 
Multiplying, x,^^—mf^+xs/n. 

Transposing, x/^^—Xf/n^^m^n 
Changing signs, XfJu^Xi^ssms/n, 

Dividing, x= J/* the greater, 

Subtraoting, m = =-— the less. 

24. Divide 18 into two such parts that the square of the 
larger part shall be 25 times the square of the less. 

Let a; = the larger ; then 18— a; = the less. 

Then we have 2;" : (18— a:)' : : 25 : 1. 

Multiplying extremes, a:^==:25(18— a;)^. 

Evolution, a;=5{18— a;). 

Multiplying, a;=90— 5a;. 

Transposition, 6a;=90. 

Dividing, a;=15, the larger. 

18—15=3, the less. 

VKBIFI0A310N. 

15«=25(3)«. 
Involving, 225=225. 

THB TBEOBT OF THB UOHTS AND ATTBAOTION. 

218. To apply the foregoing problems, we premise the fol- 
lowing principles of Natural Philosophy. 

1. The intensity of light emanating from any luminous body 
is inversely as the square of the distance j&om that body ; that 
is, if the earth were twice the distance from the sun that it now 
is, it would receive only one-fourth part of the light and heat 
that it now does ; and, if it were removed to ten times the 
distance, it would have only one-hundredth part of the light and 
heat. 
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2. The quantity of light emanating firom a celestial body is 
directly as the square of its diameter. 

Hence, if the earth were four times the diameter of the moon, 
an inhabitant of that luminary would receiye sixteen times as 
much light from the earth as he would receive from the moon 
if he were on the earth. 

3. The laws of attraction are similar to those of light, for all 
bodies attract each other inversely as the squares of the dis- 
tances from their centre, and directly as the masses of matter 
which compose those bodies. 

APPUOATION OF THB ABOVB PBINOIPLES. 

25. The moon is 240,000 miles from the earth, and the 
quantity of matter in the earth is 80 times that of the moon. 
At what distance from the earth, in a direct line towards the 
moon, must a body be placed to be equally attracted by each, so 
that it w31 remain at rest as it respects those bodies ? 

Let d = the distance between the moon and earth. 
e = the quantity of matter in the earth. 
m = the quantity in the moon. 
X =z the distance from the earth to the point required. 
Then d^x = the distance from the moon. 
We have then lSke following proposition : 

As a^ : {d^xf : : e : m. 

Therefore, 7na^s=ze{d'—xY, 

By evolution, XA/mssA/eld—x). 

Reducing, XA/ms=sdA/e^x/yT. 

Transposing, a;V^+^V^=^V^ 

Diyiding, x=z . 

Substituting the value of d^ e and m, we have 
240,000V80 _ 2146624 .8 „ the dia- 

tance from the earth. 
15 
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240,000—215865.4=24134.6 miles, = the distance firom the 
moon. 

If we take the negative sign, we shall find the point heyand 
the moon where the attraction of the two bodies will be equal. 

Taking the minus sign, XA/m^^^/,/e[d—z), 
Reducing, x/iym=.^d/sfe^xs/T, 

Transposing, xt/e^XfJmss^fs/T. 

Tk- -J' dh/T 
Dividing, a:= . 

Substituting the values of t^, e and my we have 

^=~To7v 7=-=270,210 miles jfrom the earth's centre, and, 

V oO — V 1 

therefore, 270,210—240,000=30,210 miles beyond the moon. 

26. Required the distance froin the earth, in a direction tow- 
ards the sun, where a body would remain at rest, the distance 
of the earth being 95,000,000 miles from the sun. and the 
quantity of matter in the sun being 333,928 times greater than 
that of the earth. 

Let $ represent the quantity of matter in the sun, e the 
quantity of matter in the earth, and d the distance between the 
earth and sun, and x the required distance from the sun. 

Then, substituting these letters for those in question 23, we 
have the following formula : 

dhJT" 



X=z- 



95,000,000V3S3;gZg 



=94,835,885 ; 



V 338,928+ vT 
95,000,000-94,835,885=164,115 mUes. Am 

27. The diameter of Venus is 7700 miles, its distance front 
the sun is 68,000,000 ; the diameter of the earth is 7912 miles, 
and its distance from the sun, as stated above, is 95,000,000 
miles. How much greater, therefore, is the intensity of light at 
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Yenus tban at the earth, and what is the comparative quantity 
that each receives &om the sun ? 

Ans. The intensity of light at Yenus is 1.95-}- times greater 
than at the earth. Yenus receives from the sun 1.84-}- times 
more light than the earth. 

28. Mercury is 37,000,000 miles from the sun. How much 
greater, therefore, is the intensity of light and heat at Mercury 
than at the earth ? Am. ^i^^^^mes. 

29. Jupiter is 490,000,000 miles &om the sun, and its diam- 
eter is 89,000 miles. Saturn is 900,000,000 miles from the 
sun, and its diameter is 79,000 miles. How much more light, 
therefore, do we receive from Jupiter than from Saturn, when 
they are in opposition to the sun ? 

Let a = the distance of Jupiter from the sun. 

b = the diameter of Jupiter. 
c = his distance from the eartL 
d = the distance of Saturn from the sun. 
e = the diameter of Saturn. 
A = his distance from the earth. 

The distance of these planets from the earth is obtained by 
subtracting the earth's distance from the sun from their dis- 
tance from the sun. 

The surface of Jupiter is to the surface of Saturn as the 
squares of their diameters ; and as the quantity of light which a 
planet receives from the sun is as the square of its diameter di- 
rectly, and inversely as the squares of its distance from the sun. 

Therefore, if ^ = the surface of Jupiter, 
and e^ = the surface of Saturn, 
and a and d their respective distances from the sun, 

then the quantity of light at Saturn will be to the quantity 

of light at Jupiter as ^ is to -5. And as the light which each 

of these planets gives to the earth is in intensity inversely as 
the squares of their distances from the earth, 

therefore, if ^ s=s the quantity of light at Saturn, and -^ =: 
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tiie quantHj cf l^it at Ji^iter, then ^ = the qoantilj cf 

lig^ which Satuni ffres to the eartii, and -^ = the quantity 

which Jnpiter gires. 

Therefore, to find how mudi more li^t we reodre £rom 
Jupiter than i&om Satoin, we use the following proportion : 

- • __^ • • 1 • ^ 
Hiorefore, 



If we substitute for these letters their numerical yalaes, we 
shall hare 

900'x805«x8y 



X=: 



79*X490«X395» 
810000X648025X7921 



=17.7+. .dm 



6241X240100X156025 

That is, we receive more than seventeen times as much li^t 
from Jupiter as we do from Saturn. 

In the above operation, we have cancelled the ciphers in the 
distances and diameters of the planets. 

AVFSCTED QUADRATIC EQUATIONS. 

219» An affected qnadratic equation is one containing the 
first power of the unknown quantity in one term, and the square 
of that quantity in another term. 

Every equatiqn of this kind, having any real or positive root, 
will &11, when properly reduced, under one of the four following 
forms : 

1. a;*-|"a2;= ^, wherea:=— ^±V(T'I'^)• 
2. a;*— ar=: 3, where a:=+~±V ( j-f-^ Y 
8. ai'+orss:— 3, where a;=:---±V(T — ^)« 
4. ar*— ac=— 5, where a:=4-HitV (t""*)' 
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220* No exact root can be taken of a binomial ; but, if the 
first term of a binomial be a square qf the unknown quantity, 
and the second term the quantity itself, with 1, or any other 
quantity, for its coefficient, the square of half the coefficient of 
the second term, added to the binomial, will make the whole 
quantity an exact square. This may be illustrated by the fol- 
lowing examples. 

Let a^-\-^x be the binomial, then 2 is half the coefficient of 
the second term, and its square is 2x2=4. This we add to 
' the binomial, and the result is a^-\-4x-{-4, and this quantity is 
an exact square, and its root, by Art. 183, is a;-f-2. 

K the binomial be a?-\-ax, and we add to it the square of 

half the coefficient of x, ^-j t^© sum will be a:^4-'5KC+j> ^^ 

exact root of which is a:4" o- 

Again, if the binomial be a:^— 3a3ir, we have only to add the 
square of half the coefficient of a;, which is . , to the bino- 

mial, and the sum will be an exact square, a? — ^cJ)X-\ — -j-. 



For ^ar^_-3a*a;+ -J- j^=a: ^ * 



221 . If, therefore, there be any binomial whose first term is 
an even power of the unknown quantity, and the second term 
half that power, and we add the square of half the coefficient of 
the second term to the binomial, the result will be an exact 
square. 

222i To solve an affected quadratic equation, we adopt the 
following 

EuLB. Bring aU the wnkiwvm terms to om side of thz equa- 
tion, and the krunvn terms to the other, observing so to arrange 
them that the term which contains the sqimre of the unknown 
quantity shall he positive, and stand first in the equati/m, and the 
term which contains the first power of the unkmmm quantity the 
second term of the equation, 

15* 
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Divide each side tf the egmtion by the coeffiderU of the un- 
knaum square. 

Add the square of half the coeffiderU of the second term to each 
side of the eqiuUion, and the unknown side will be a complete 
square. 

Extract the square root of eojch side of the equation, andfromi 
the result the vatue of the unknown quantity may be obtained. 

Given 2:'-}-8a:^84 to find the values of a:. 

Here, by the question, 3:^-1-82:= 84. , 

CompletiDg the squares, 2;^+8a;-{-16=84+16=:100 

Extracting the square root, :{;-{-4=10. 

Whence, a;=10 — 4. 

And, a:=6. Atis. 

In solving this question, we first add the square of half of 8, 
that is, 16, to both sides of the equation ; we then extract the 
square root of ar'+Sar+lG, and find the result to be a;4-4, and 
the square root of 100=10. Therefore, a: +4=10, that is, 
a;=10— 4=6. Ans. 

223* It may also be demonstrated, by the following diagram, 
that if the square of half the coefficient of the second term be 
added to the first member of an equation, it will be a complete 
square. 

Let X represent one side of the 
square ABCD ; then ar* will represent 
this square. To this square we must 
add 82;, and this quantity must be ap- 
plied equally to the two sides AB 
and BO, or the figure would not be 
a square. Therefore 4a;, which is half 
of 8a:, will be applied to either side. 



G 



H 



If this quantity, 4a:, be divided by a:, the quotient, 4, will repre- 
sent either of the distances EA or BGr. Having added the two 
equal parallelograms EABF and BGHC to the square ABCD, 
we find our figure needs the small square FBGL to complete the 
square. The contents of this must be equal to the product of 



I 
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FB and BG-, that is, 4 multiplied by 4, or tiie square of 4 = 
16 ; but 4 is half the coefficient of the second term. We add 
this quantity to a^-{-Sx, and the sum is ar*+8a:+16, and its 
square root is a;-[-4, by Art. 182. 

224* A quadratic may be solved by the following 

Rule. Having transposed, the unhrunon terms to cmje side of 
the equation^ and tJve known to the other y muUvpiy each side by 
4 times the coefficient of the square of the unhrunjon quantity. 

Add the square of the coefficient of the first power of the mti- 
known quantity to hoth sides of the equation, and the unkmnon 
side vnll then he a complete square. 

Extract the root of loth members, and the valve of the uvr 
known quantity is obtained as before. 

EXAMPLES. 

1. Given 3ar^+4a; — 7=88 to find the values of a:. 
Conditions, 3ar^+4a;— 7=88. 
Transposing, 3a:'4-4a:=88+7=95. 
Multiplying by 4 times 3, 36ar^+48a:=1140. 
Completing the square, 36r^+48a:+16=1140+16=1156. 
Evolving, 6a:4-4=±34. 
Transposing, 6a:=±34— 4=30, or— 38. 
Dividing, a;=5, or — 6^. 

2. Given 2ar^ — 10a;-f-7= — 5 to find the values of a;. 

Conditions, 2r* — 10a;+7= — 5. 

Transposing, 2x^ — 10a:=— 5 — 7=— 12. 
Multiplying by 4 times 2, 162:^—802;=^ —96. 

Completing the square, 16a;'^—80a:+ 100=— 96+100=4. 

Evolving, 4a:— 10=±2. 

Transposing, 4a;= ±2+10=12, or 8. 

Dividing, a:=3, or 2. 

3. Given 3a;^+6a;— 8=34 to find the values of a:. 

Ans. ar=3, or — 4|, 
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4. Given x^+6x+4s=2l2'—x to find the values of ar. 

Ans, x=i2f or — 9, 

5. Given 8x«— 7a:+6=171 to find the values of a:. 

Arts. a;=5, or — -^. 

6. Given 115fz:^+10a:-20=:175 to find the values of x. 

X 

Am. x=:7, or —5. 

7. Given a;*— 6a:4-12=4 to find the values of x. 

Ans. a:=4, or 2. . 

8. Given 8ar»+323:=360 to find the values of a:. 
Conditions, 8a:*+32a:=360. 
Dividing, ar*+4a;=45. 
Completing the square, ar*-}~^+4=4^+^=^^* 
Evolving, a;+2=±7. 
Transposing, a;=±7— 2=5, or — 9. 

9. Given af^ — 8a;+50=98 to find the values of a;. 

Conditions, a:^— 8a;+50=98. 

Transposing, ar*—8a:=98— 50=48. 

Completing the square, ar*— 8a:+16=48+16=64. 
Evolving, a;— 4=±8. 

Transposing, a;=±8+4=12, or —4. 

10. Given a:^-j-aa:=3 to find the values of x. 
Conditions, x^'^ax=b. 

Completing the square, a:^+aa;+-x=^+X' 
Evolving, :,+|=± 1^3+^). 

Transposing, ^^^ J (^"^4 )""2' 

11. Given 3a:' — 3a;-|-6=5^ to find the values of ar. 
Conditions, 3a;^— 3a;-i-6=5^. 
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Transposing, 3a;*— 3a:=5j— 6=— f. 

Reducing, a? — a;=— f. 

Completing the square, a:^— aJ+i=— |+i= +^. 
Evolving, a;— J=±i. 

Transposing, a;=±|+J=§, or -J. 

12. Given -^ — |+20^=42f to find the values of x. 
ConditionB, ^+20J=42|. 

Transposing, ^-|=:42|-20j=22f 

2a; 
Clearing of fractions, 7? — ^ =44j. 

2a: 1 ^ 1 400 

Completing the square, a:^ — q-+-=44^+Q=~Q-- 

1 20 
Evolving, a;— g=db-3-=±6§. 

Transposing, a;=±6|+i=7, or — 6^. 

13. Given aa:*+ia;=c to find the value of z, 
■Conditions, aa:*+3a;=c. 

^ hx c 
Dividing, ^+T=a 

^ hx V^ c h^ 
Completing the square, ar'\ I'T'a^ — Hj-a* 

Evolving and transposmg, qc=± ( ""* i^ /""^' 

14. Given oar*— to4-c=dJ to find the values of x. 
Conditions, (ia^'-hx'\-c=d. 
Transposing, as^—hx^^d—c, 

bx d—c 
Dividing, ar'-— =-— . 
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Completing the square, a;«—^+^,=^+j-,. 

Evolying. . ^_^=±J(^+^). . 

h \/d—c b^\ 
TranepoBuig. ^=_tj^__+_j. 

3 11 

Reducing, ^"^2^^^ J [4fl(ei— c) +*^. 

225* K the equation contains two powers of the unknown 
quantity, and the exponent of the one is double that of the 
other, it may be resolved like a quadratic. Thus, 

15. Given a;*+4a'=117 to find the values of a:. 

Conditions, a:*+42;«=117. 

Completing the square, a;*+4a:^+4= 117+4= 121. 
Evolving, ar*+2=±ll. 

Transposing, a:^=±ll— 2=9, or —13. 

Evolving, ar=3, or V— 13. 

16. Given a;'— 62:^=16 to find the values of a^. 

Conditions, a;*— 6a:^=16. 

Completing thesquare, a:*' — 6a:^+9=16+9=25. 
Evolving, 7^--%=±f>. 

Transposing, a:^=±5+3=:8, or —2. 



Evolving, a;=2, or /J^— 2. 

X x^ 
17. Given -^ — 5-=22j to find the values of ar. 

i 

X X 

Conditions, ^ — ^ =22J. 

Clearing of fractions, x — ^ =44J. 
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Completing the square, x — ^-+^=44^+^=-—. 
Evolving, a;*— .5=± 



3* 



nv. • i .20,1 21 ^ 

Transposing, a:^=±--+~=--=7. 



or 



19 



3,3 3— •»-• 3- 
Involving, 2=49, or -] — ^--. 

18. Given 3a:**— 2af'=26 to find the value of a:. 
Conditions, Sa;**— 22«=25. 

Dividing, o^ — 3"~T* 

2^ 1 25 1 76 
Completing the square, a:** — 3"+9~T"*"9^'9"* 

Evolvmg, a;»_=:-_-:__. 

Tran^osing. ^4+^19^1+1^. 

Evolving, a;= f ^ — K. 

19. Given >\/^E+IB=12 to find the value of ar. 

Conditions, /^4a;+16=12. 

Squaring both sides of the equation, 4a;-4-16=144. 

Transposing, 4a;=144— 16=128. 

Dividing, ar=32. 

20. Given /4/5^^pB+4=7 to find the value of a:. 



Conditions, /y23:+3+4=7. 



Transposing, >^2a:+3=7— 4=3. 

Involving both sides, 2a:4-3=27. 



1%» 



;^.— 0=24. 
:1± 



Sqoazii^ both sdea, l^~i-x=^-rhs/x+x. 

Dhidb^ 2: 

lOTOlflDg^ 



22. Gtren VFpSfslO— V^ to fiad the Tiloe of x. 

Squaring both ades, x+40=lOO— 20V^+x. 
Transpoong and rwfacing, 20^z=60. 

Dividiiig, V^= ^- 

iDTolTing, 2^= 9. 



23. GHren ^x — ass^^z — j^A/a to find the value of x. 
ConditiQD8» h/ X'—a=itJ x--^fs/ €L 



Inrolying, x— fl=a:— VS+-r. 



4 
Tranaporing, VSi=a+|=J. 

T , . 26a« 

InyolTing, flx=--^. 

Dividing by a, ^=-to'« 

io 

24. Given 8x* — 1-=— 592 to find the values of x. 
Oonditiona, 3x*-^=-592, 

8 

5x^ 4 
Ohanging the signs, &c., -^r — 3x^=592. 

8 6x^ 1184 
Multiplying by f , x"^ — =-=-—-. 
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r. 1 .• *!, I ^*_i_ ^ 1184 9 6929 
Completing the square, x^ —+_=:._+_=:-_.. 

Extracting the root, g^— y= J, r -. 

D 

1 77 3 74 

Transposing, a;3"=±^-|-^=16, or — ^. 

Evolving, ar=8, or T — --. j*. 

21 

25. Given V^+1+^>V^= *o find the values of x. 

a/2x+1 

21 
Conditions, a/25+1 +2a/5= 



V2a;+1 

Clearing effractions, 2ar+l+2V2a:"+a;=21. 

Transposition, 2V2a:^+a;=20 — 2a:. 

Division, >V^2?+5=10— a;. 

Squaring both sides, 2a:^+a;=100— 20a;+a:': 

Transposing, a:*+21ar=100. 

Completing the squares, «'-{-21r-j — j-=s:100-] — --=-j-. 

Evolution, a?-}--5-=itro-. 

29 21 

Transposition, a:=db-Q— r"o-=4, or —25. 

26. Given 2^^;— a+3/v^=— ■^= to find the values of x. 

A/x-^a 

Conditions, 2V^--^+3V2i=— 7==.. 

A/x^—a 

Multiplying, 2jr— 2a+8//2?^^=2a5'=7a+5a;. 

Transposing, 8V2?=2a5=9a+3a; 

Dividing, ^^22;^— 2a2:=3fl+a;. 

Involving, 2a;*— 2az=9a'+6aa;4-a:l 

Transposing, aj*— 8aa:=9a'. 

16 
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Completing the squares, a:"— 8aa:+16a«=25a^ 
EvolviDg, a:— 4fl=d=5«. 

Transposing, a;=:±5a+4a=9a, or —a. 

27. Given a:+5=A/5+5+6 to find the values of a;. 

Atus, ar=4, or —1. 

28. Given A/3x+TD=V5i+2 to find the value of x. 
Conditions, A/5ar+10=/s/^+2. 
Squaring both sides, 5a;-|-10=5a:4-4A/5i+4. 
Transposing, &c., 6==4a/Sz. 
Dividing, 3=2//55. 
Involving, 9=20a:. 
Dividing, &c., ^=A' 

29. Given V^+^_^+^ to find the value of a;. 

>v/i+3 ^/F+3* 

Conditions, ___=-,^^ 

Multiplying both sides of the equation by hfx-^h and //«-}- 3^, 
we have 

a:+ (2a+35) X A/^+6a^=a;+(4a+*) X fJx-\-\ah, 

Reducing, &c., (2a— 23)XA/^=2a^- 

-_ ah 
Dividing, V^=— ^r* 

/ a3 V 
Involving, a:= ^^3^^ • 

1 1 ri 1 4 9 

80. Given -+-=^ -,+ -t-s+t *o ^^^l the value of x. 
X * a \a^ ^ a'ar x* 



11 

Conditions, — I — =^ 

a; ' a > 









Squaring both sides. ^+1+1,=!^+ JJ+J- 



• 
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1 2 pi — 9 

Transposing, &c., ^^+__=^_^+_. 

1 2 |i 5" 

Multiplying by a:, -+^=^_+-. 

> . 1.4.44.9 







I 



•J Squaring both sides, S'^^'^'^^p* 

4_8_ 
ax a^' 

1 2 



^ « 

5 ■- 



Beducing, &c., 



/ Dividing, &o., 



a X 



Transposing, &o., Xz=2a. 



81. Given z=:/s/.a^+x^'¥+s?^a to find the value of ar. f 



4a • 

32. Given -^^^^ — =^^ to find the value of a;. 

1— a 

33. Given ar»+12a:— 16=92 to find the values of a:. 

Ans. a:=6, or — 18. 

34. Given a^^^=zlO to find the values of ar. 

Atis. a;=5, or — 2. 

35. Given a:^—a;+ 3=45 to find the values of ar. 

Ans. x=7, or —6. 

36. Given 5a:^+^=4 ^ ^^ *^® values of x. 

Ans, a;=r-, or — 1. 



37. Given 2a^—x=iil to find the values of a;. 

An.. .4, or -3. 

38. Given baP+Qx-^B^QO to find the values of a:. 

A Q 21 

Ans, a:=:3, or — ^. 

5 

89. Given (a;— 12)(a:-|-2)=0 to find the values of a;. 

. Ans, a:=12, or —2. 
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40. Given 3a^— 14a;+15=0 to find the values of x. 

Am. a;=3, or 1|. 

41. Given oj^ — bzasc to find the values of x, 

Ans. ,=5±fV^tfffL. 

42. Given 4z3— fiarsslOS to find the values of 2;. 

Ans, x= 6, or — 4^. 

14— :r 

43. Given 4x — r-=14 to find the values of a;. 

aj+l 

Ans, ar=:4, or — -. 

4 

10 14— 2a; 22 

44. Given = — =7r to find the values of a:. 

a; ar 9 

Ans a;=3, or yy. 



45. Given ar+^5a;4-10=8 to find the values of a; 

Ans, ar=sl8, or 8. 

y 46. Given x -|-V10a;4-6=9 to find the values of ar. 

Ans. a;=25, or 3. 

47. Given 3a:3+2a:— 9=76 to find the value of a:. 

Ans. a:=5, or — 5§. 

48. Given a:^— 10a:=— 25 to find the value of a:. 

Ans, a;=5. 

49. Given Sa:^^.^:— 140=0 to find the value of a:. 

Ans. a;=:7, or ^. 

50. Given 5a:2+~=7ar^— 51 to find the value of a:. 

Ans. x=Q, or — 4^. 

51. Given 2a:^ ^ — =7a; to find the value of a;. 

(> 

Am. a:=4, or ^. 

X* 

52. Given ^+20a:=3ar*— 80 to find the value of ar. 

Am. a:=10, or — 2f . 

53. If ar^+8ar=:65, what are the two values of a: ? 

. Ans. xssbf or — 13. 



^ -* ', V 



*' 
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54. If ftr*— a;=92, what are the two values of a; ? 

Ans. a:=4, or — 5-. 

o 

55. If ^'\Az^=Z^(i^ what are the two values of x ? 

Ans. ar=10, or — llj. 

56. If a:^ — 10a:=: — 21, what are the two values of a; ? 

Ans, x=7, or 3. 

X 

57. If 5a:*— 5=78, what are the two values of x? 

Arts. a;=:4, or — 3^|, 

58. If liar* — 100a;=— 201, what are the two values of a; ? 

Am. a:=3, or 6^. 

59. If ar*— 17a;=:2a:>4-84, what are the two values of x ? 

Ans. a;=21, or —4. 

60. Given a:+16-7A/'H=T:B=10— 4A/i=FTB to find the 
values of x, "^ Ans. a:=9, or —12. 

61. Given 9a:+VIB?+SB?=15a:2_4 to find the values 

of a:. Ans. a;=^, or —5. 

o o 

62. Given a:= — ^i^- to find the values of x, 

x—o 

^ Ans, a:=9, or 4. 

ar»— ^ j +f a*— J =- to find the value of a;. 

/ _^ pObTS 

Ans, a;=±a I — ^^—- 



\ 



/ 



64. Given x— 1=52+-7 to fine! the values of ar. 

.'. ,. Ans. x=4, or 1. 

65. Given /J/a:^ — {^=sx-^b to find the values of x. 

Ans. x=^± J~j2r- 

66. Given ~r-; — ^;:::=: — fr^ to find the values of a:. 

16=*^= {See Key, p. 119.) 



^n^'-ir^r 



)(r > 
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67. Given ^v^— 2/v^— *=0V* *o fi'id the yalues of a:. 

Ans, a;=4, or 1. 

68. Given ^^/T^a/^^^^a/x to find the values of a;. 

Ans, ar=2, or —3. 

69. Given |=22J4-^ to find the values of ar. 

5 ■" 

70. Given r 2\r=0 *o fi^^^ *^® values of ar. 

a; — 5 

Ans, x=4:d, or 25. 

71. Given a;^4-a;^=756 to find the values of x. 

Ans. ar=243, or —28^ 

72. Given a:*— a;^=56 to find the values of a;. 

Ans. ar=4, or y^49 

^ ^ 15 

73. Given V&+^+V^="7Pr^ *o fii^^i *^® value of a;. 

ilTW. a:=4. 

74. Given ^x+12+^x+V2=zQ to find the values of x. 

Ans. 4, or 69. 

n 

75. Given a;"— 2aa:^=3 to find the values of x. 

a 

Ans. a:=(a±Vfl?+^)'*- 

8 

76. Given 3a:^ jj-=:— 592 to find the values of a:. 

^ 3 



Ans. a:=:8, or I — ^ j . 



PsoBijais. 

1. A merchant bought a number of pieces of two kinds of 
flilk, for £92 3^. There were as manj« pieces bought of each 
kind, and as many shillings paid per yard for them, as a piece 
of that kind contained yards. Now, two pieces, one of each 
kind, together measured 19 yards. How many yards were there 
is each ? 
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Let X = the number of yards in one piece ; it will also 
equal the number of pieces, and also the number of shillings 
per yard ; and 19— -x =s the nui^iber of yards in the other 
piece. 

Therefore, a^-^(L9 — ar)'= the value of both kinds. 
And a:^+(19-a:)»=1843. 

Or 57a:2-1083ar+6859=1843. 

By transposition, b7z^--10SSz=—b0m 
Or a:*— 19a:=:— 88. 

Completing the square, a:^— 19a:-j — 2~ ^ "T — ^^=7* 

nu. 1 X. 19 3 

Evolution, X — 7r==h2A« 

2 2 

Q IQ 

^=±i+f =11 or 8. 
19— a;=8 or 11. 

Both values answer the conditions of the question ; therefore 
there were 11 yards in one, and 8 in the other. 

2. The plate of a looking-glass is 18 inches by 12, and is to 
be framed with a frame all parts of which are of equal width, 
and whose area is to be equal to that of the glass. Bequired 
the width of the frame. Ans. 8 inches. 

3. A grazier bought as many sheep as cost him £60, out of 
which he reserved 15, and sold the remainder for £54, gaining 
two shillings a head on them. How many sheep did he buy, 
and what was the price of each ? 

Atis, 75 sheep, at 16 shillings each. 

4. A merchant sold a quantity of flour for $39, and gained 
as much per cent, as the flour cost him. What was the price of 
the flour ? Am. $30. 

5. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater is 266. What are those num- 
bers ? Am. 14 and 5. 

6. A and B gained, by trade $18; A's money was in the 



r 



9. Given ^i , v8 =i to find the valnes of a;. 
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firm 12 montlis, and he received, for his principal and gain, $26. 
B's money, which was $80, was in the firm 16 months. What 
money did A pnt into the firm ? Atis. $20. 

7. A merchant bonght a quantity of flour for $72, and he 
found that if he had bought 6 barrels more for the same money, 
he would have paid $1 less for each barrel. How many barrels 
did he buy, and what ,was the price of each ? 

Am. He bou^t 18 barrels, at $4 per barrel. 

8. A square court-yard has a gravel-walk around it. The 
side of the court wants 2 yards of being 6 times the breadth of 
the gravel-walk, and the number of square yards in the walk 
exceeds the number of yards in the perimeter of the court by 
164 yards. Eequired the area of the court. 

Am, 256 square yards. 

l+a:» 

10. Given ar*— 2a:'-fa;=:132 to find the values of a:. -^ i - ")l 
< • .w . * r Ai?s. x=4:, or —3, or ^ . 

11. Given 9a;+ V it)a:^+36a;»=15a:2— 4 to find the values 
of X, Ans, xssz^, or — *• J. 

12. It is required to find two numbers, the first of which may 
be to the second as the second is to 16, and the sum of the 
squares of the numbers may be equal to 225. 

^ :^ I 'Y"" . ^ns, 9 and 12 

QUADRATICS WITH TWO OR MORS ITNENOWN TERMS. 

1. Given a:-Hy=10 ) 

And a»/=16 ) ^ *^® values of a: and y. 

(1.) First equation, a;-J-y=10. 

(2.) Second equation, a:y=16. 

(3.) Squaring the 1st, x^+2xy+f=lQ0. 

/4.) Multiplying (2) by 4, 4xt/ =64. 



/Z- 
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2a:=16, or 4. 
2^=4, or 16. 

:r=8, or 2. 

3^=2, or 8. 



(5.) Subtracting 4lih from 8d, 

(6.) Evolving 5th, 

(7.) The 1st, 

(8.) Adding 6th and 7th, 

(9.) Subtracting 6th from 7th, 
(10.) Dividing the 8th by 2, 
(11.) Dividing the 9th by 2, 

Hence, :r=s8 or 2, and ^=2 or 8. 

This method may be adopted whenever the ' sum and product 
of two unknown quantities are ^ven. 

2. Given x — ^=3 ) 

* , , rj f to find the values of a; and y. 

First condition. 
Second condition. 
Squaring 1st, 
Multiplying 2d by 4, 



(1. 

(2. 

(s: 

(4. 
(5. 

(6. 

(7. 

(8- 
(9. 

(10. 

(11. 



Adding 3d and 4th, 
Evolving the 5th, 
The 1st, 

Adding 6th and 7th, 
Dividing 8th by 2, 
Subtracting 7th from 6th, 
Dividing 10th by 2, 



a;— y=3. 
a:y=10. 

4x^=40. 

x+y=±7. 

a;— ys=:3. 

2a:=:10, or —4. 

x=bf or — 2. 

2y=4, or —10. 

y=2f or —5. 



Hence, a;=5 or — 2, and y=2 or — 5. 

We may proceed in the same manner whenever the difference 
and product of two unknown quantities are given. 

3. Givena:+y= 20 ) ^ , , 

And 2:^4- / 208 } ^ values of a; and y. 



(1.) First equation, 
(2.) Second equation, 
(3.) 2d multiplied by 2, 



x+y=20. 
a:>-f 2/^=208. 
2x34-22^^=416. 
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(4.) Square of the lst<, 
(5.) Subtracting 4th &om 3d, 
(6.) Evolving 5th, 
(7.) First equation, 
(8.) Sum of 6th and 7th, 
(9.) HalfoftlieSth, 
(10.) Subtracting 6th from 7th, 



a:— y=zfc4. 
a;+y=20. 
2a:=24, or 16. 
a;=12, or 8. 
2y=16, or 24. 
y= 8, or 12. 



(11.) Half of 10th, 

Hence, • a;=sl2, or 8; ^=8, or 12. 

4. Given z — y = 3 ) 

A d 3^4^ j^ 117 J ^ ^^ *^® vaJues of a; and y. 

First equation, a;— y=r3. 

Second equation, 2^'-\-y^=in, 

The 2d multiplied by 2, 2a:8+2^=234. 
Square of the 1st, a:*— 2a:y+y'=9. 

Subtracting 4th from 3d, a:*-|-2a:y-|-y®=225. 



1. 
2. 
3. 

4. 
5. 
6. 



ar-f-y=:±lS« 
a;— ^=3. 

2a:=18, or —12. 

a:=9, or —6. 
2y=12, or —18. 

y=:6, or —9 



Evolving the 5th, 
7.) The let, 

8.) Sum of the 6th and 7tli, 
9.) Dividing 8th by 2, 
(10.) Subtracting 7th from 6th, 
(11.) Dividing 10th by 2, 

Hence, a;=9, or —6 ; y=6, or —9. 

5. Given a/?=F7==10 ) ^ , , , 

And a?— «2 28 ) *^ values of x and y. 

(1.) First equation, V^?+P==10. 

(2.) Second equation, a:'— ^=28. 

(3.) Square of the 1st, a:>+2/^=100. 

(4.) Sum of 2d and 8d, 2ar^=128. 

(5.) Half the 4th, ar^=64. 

(6.) Square root of 5th, x=8. 
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(7.) Subtract 2d from 3d, 


2^=72. 


(8.) Half the 7ih, 


!^-36. 


(9.) Square root of 8th, 


y=6. 


Hence, a;— 8, and y — ^^6. 




. Giv6n z+y=5)^,. 
And a^-i-if 35 j to find the values of a; and y. 


(1.) First equation, 


x+y=s6. 


(2.) Second equation. 


a?+/Sb. 


(3.) Square of the 1st, 


a^+2xy+f=.2b. 


(4.) The 2d divided by the 1st 


a^—zy+i/^^l. 


(5.) Subtracting 4th from 8d, 


Sxy=zm 


(6.) Dividing 5th by 3, 


xy=6. 


(7.) The 4th, 


^—xy+f^l. 


(8.) The 6th, 


zy=:6. 


(9.) Subtracting 6th from 7th, 


x'^2xy+f=l. 


(10.) Evolving the 9th, 


a:— y=:l. 


(11.) The 1st, 


a;+y=5. 


(12.) Sum of 10th and 11th, 


2:i:— 6. 


(13.) Half of 12th, 


x=z2. 


(14.) Subtracting 10th from 11th, 


2y=4. 


(15.) Half of 14th, 


y— 2. 



Hence, x=3, and y=2. 

7. Given x^+y^=:2Q \ 

* ^ ^^^ -10 ( ^ ^^ *^® values of a; and y. 

Ans, z=54; y=2. 

. , « « ^« \ to find the values of a; and v. 
And a:*+y*=26 ) ^ 

J.nf. x=5, and y==l. 

. J ^ « c to find the values of a: and y. 

And a;— y = 2 ) ^ 

J.7W. a:s=:7, and y=5. 

10. Given a:«+y2=149 K . , . , « , 

* J .^ > to find the values of a; and y. 
And X 4-y = 17 ) ^ 

Ans, a;=10, and y=7. 
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' , ^ n «. c to find the values of z and y. 

And a:4-y=17 ) ^ ^ 

J.7W, a:=ll, and y=6. 

AT Q « ^o [ to find the values of a: and y. 
And a:3__^__98 j y 

• Atis, a:=5, and y=3. 

13. Given l^x-\-y=sZocy K « , ,, , « , 
. , o c to find the values of ar and y. 

And y—x=^2 ) ^ 

1 5 

Arts, xz=2 or — ^, and y=4 or +q« 

o o 

EXAMPLES OF ONE OB MOBE UNKNOWN TERMS. 

1. A says to B, The sum of our money is 18 dollars; B re- 
plies, But if twice the number of your dollars were multiplied 
by mine, the product would be $154. How many dollars had 
each? Ans. A had $7, and B had $11. 

2. The difference of two numbers is 5, and the sum of their 
squares is 193. What are those numbers ? Ans. 12 and 7. 

3. A and B have each a small field, each of which is an 
«zact square, and it requires 200 rods of fence to enclose both. 
The contents of these fields are 1300 square rods. What is the 
yalue of each, at $2.25 per square rod ? 

Ans. A's field, $900 ; B's, $2025. 

> 4. A lady wishes to purchase a carpet for each of her square 
parlors, one of which is 3 feet longer than the other, and it will 
require 85 square yards for both rooms. Mr. Ames has good 
carpeting, which is 40 inches wide, which he will sell at $1.75 
per yard. What will it cost the» lady to carpet each of her 
rooms ? Ans. For the larger room, $77.17^ ; smaller, $56.70. 

5. There are two piles of wood, each of which is a perfect 
cube ; the sum of their lengths is 20 feet, and their contents 
are 2240 cubic feet. What is the value of each pile, at $6.25 

-^ pen cord? 

Ans. Value of the larger pile, $84.37^; the smaller, $25. 

6. teere are two square buildings, that are paved with stones 
a foot square each. The perimeter of the larger building ex- 
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ceeds that of the smaller by 48 feet, and both their payements 
together contain 2120 stones. What are the lengths respect* 
ivelv ? Ans,. 26 and 38 feet. 

7. A sets out from Boston for Portland, the distance being / -, /<^.- 
105 miles. B sets out at the same time from Portland for V -' - •- 
Boston. A arrives in Portland in 9 hours, B arriyes in Bostonv < 

in 16 hours, after they meet. In what time does each perform;^ 
the journey ? Arts. A in 21 hours ; B in 28. hours, x-') > 

8. Divide 60 into two such parts that their product shall be 
to the difference of their squares as 2 to 8. Ans, 40 and 20. 

9. There are two numbers whose product is 77, and the 
difference of whose squares is to the square of their difference 
as 9 to 2. Bequired the numbers. Ans. 11 and 7. 

10. I have two house-lots, the contents of which are 225 
square rods, and the area of the less is to the area of the larger 
as 9 to 16. Bequired the contents of each lot. 

A71S. 81 square rods in the less, and 144 in the larger. 

11. The product of two numbers is 48, and the difference of 
their cukes is to the cube of their difference as 37 to 1. Be- 
quired the numbers. Ans. 8 and 6. 

12. There are two numbers whose product is 196, and if the 
greater be divided by the less the quotient is 4. What are 
those numbers ? Ans, 28 and 7. 

18.. A, B and C, can perform a piece of work in a certain 
time ; A can perform it in 6 hours, B in 15 hours, and C in 10 
hours. How long would it take them all to perform it ? 

Ans, 3 hours. 

14. A grazier bought a certain number of oxen for $240, and 
having lost 8, he sold the remainder at $8 a head more than 
they cost him, thus gaining $59 by his bargain. What number 
did he buy ? Ans, 16. 

\p. The paving of two court-yards cost £205 ; a square yard 
of each cost ^ as many shillings as there were yards in a side 

.17 
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of the other ; and a side of the greater and less together mearare 
41 yards. Required the length of a side of each. 

Am, 25 and 16 yards. 

16. Divide 145, into two such parts, that the sum of their 
square roots shall be 17. Am. 81 and 64. 

17. Sold an ox for $56, and gained as much per cent, as the 
ox cost. What was paid for him ? Am. $40. 

18. Divide the number 14 into two parts, so that the sum of 
thei^ cubes shall be 728. Am. 8 and 6. 

19. My farm is a rectangle, and the' length was twice its 
breadth, but, haying enlarged it two rods on all sides, I find its 
contents increased 496 square rods. Of how many acres does 
my farm at present consist 7 Am. 23 alcres, 16 rods. 

20. There are two numbers whose product added to the sum 
of thdr squares is 109, but the difference of whose squares is 24. 
Required those numbers. Am. 5 and 7. 

21. What number is that to which if 40 be added, and the 
square root extracted, this root shall be less than the original "^ 
quantity by 16 ? Am. 24. 

22. Two gentlemen, A and B, speaking of their agcJl, A said 
that the product of their ages was 750. B replied, that if his 
age were increased 7 years, and A's were lessened 2 years, their 
product would be 851. Required their ages. 

Am. A's 25 and B's 30 years. 

23. John Smith's garden is a rectangle, and contains 15,000 
square yards ; and he, being a man of taste, has surrounded it 
with a walk 7 yards wide, the contents of which are 3696 square 
yards. Required the length and breadth of the garden. 

Am. Length 150, breadth 100 yards. 

24. A gentleman purchased a farm for $5600, but if his farm 
had contained 10 acres more it would have cost him $10 less 
per acre. Of how many acres did his farm consist ? ' v 

Am. 70 acres. , 

25. A man purchased a farm in the form of a rectsShgie, 
whose length wiis four times its breadth. It cost j- as many 



1 



QUADBATIO SQUATIONS. 195 

dollars per acre as the field was rods in length, and the number 
of dollars paid for the fiurm was four times the number of rods ^^ 
round it. Eequired the price of the farm, and its length and 
breadth. 

Ans. Price $1600. Length 160 rods, breadth 40 rods. ^"i 

26. Two men, A and B, set out from the same place at the 
same time to travel to Boston, it being 39 miles distant. A Y' " 
travelled ^ of a mile an hour &ter than B, and arrived at , 
Boston an hour sooner. Required the rates of travelling. ., ., r 

Ans, A 3;J- and B 3 miles per hour, y- "^ " 

27. What two numbers are those whose difference multiplied V 
by the less produces 42, and by their sum 133 ? ^'"-- 

Ans, 13 and 6. 

28. A certain company agreed to buUd a vessel for $6300 ; 
but, two of their number having died, those that surviv/sd had 
•each to advance $200 more than they otherwise would have 
done. Of how many persons did the company at first consist? 

Ans. 9 persons. 

29. I have a rectangular field of com, which consists of 6^50 
hills, but the number of hills in the length exceeds the number 
in the breadth by 75. Of how many hills does the length and 
breadth consist ? Ans, 125 hills the length, 50 the breadth. 

30. A man bought 10 ducks and 12 turkeys for $22.50. He 
bought 4 more ducks for $6 than turkeys for $5. What was 
the price of each ? 

Ans. The price of a duck was 75 cents, and of a turkey 
$1.25. 

31. What number is that to which if 24 be added, and the 
square root of the sum extracted, this root shall be less than the ' 
original quantity by 18 ? Ans. 25. 

1 32. A has two gardens, each of which, is an exact square. 
They contain 208 square rods. It requires 80 rods of fence to 
enclose both gardens. Required the contents of each. 

^725. 144 square rods ; 64 square rods. 

33. A has two square gardens, and it requires 80 rods of 
fence to enclose them. The larger contains 80 square rods 
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more than the other. How many square rods do both gardens 
oontain ? Am. 208 square rods. 

34. A has two square gardens, and the side of the one exceeds 
that of the other by 4 rods, and the contents of both are 208 
square rods. How many square rods does the larger garden 
contain more than the smaller ? Ans, 80 square rods. 

35. I have two blocks of marble which are exact cubes, and 
wliose united lengths are 20 inches, and they contain 2240 cubic 
inches. Eequired the surface of each. 

Atvs. Larger, 864 inches ; smaller, 384 inches. 

36. A merchant sold a bale of cloth for $75, and gained as 
much p» cent, as the cloth cost him. What was the price of. 
the cloth? f^'^"^^] ;.,..,. Am. %h^. ^ 

37. There are two numbers whose difference is 12, and whose 
sum multiplied by the greater is 560. What are those numbers ? 
/ C /"^^ Am. 20 and 8. 

38. The plate of a looking-glass is 36 inches by 12 inches. 
It is to.be framed with a frame all parts of which are of equal 
width, whose area is 448 square inches. What is the width of ^ 
the frame ? ' Atis. 4 inches. 

39. Divide 100 into two such parts that the sum of their 
square roots shall be 14. Ans. 64 and 36. v 

40. A square court-yard has a rectangular gravel-walk around 
it. The side of the court wants one yard of being six times the 
breadth of the gravel-walk, and the number of square yards in 
the walk exceeds the number of yards in the perimeter of the 
court by 340. What is the area of the court and width of the 
walk ? 

Atvs. Area of the . court, 529 square yards ; width of the 
walk, 4 yards. • 

41. A merchant bought 54 bushels of wheat, and a certain 
quantity of barley. For the former he gave half as many 
shillings per bushel as there were bushels of barley, and for the 
latter 4 shillings per bushel less. He sold the mixture at 10 
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shillings per bushel, atd lost £2816;. by Ms b^gain. What 
was the price of the barley ? 

Ans, 36 bushels of barley, at 14 shillings per busheL 

42. I have 165j- square feet of plank, 3 inches in thickness, 
with which I intend to make a cubical box. Required its con- 
tents in cubic feet. Ans. 125 cubic feet. 

43. I have a small globule of glass, one inch in diameter. 
How large a sphere may be made of it, if the glass is to be only 
r}^ of an inch in thickness, taking it for granted that all spheres 
are to each other as the cubes of their diameters ? 

Ans. Inside diameter, 1.775 -f- inches; whole diameter, 
1.875-{- inches. 

44. John Smith has two cubical boxes, whose united lengths 
in the clear are 20 inches, and their solid contents are 2240 
cubic inches. * What is the difference of their contents ? 

Ans. 1216 cubic inches. 

45. I have two house-lots, which contain 6100 square feet, 
and the larger contains 1100 square feet more than the less* V 
Eequired their dimensions. Ans. 50 and 60 feet square. 

46. Two men, A and B, bought a farm of 200 *acres, for 
which they paid $200 each. On dividing the land, A says to 

B, If you will let me have my part in the situation which I shall 
choose, you shall have so much more land than I that mine shall 
cost 75 cents per acre more than yours. B accepted the pro- 
posal. How much land did each have, and what was the price 
of each per acre ? 

A71S. A had 81.866 acres, at $2.443+ ; B had 118.1334- 
acres, at $ 1.693 -|-. 

47. A and B engaged to reap a field for 90 shillings. A 
could reap it in 9 days, and they promised to complete it in 5 
days. They found, however, that they were obliged to call in 

C, an inferior workman, to assist them the last two days, in con- 
sequence of which B received 35. 9d, less than he otherwise would 
have done. In what time could B and C each reap the field ? 

Ans, B could reap the field in 15 days, and in 18 days. 
17* 
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SECTION XVIII. 

1 

CUBIC AND HIGHER EQUATIONS. 

Abt. 226* A Cubic Equation is one in which the lughest 
power of the unknown quantity is the third power. 

As, a? — €ai?-\-bx=^c, 

227t A Biquadratic is an equation in which the highest 
power of the unknown quantity is tilie fourth power. 

As, 7^-—a3l?-\-b2? — cx:=d. 

228i An equation of the fifth degree 'is one in which tiie 
hi^est power of the unknown quantity is the fifth power. 

As, a^— aar*-}-ia;*— ca:^+^=c. 

And so on, for all other higher powers. 

There are many particular and very prolix rules given for the 
solution of the above-mentiotied equations ; but they all may be 
readily solved by the following easy 

KuLE. 1. Find, by trials two guarvtities as near the true root 
as convenicTity and substitiUe them separately y in the given equa- 
tion, instead of the unkrunon guantityy and find horn much the 
terms collected together ^ ojccording to their signs + or — , differ 
from the knovm members of the equation^ noting whether these 
errors are in excess or deficiency. 

2. Mzdtiply the difference of the two quantities found, or taJce^t 
by trial, by either of the errors, and divide the prodwct by the 
difference of the errors when they are alike, but by their sum 
when they are unlike. Or, we may say, as the difference or sum 
of the errors is to the difference of the two assumed quantities, 
so is either error to the correction of its supposed quantity, 

3. Add the quotient last found to the quantity belonging to 
that error when its supposed quantity is too little, but subtract 
it when too great, and the result vnll give the true root nearly. 

4. Take this root, and the nearer of the tvx) former, or any 
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Other that may he found nearer ; and, by proceeding in like 
manner as above, a root wHl be obtained nearer than before. 
Proceeding in the same marmer, toe may obtain the answer to 
an'^degree cfexactrtess required. 

NoTB 1. — It is best always to employ two assumed quantities, that 
shall differ from each other only by unity in the last figure on the right, 
because then the difference, or multiplier, is only 1. It is also best to use 
always the less error in the aboTO operation. 

NoTB 2. — It will be oonyenient, also, to begin with a single figure at 
first, trying several single figures, till there be found the two nearest the 
truth, the one too little, and ^e other too great ; and, in working with 
them, find only one more figure. Then substitute this corrected result in 
the equation for the unknown letter ; and, if the result prove too littie, 
substitute also the number next greater for the second supposition ; but, 
if the former prove too great, then take the next less number for the second 
supposition ; and^ working with the second pair of errors, continue the quo- 
tient only so far as to have the corrected number to four places of figures. 
Then repeat the same process again with this last corrected number, and 
the next greater or less, as the case may require, carrying the third cor- 
rected number to eight figures, because each new operation commonly 
doubles the number of true figures. Proceed in this manner to any extent 
that may be wanted. 

EXAMPLES. 

1. Find the root of the cubio equation a:*+^+^=100' 
We Bee that x lies between 4 and 5. We assume, therefore, 
4 and 5 as the two values oix. 



jnuiT svpposinoN. 
4 = 


X 


SBOOND 8UPF< 
= 5 


16 


— . 


a? 


= 25 


64 


s^— 


7? 

sums 


= 125 


.84 


155 


100 




but should be 


100 



— 16 errors -f-^^ 

Sum of the errors, 55-}-16=71. 
Then, 71 : 1 : : 16 : .2. 
Hence, a:=4+.2=4.2 nearly. 
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Again, let :cas42 and 4.8. 



noon> supFosiTios; 



4.2 


X 


43 


17.64 


a* 


18.49 


74088 


a* 


79.507 



95.928 
100 



gams 



-4.072 

Smn of the errors, 4.072+2.297=:6.369. 
As 6.369 : .1 : : 2.297 : 0.036. 
Hence 2;=4.3— .036=4.264 nearly. 

Again, let 2;=:4.264 and 4.265. 

TIB8T 8DPP08IXI0H. 

4.264 X 

18.181696 0^ 
77.526752 a* 



102.297 
100 

+2.297 



nOOKD 8UFF06XXI0V. 

4.265 
18.190225 
77.581310 



99.972448 
100 



100.036535 
100 



0.027552 0.036535 

Sum of tlie errors, .027552+.036535=.064087. 
As .064087 : .001 : : .027552 : 0.0004299. 
Hence, a;=4.264+.0004299=4.2644299 nearly. 

2. Find the root of the equation a:"— 15a:'4"6^=S0' 
Here it is evident that the root is more than 1. We then 
assume the two yalues of x to be 1.0 and 1.1. 

Then 63.0 = 63a: = 69.3 

-15 = -15r» —18.15 

1 = a:» 1.331 



49 
50 



sums 



— 1 errors 

Sum of the errors, 1+2.481=3.481. 



52.481 
50 

+S.481 
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As 3.481: .1 :: 1 : .03 
Add 1.00 



Hence x = 1.03 neaxly. 

Again, let 2;= 1.03 and 1.02. 



Then 



64.89 63a: 

—15.9135 -15r» 
1.092727 a? 



50.069227 
50 



sums' 



+.069227 errors 
.284792 



64.26 
15.6060 
1.061208 

49.715208 
50 

-.284792 



.354019 : .01 : : .069227 : .0019555. 
Hence 2=1.03- .0019555=1.02804 nearly. 

3. Find the value of a; in the equation r^+10a:^+5a:=:260. 

Am. a:=4.1179857. 

4. Find the value of x in the equation a? — 2a;=:50. 

Ans. i=:3.8648854. 

5. Find the value of a; in the equation ar*— 3a:* — 75a:=10000. 

Ans. a:=10.2609. 

6. Find the value of x in the equation ar^-{"2a:*+3a;^+4a:'+ 
5a:=54321. Ans. a:=8.414455. 

7. I Have a cubical block of marble, and if the superficial 
contents were added to its solid contents, the sum would be 432 
feet. What is the length of the block ? Ans. 6 feet. 

8. Five times the cube of a certain number exceeds ten times 
its square by 45. Bequired the number. Ans. 3. 

9. The fourth power of a certain number exceeds ten times 
its square T)y 375. Required the number. Ans. 5. 
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SECTION XIX. 

RATIOS. 

Art. 229i Batio is the relation whicli one quantity bears 
to another of a similar kind, with respect to its magnitude. 

230* The magnitude or value of a ratio is estimated bj 
stating how often one quantity or number contains or is con- 
tained in another. Thus, in comparing 16 with 2, we observe 
that it has a certain relative magnitude with respect to 2, which 
it contains 8 times ; and, if we compare 16 with 4, we observe 
that it has a different relative magnitude, for it contains 4 only 
4 times. Hence, 16 is less relatively, when compared with 4, 
than it is when compared with 2. 

Kl* The general method of expressing the ratio which one 
quantity or number bears to another is by placing two points 
between them. Thus, 

The ratio of 12 to 4 is expressed by 12 : 4. 

19 to 9 " « by 19 : 9. 
a to i " " hj a : b, 

232i The first term of a ratio is called the Antecedent, and 
the last term the Consequent. The antecedents in the preceding 
ratios are, therefore, 12, 19, and a, and the consequents 4, 9, 
and 3. 



it 

u 



233i Batios may, therefore, be represented in the form of 
fractions, by making the antecedents the numerators, and the 
consequents the denominators ; thus, 

12 19 ^ a 
^,-g-,andp 

express the ratios of 12 to 4, of 19 to 9, and of a to h. 

231i A jatio is said to be of equality when the antecedent 
is equal to the consequent. 

Thus the ratio of 12 : 12, or of a : a, is a ratio of equality. 
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235f A ratio is of greater inequality when the a,ntecedent is 
greater than the consequent. Thus, 

The ratio of a+b : a, or of 12 : 6, is a ratio of greater 
inequality. 

236t A ratio of less inequality is when the antecedent is less 
than the consequent. Thus, 

The ratio of a : a-\-bf or of 6 : 12, is a ratio of less ine- 
quality. 

KoTE. — It is evident that the ratio of equality may always be repr^ 
seated by nnity. 

, GOMPABISON BY RATIOS. 

237t If the terms of a ratio are both multiplied or both 

divided by the same quantity, the value of the ratio is not 

altered. 

d 
The ratio of a : 3 is expressed by the fraction 7. Let both 

terms of this fraction be multiplied by n, and it becomes —;-. 

4 

The ratio of 4 : 3 is expressed by the fraction - ; and, if the 

o 

12 4 
terms of this fraction be multiplied by 3, it becomes -q-=q' 

Now, since the value of a fraction is not altered by multiplying 
^ both the numerator and denominator by the same quantity, 

r-=:— r, or the ratio a : b is the same as the ratio na : nb, and 

710 

the ratio of 12 : 9 is the same as 4 : 3. Thus the ratio of 
16 : 12, both terms being divided by 4, is the same as 4 : 3. 

The ratio of 5 : 7, both terms being multiplied by 3, is the 
same as the ratio of 15 : 21. And the ratio of a^ : ab^ by 
dividing by a, is the same as the ratio of a : b, 

238, Ratios are compared together by reducing the fractions 
which represent them to a common denominator. * 

Thus the ratios of 7 : 9 and 10 : 13 are represented by the 

fractions ^ and .r^, which are equivalent to jyi ^^^ TT7 > *^^ 
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since tt^ is greater than r^r;-, we infer that tlie ratio of 7 : 9 
117 ^ 117 

is greater than 10 : 13. 

239f When the antecedents or consequents are the same in 
two or more ratLos, we immediatelj compare those ratios to- 

17 

gether by expressing them in a fractional form. Thns, since -^ 

17 . . 

is greater than -^, the ratio of 17 : 5 is greater than 17 : 9 ; 

and, since — ^. is less than -r, the ratio of a : a-\-b Is less than 
a-f-o o 

a : b. 

240f A ratio of greater inequality is diminished, and a ratio 
of. less inequality is increased, by adding the same quantity to 
both terms. 

Let Y represent any ratio, and add n to each of the termsu 
o 

then these two ratios will be -r- and , . , which are equivalent 

b-^-n 

to 7-~ — r and ,^- , . . Now, if a be greater than d, - is a 
b(b-\'n) b^b-i-n) ° b 

ratio of greater inequality, and "|" is greater than "^ , 

therefore j is diminished by adding n to each of the terms. 

But, if a be less ihan b, then | is a ratio of less inequality, and 

,,, . ^ is less than ,,, ^ ; therefore, -r is increased by the 
b{b-{-n) b{b+n) ^ b '' 

addition of ?t to both terms. 



COMPOUND SATipS. 

241 • Eatios are compounded by multiplying their antecedents 
together to form a new antecedent, and their consequents to 
form a new consequent. The resulting ratio is called the sum 
ofthe compounding ratios. 
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Thus, the ratio of a : ^ is compounded with the ratio ofcid 
by multiplying the antecedents a and c together for a new ante- 
cedent, and the consequents b and d together for a new conse- 
quent, and the resulting ratio ac : bd 18 the sum of the com- 
pounding ratios a : b and c : d. 

If the ratios 4 : 7, 6 : 11, and 7 : 9 are compounded to- 
gether, the restdting ratio is 4x6x7 : 7X11X9, or 168 : 693, 
which, reduced to its lowest terms by dividing both terms by 
21, becomes the ra^tio ^ : 33. 

2l2i When any ratio, a : d, is compounded with itself twice, 
thrice, or any number of times, denoted by n, then the resulting 
ratios are a^ : b^, c^ : l^, a^ : b\ &c., and are called the dupli- 
cate, triplicate, quadruplicate, &o., ratios of the primitive. 

As the indices or exponents, 2, 3, and n, express the number 
of times the ratio of a : & is compounded of itself, they are 
called the measures of these ratios. 

Since the index may be any quantity, either integral or frac- 
tional, let the fraction be jr, k> t* — » &c. ; then, 

Ji 6 *k m 

The ratio of c^ : b^ is the square root of the ratio of a : d. 
« " a» : b^ is the cube root of " " of a : b. 

*« « fl* : ^* is the fourth root of " " of a : 5. 

11 
« « 0^ : 3« is the mth root of " ** of a : b. 

243, The ratios of a^ : b^, a^ : b^, a^ : b^, &c., are also 
called the subdaplicate, subtriplicate, subquadruplicate, &c., 
ratios of a to b, 

PEOPOBTION. 

244 a Proportion consists in the equality of ratios. 

a c 
Thus, if the ratio of a : b is equal to that of c : d, or t= j» 

then a, b, c, d, are said to be propoKtumtd. The numbers 3, 12, 

.,.31^41 
4, 16, are proportionals, for To=I» ^^^ Tfi^^i* 

18 



206 ALGBBBA. 



OS wpH J it y of nitio6 is ea^rosaed by writiiig ihe fttur cpui^ 
tides duu, a I b : z e : d, and is read, aisto^asctoif. 

2iS» In algebraic inyestigatioiis the quantities are generally 

« 

expressed like fractions, thus i;=-j. 

In the proportion a : 5 : : e * J, or 1^==-^, a and i2 are the 

o a 

extremes, and b and e the means. Hie first term is also called 

the first antecedent, and the second the first consequent, the 

third term the second antecedent, and the fourth term the second 

consequent. 

24Sf Kin a series of proportional quantities each consequent 
is identical with the next antecedent, these quantities are said 
to be in continued proportion. Thus, a : b : : b : e : : e i d 
: : d z e : : e : ff &c., the quantities a, 6, c, d, e, /, &c., are 
said to be in continued proportion. 

247* When the second and third terms are identical, as in 
the proportion a z b : z b z c^ then b is said to be a mean pro- 
portional between the extremes a and c, and c is called the third 
proportional to a and b, 

248i The product of any number of ratios, of which the con 
sequent of each ratio is the antecedent of the succeeding one, is 
the ratio of the first antecedent to the last consequent. 

Let the ratios he a : b, b : c, c : d^ d z e, e : f^ then the re- 
sulting ratio is aX^XcX^X^ ' ^XcX^X«X/» ®^ *'^® ^^^^ ®^ 
abcde : bcdef^ which, reduc^ to its least terms by cancelling 
the same letters iji each term, becomes a : /, or the first ante- 
cedent and the last consequent. 

Again ; let the ratios be 2 : 8, 8 : 4, 4 : 5, 5 : 7, 7 : 10, 
then the resulting ratio is, 

2X3X4X5X7 : 8x4x5X7x10, or 840 : 4200, 
which reduced is, 7 : 35, or 1 : 5. 

249t Any ratio compoun^^d with a ratio of greater inequality 
is increased, and compounded with a ratio of less inequality is 
diminished. 
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Let' a+b : a represent the ratio of greater inequality, and 
a : a-^-b of less inequality. Then the ratio of a-^b : a, com- 
pounded with that of c id, gives ac-j-bc : ad, which is evidently 
greater than the ratio of c : d; and the ratio of a : a-^-b, 
compounded with that of c : d, gives ac : ad-i^bd, which is 
evidently less than the ratio of c : d. 

Hence the ratio of c : £2 is increased by compounding it with 
the ratio of a-i-b : a, and diminished by compounding it with 
the ratio of a : a-j"^- 

APPBOXIMAIION OF BATIOS. 

250t The ratio of the powers or roots of two quantities whose 
difference is small with respect to themselves is found very 
nearly by multiplying that difference by the index or exponent 
of the power or root. 

PBOPOSinONS. 

Fboposition I. If four quantities are proportional, the pro« 
duct of the extremes is equal to the product of the means, and 
conversely. 

Let a : b : : c : df or y=-j. 

* a 

Multiplying both by bd^ we obtain ad=bc. 

Conversely. If the product of any two quantities is equal to 
the product of any other two, these four quantities are propor- 
tional, the factors of either of the products being made the 
extremes, and the factors of the other the means. 

H C CO 

Let ad=zbcj dividing both by bd, we obtain -7=3> or 3=^ 5 

o a do 

whence a: b : : c: d, ot c : d : : a : L 

Psop. n. If three quantities are in continued proportion, 
the product of the extremes is equal to the square of the mean, 
and conversely. 

Let aib lib I c; aXc=^X^» or ac=l^> 

Conversely. If the product of any two quantities is equal to 
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the square of a third, the third is a mean proportional between 
the other two. 

Let «c=J'; and, dividing both by be, we obtain |=^,or 

a I b I I h \ c. 

Prop. HE. Of four proportionals, any three being given, the 
fourth may be found. 

Let a : b : : c : d; then ad=bc. 

TT be - ad ad - be 

Hence, • a=-j-; *= — ; c=-7-; d=—. 

a c o a 

Hence, of three proportionals, any two being given, the 

r— r b^ 

third may be found ; for ad=l^^ therefore b=i/^/aa^ ^^^T* *^^ 

a 
Pbop. IY. Quantities which have the same ratio to tho same 
quantity are equal to one another, and conversely. 

Let a I b I : c I bi then j=x ; and, multiplying each by 5, 

we obtain as=c. 

Conversely. Quantities which are equal to one another have 
the same ratio to the same quantity. 

Let a=c, and let 3 be a third quantity ; then, dividing both 
by 5, we obtain 

•r-s=-r, therefore a i b i i c i b. 



Prop. V. Ratios that are equal to the same ratio are equal 
to one another. 

Let a : 3 : : e : /, and c:d::e:f; then, also, a : b : : c : d. 

Since y=7> and -1=7:, it is evident t=-7> ^^^ therefore a : b 
J d J d 

Or let 2 : 4 : : 8 : 16, and 3 : 6 : : 8 : 16. 

Then 2 : 4 : : 3 : 6 ; for §=i and ?=1 

Prop. YI. If four quantities are proportionals, they will also 
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be proportionalB when taken inversely ; that is, the second will 
have the same ratio to the first that the fourth has to the third. 

Let aibi I ci d^ then h : an die. 

Since by Prop. I. bc=zadf 

And, dividing bj oc, we obtain ~=s-, 

a c 

Hence, ' h : ai i di c. 

Prop. VII. If four quantities are proportionals, they will 
also be proportionals when taken alternately ; that is, the first 
will have the same ratio to the third that the second has to the 
fburtL 

Let aih II ci d ; then, also, a: c : : b : d; 

As ■T=T> if we multiply each quantity by -, we obtain 

r— =-7-; which, reduced, is -=-r, therefore a: c: : b : d. 
DC cd c d 

This may be illustrated by numbers ; thus. 
Let 2 : 4 : : 8 : 6, then 2 : 8 : : 4 : 6 ; 

As T=o» if we multiply each side of the equation by k* the 

2434 8 12 24 
resultwmbejX3=gX3; j2=l8' 3=6' ^^^'^^'^ ^'^ 
: : 4 : 6. 

Prop. YIII. If four quantities are proportionals, they will 
also be proportionals when taken jointly ; that is, the sum of the 
first and second will have the same ratio to the second that the 
sum of the third and fourth has to the fourth. 

Let a: b : : c : d, then a-^b i b : : c-^-d : d. 

Since 7=3, we add 1 to each quantity, and obtain --}-l=- 
o a o a 

+1, or -^~-=_lL_j therefore a +b : b : : c-\-d : d. 
a 

This, also, may be made evident by taking numbers ; thus. 

Let 2 : 4 : : 3 : 6, then 2+4 : 4 : : 3+6 : 6. 

M 18* 
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2 8 

ffince T=?* ^^ *^ ^ ^ ®*^ nmnbery and obtain 
4 D 

Kl -*-l.l or 2-H_§±6 

j+l=g+l,or-^=ig-. 

Tlieiefiire, 2-f-4 : 4 : : 3+6 : S. 

Pbop. DL If four qiiaiitities are proportioiialf!, they will also 
be proportional by separaUon ; thai is, the differoice between 
the first and second will haye the same ratio to the second that 
the differenoe between the third and fonrth has to the fourth. 

Let a : b : I c : d, then a — b : b : : c — d : d. 

Since -t=^ we will subtract 1 'from each quantity, and we 

... a ^ c a—b c-—d 

obtam -r — 1=3 — 1, or — r— : — -=— . 

d o a 

Therefore, a— A : b :z e — d : d. 

This demonstration may be illustrated by nnmbers ; thus. 

Let 4 : 2 : : 6 : 3, then 4—2 : 2 : : 6—3 : 3. 

4 6 
Since ^=h» we subtract 1 from each term, and we have 

4 6 4-2_6-3 

2 3 ' °' ■"2~""~3"" 

Therefore, 4—2 : 2 : : 6—3 : 3. 

P&op. X. If four quantities are proportionals, they will also 
be proportionals by convernon ; that is, the first term will have 
the same ratio to the sum or difference of the first and second, 
that the third has to the sum or difference of the third and 
fourth. 

Let a : b : : c : d; then a : a±b : : c : cdb^« Since 

T= J, and, by Prop. Vlii. and IX., -^-=— -— , invert these 
o a a 

fractions, and we have i="T3j5 ^^^^ ^7 multiplying the 

one by t» and the other by its equal -, we obtain rXT= 

^ b ^ ^ d a±b^b 

d c a c ,. „ _ 

XjiOT — rT"="*Vj> therefore a : a±o : : c : c±a. 



c^d d a:izb c:t:d 
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s 

Let the pupil prove this by numbers. 

Psop. XI. If four quantities are proportionals, the sum of 

the first and second has the same ratio to their difference that 

the sum of the third and fourth has to their difference. 

« 
Let a : b z : c : d; then, also, a-j-5 : a— 5 : : c-f-(i : c — d. 

For, by Prop. Vlll. and IX. by alternation, a+b : c-^-d : 
bid; and a — b : c—d : : b : d; hence, by Prop. V., a-\-b 
c-j-d : : a—b : c — dj and, by alternation, a-]-b : a—b : 
c-^-d : c — d. 

This is illustrated by numbers, thus ; let 8 : 6 : : 12 : 9 ; 
then 8+6 : 8—6 : : 12+9 : 12—9. 

For taking Prop. YIII. and IX. by alternation, 8+6 : 12 
+9 : : 6 : 9; and by Prop. V., 8+6 : 12+9 : : 8—6 : 12 
—9 ; therefore, by alternation, 8+6 : 8—6 : : 12+9 : 12 
-9. 

Pbop. XTT. In any number of proportionals, any antecedent 
has the same ratio to its consequent that the sum of all the 
antecedents has to the sum of all the consequents. 

Let a: b : : c : d : : e : f: : g : k; then, also, a : b : : a-^-c 
+e-\'g : b'\-d+f+h. 

Since a3=:3a, ad=bc, af=be, ah=ibgf we have 
a(b+d+f+h)=:b{a+c+e+g) ; 

-rrri « flf+C+e+fi' 

Therefore, a : b : : a+c+c+^ : i+<i+/+A. 

In like manner it may be shown that c : d :,: a'\'C-\'e'-{'g 
b+d+f+L 

This proposition may be illustrated by numbers, thus. 

Let 2 : 3 : : 4 : 6 : : 8 : 12 : : 14 : 21 ; 

Then 2:3:: 2+4+8+14 : 3+6+12+21=2 : 3 : : 28 : 42. 

Prop. XIII. In two or more sets of proportionals, the 
product of the correspondent terms are also proportionals. 
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Let a : b : I c : d, 

6 * f • ' g ' ^9} Then, also, aei : bfk : : cgl : dhm» 
i : k : : I : nit 

DEHON8T&AT10N. 

sinoA-— £. i— f 1—1. ^X^xi _ cxgxi . 

^^^ ir£ f^K iTm' hXfXk^dXhXm' 

Whence r?7=jr~» therefore, aci :' hfk : c^^ : : dkm. 

hjk mm q.e.d. 



ulubtbjltion bt kumbkbs. 



Let 



2 : 3 

4 : 5 

6 : 7 



4 : 6 

8 : 10 

12 : 14 

Then 2x4x6 : 3x5x7 : : 4x8x12 : 6x10x14. 
Whence, 48 : 105 : : 384 : 840. 

Prop. XTV. If there are any number of quantities more than 
two, and as many others, which, taken two and two in order, are 
proportionals, then, by equality, are the extreme terms in the 
former series proportional to the extreme, terms in the latter. 

Let a, ht c, <2, be any number of quantities, and let «,/, g^ A, 
be as many others. 



Let a : 5 : 
h \ c I 
c : d : 



e :/, 
/ 



:/0 



Then, also, a : d : : e : k. 



g ' 



:% ) 



PEMONSTBATION. 



a e b _f _^ eg 



Since x=i:> -=-> aJ^d j=t> we obtain, by multiplying the 
J c g a h 

alternate fractions together, 7— i=:?4-, tr j=t 5 therefore, a : d 

oca jgh d n 



Let 2 : 3 
'3:4 
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6 : 8 [ Then 2 : 12 : : 4 : 24. 
8 : 24) 



4 : 12 

By multiplying the alternate fractions, we have 

2X3X4 : 3X4X12 : : 4x6x8 : 6x8x24. 
Whence, 24 : 144 : : 192 : 1152, or 2 : 12 : : 4 : 24. 
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Prop. XY. K there are any number of quantities more than 

* two, and as many others, which, taken two and two, in cross 

order, are proportionals, then inversely, by equality, are the 

extreme terms in the first set proportional to the extreme 

terms in the second. 

Let a, bj c, J, be any number of terms, and e,f, g^h^za many 
others, and 



Let a \ h I : g I k 

c • •• / • ^ . 
d II e I fj 



b I c \ I f I g> Then, also, a i d ii e i h. 



c 

DXM^NSTRATItN. 



Since f=f, *==^, and t^L by multiplying iJie alternate 

o ft c g ^ J 

fractions together, we obtain 

(ibc gfe € e 
bed hgf* d A' 
Therefore, a : d : : e : h. 



Let 2:3 

3 : 4 

4 : 3 



ILLI78TBAXIOH B7 XTUHBIBS. 

8 : 12) 

6 : 8 [Then, 2 : 3 :: 8 : 12. 
8:6) 

2X3X4 : 3X4X3 : : 8x6xB : 12X8X6. 
Whence, 24 : 36 : : 384 : 576. • 

By dividing the first two terms by 12, and the last two by 48, 
we obtain ' 2 : 3 : : 8 : 12. 

Prop. XYI. When four quantities are proportionals, if the 
first and second are multiplied or divided by the same quantity, 
and also the third and fourth by the same quantity, the resulting 
quantities will be proportionals. 

Let a : b : : c : d; then, also, ma : mb : : nc : nd. 

DEaiONSTRATION. 

d c 
Since r== j> ^® multiply both terms of the first by m, and 
o a 

both terms of the last by w, and we obtain — T=—,i 

^ mb nd 
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Therefore, ma : mb : : nc : Tid, 

where m and n may be any quantities, either integral or frao- 
tional. 

ILLUSTBATXOK BT NXTHBSBS. 

Let 2 : 4 : : 8 : 6. Now, if we multiply the first two num- 
bers by 7, and the last two numbers by 9, their products will be 
proportionals. Thus, 

2X7 : 4x7 : : 3x9 : 6x9=14 : 28 : : 27 : 54; ' 

and if any other numbers were taken instead of 7 ^nd 9, the 
products would be proportionals. 

Pbop. XVII. When four quantities are proportionals, if the 
first and third are multiplied or divided by the same quantity, 
and also the second and fourth by the same quantity, the re- 
sulting quantities will be proportionals. 

Let a : b : : c : d, then, also, ma : nb^» : mc : nd, 

DBUOKBTBATION. 

a c fjt 

Since -7=39 multiply both these quantities by — , and we 
o a n 

obtain —=-=—3, therefore, 771a : nb : : mc : nd, where m and 
710 na 

n may be any quantities, either integral or fractional. 

ILLUSTBATION BT ITUMBEBS. 

Let 12 : 4 : : 18 : 6, and we will multiply the first and third 
by 2, and the second and fourth terms by 4. 

Thus, 12X2 : 4x4 : : 18x2 : 6x4=24 : 16 : : 36 : 24. 

It is evident these terms are proportionals ; 

_ 24 36 12 12 

^^^ 16=24' ^' T=T- 

And if we divide the first and third terms by 3, and ihe second 
and fourth terms by 2, their quotients wiU be proportionals. 

Thus, 12-h3 : 4^-2 : : 18-=-3 : 6-^-2. 

Or 4 : 2 : : 6 : 3. 



Whence, 
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4 6 



If any other numbers be taken for multiplying or diyiding, 
the result will be the same. 

Prop. XYIII. If four quantities are proportionals, the like 
powers or roots of these quantities are also proportionals. 

Let a : b : : c : d; then, also, a"* : 5"* : : c"* : i". 

d c 
Since T=^t ^se each of these fractions to the power ez 
o a 

pressed by 9n; then (j) =(j) > ^^ 'j^=^'j^* therefore, a*" : 

3" : : c*" : £?*, where m may be any quantity, either integral or 
fractional. 

I£L1JBTBJLTI0N. 

Let 2 : 3 : : 4 : 6, then 2^ : 3^ : : 4« : 61 If wo raise 
each of these terms to the third power, the result will be 

2X2X2=8 : 3x3x3=27 : : 4x4x4=64 : 6x6x6=216. 

That 8, 27, 64, and 216, are proportionals, is evident from 

Q DA 

the &ct that 07^91^' ^^^) being reduced to their lowest terms, 

1.— 1. 

27'~27* 

Pbop. XIX. Of any number of quantities in continued pro- 
portion, the first has to the third the duplicate ratio, to the 
fourth the triplicate ratio, to the fiflh the quadruplicate ratio, 
&c., of that wMch it has to the second, or of that which the 
second has to the third, &c. 

Let ai h '. lb : c : : c I d : \ d\ e II e :f I I &c. &c. 

Then a : c : : a* : 5^, or in the duplicate ratio of a : 3. 

a I d I '. c^ : b^^ ox m the triplicate ratio of a : &. 

a : e I : a^ : b^, or m the quadruplicate ratio of a : 3. 

DKMONSTSATION. 

1st. a : 3 : : 3 : c, or, by Prop. XVIII., a^ i b^ 11 1^ i (?i 
but> by Prop. IJ., b^=iaCy therefore, a^ : ^ : : ac : (^^ 
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or a' : i^ : : a : c, hence a : c : i a? : 11^; also, a^ : ac : : P : c^; 
therefore, a i c ii l^ i(?. 

2d. a : c : : a^ : 3^ ; bnt ci dii aih ; therefore, 

3d. a: d: : a^ : P \ and d '. e : i ai h ", therefore, 
a : e : : d* : 3* : : 5* : c* : : c* : <^ : : d* : ^. 

The above may be easily illustrated by nxunbers. 

PBOBUSMS VOB PBOPOBTION. 

1. Divide 50 into two such parts that the greater, increased 
by 3, shall be to the lesSj diminished by 3, as 3 to 2. 

Let a; = the greater number, and 50—2; the less* 
Then x+Z : 50— x— 3 : : 3 : 2. 
Multiplying extremes, 2a;+6=sl50 — 3x— 9. 
Transposing, 52;=135. 

Dividing, x=27, the greater. 

And 50—27=23, the less. 

2. What number is that to which if 3, 8, 12, and 20, be 
severally added, their sums shall be proportional ? 

Let X = the number. 

Then, x+3 : a:+8 : : a:-f 12 : a:+20. 

Multiplying extremes, x^+2^x+Q0=x^+20x+9Q. 
Transposing, 23a:— 20a:=96— 60. 

Dividing, ♦ a:=12. Ans» 

YEBIFICATION. 

12+3 : 12+8 : : 12+12 : 12+20=15 : 20 : : 24 : 32. 

3. If Mars, when in opposition to the sun, is 49,000,000 miles 
from the earth, and the quantity of matter in the earth is 11 
times greater than that in Mars, at what distance from the earth, 
in a direction towards Mars, will a body remain at rest ? See 
Art 218. 

Let X = the distance from the earth. 
^ Then 49,000,000— a; = the distance from Mars. 
And let a=49,000,000. 
Then, x^ : (a—xY : : 1 : 11. 
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Multiplying extremes, lla:*=a^— 2aar-|-a*. 

Transposing, 10a:^-[-2«r=a2. 



ax 0^ 



Reducing, ar^4-^=.^^. 

Completing the squares, ^+^+_=:jg+_=— . 

Evolving, a:-f-^=jQA7Tl?I 

Transposing, &c. a:==^/i/TT— j^. 

And, by supplying the value of a, we have 

x=^A ^11(49,000,000) A -!?!2JJl2^=ll,351,430 nules. 

Ans. 

4. There are two numbers which are to each other as 5 to 3 ; 
and, if 4 be added to the greater and 8 to the less, they will 
then be to each other as 6 to 5. What are the numbers ? 

Atis. 20 and 12. 

5. Divide the number 60 into two such parts that their pro- 
duct shall be to the difference of their squares as 2 to 3. 

Ans, 40 and 20. 

6. I have two square house-lots, which, together, contain 208 
square rods ; and the areayof the greater is to the area of the 
less as 9 to 4. How many more square rods are there in the 
greater than in the less ? Ans, 80 square rocls. 

7. The product of two numbers is 12, and the difference of 
their cubes is to the cube of their difference as 13 to 4. What 
are the numbers ? ' Ans, 2 and 6. 

8. Divide the number 100 inffco two such parts that 6 times 
their product shall be to the sum. of their squares as 24 to 17. 
What are those parts ? Arvs, 80 and 20. 

» 

9. There are two numbers, whose product is 35, and the dif- 
ference of their squares is to the square of their difference as 6 
to 1. What are the numbers ? Axis. 7 and 5. 

19 
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10. There are two numbers in the triplicate ratio of 4 to 1, 
whose mean proportional is 82. What are the numbers ? 

Ans. 256 and 4. 

11. Divide 20 into two such numbers, that the quotient ot 
the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 4. What are those numbers ? 

Ans. 12 and 8. 

12. Divide 26 into three such parts, that the first shall have 
the same ratio to the second that the second has to the third, 
and that the first term shall be i the third term. 

Ans. 2, 6, and 18. 



SECTION XX. 

ARITHMETIOAL PBOGBESSION. 

Art. 2f It An Arithmetical Progression is a series of num- 
bers or quantities, increasing or decreasing by a constant 
difference. 

It is sometimes called Progression by Difference. 

252« The constant difference is cajled the Cofnmon Difference, 
or ratio of the progression. 

Eatio here used is an Arithmetical rate. 
Thus, let there be the two following series. 

(1) (2) (8) (4) (5) (6) (7) (8) 
First series, 1, 4, 7,10,13,16,19,22=92. 

Second series, 30, 26, 22, 18, 14, 10, 6, 2=128. 

253i The numbers which form the series are called the terms 
of the progression. 

254 • The first is called an ascending series of progression, 
where the first term is 1, the common difference 3, the number 
of terms 8, the last term 22, and the sum of the series 92. 
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255t The second is called a descefidmg series of progression, 
where^ the first term is 30, the common difference — 4, the 
number of terms 8, the last term 2, and the sum of the series 
128. 

256t The first and last terms of the progression are called 
extremes, and the other terms are the means, 

257« The number of common differences in any number of 
terms is one less than the number of terms. 

Hence, if there be 8 terms, the number of common differences 
will hn ' h— MWBBfca of the differences will be equal to the 

^.^ /r r/ if the difference of the extremes be 

^ sum will be the last term ; also, if 

> / 'Si rr O^'^'Z^ ^® taken from the last term, the 

e common differences be divided 
J / Terences, the quotient will be the 

gamine the following series : 

(4) (5) (6) (7) 
11, 14, 17, 20. 

Cj CI J, the last term 20, the number of 
/ ' Terence 3. 
. , , ,ie first term, number of terms, and 

. the last term, we should have only to 
^ Xy-^ ^^/^ ^^^/yV fi^tremes to the first term. 

' :e is 3 ; and, as there are 7 terms, the 
number of common differences is 6. The difference of the 
extremes will, therefore, be 6x3=18, and the last term will be 
2+18=20. 

Hence, having the first term, common difference, and number 
of terms given, to find the last term, we have the following 

Rule. MvUvpLy the Tmmber of terms, less one, hy the common 
differ erux, and to the 'product add the first term. 
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Again, if we invert the terms, we have 

(1) (2) (3) (4) (5) (6) (7) 
20, 17, 14, 11, 8, 5, 2. 

Here we have 20 for the first term, —3 for the common dif- 
ference, and 7 for the number of terms, to find the last term. 

6X— 3=— 18 ; 20— 18r=2 the last term. 

The pupil win perceive that 18 is a negative term; and to 
add a negative term to a positive is to write their difference. 

Again, we have given the extremes 2 and 20, and number of 
terms 7, to find the common difference. 

Here the number of common differences is 6 ; for we have 
before shown that the number of conunon differences is always 
0726 less than the number of terms; therefore, 18-7-6=3, the 
common difference. 

^ 259» The principles of an arithmetical progression may be 

well illustrated by literal terms. 

Let a be the first term of an ascending series, and d the 
common difference ; then the second term will be a-^-d, and the 
the third term a'\-2d, and the series will be 

(1) (2) (3) (4) (5) (6) 

a, a-\-d^ a-\-2dy a-^-Sd, a-{-4d, a-}-5rf. 

If it be required to form a descending series, when the first 
term is a and the common difference — d, it will be thus : 

(1) (2) (3) (4) (5) (6) 

a, a — dy a — 2d, a — M, a — 4d, a — bd. 

260t It is evident that the last term in both series is equal 
to the first term with the common difference repeated as many 
times, wariting (me, as there are terms in the series. 

Hence, if n represent the number of terms, the following will 
be the formula to find X, the last term. 

Zf=a+(72 — \)d. 

EXAMPLES. 

1. If the first term be 7, the common difference 4, and the 
number of terms 20, required the last term. 

I,=a4.(7i-l)e?=7+(20-l)4=83. Ans. 
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2. If the first tenu is 3, the common diSerenoe 5, required 
the 50th term. 

Z=a+(7i—l)<f=3+(50— 1)5=248. Arts. 

3. If the first term is 90, the common difference —7, re- 
quired the 10th term. 

X=a+(7i— 1)(— <;)=90+(10— 1)(— 7)==27. Ans. 

4. If the first term is f , the common difference 1^, what is 
the 20th term ? 

i=a+(7i— l)<f=£+(20— 1)1^=26^. Ans. 

5. If the first term is 18, the common difference —4, what is 
the 10th term ? 

i=a+(7i— 1)(— <f)==18+(10— 1)(-4)=-18. Ans. 

261 • The formula for obtaining the first term, a, is obtained 
from the former by transposition. 

Thus, if L=s:a+{n — l)d, then, by transposition, 

a=L — (n — l)d. 

6. If the last term is 25, the number of terms 6, and the 
common difference 2, required the first term. 

a=i—(w—l)e?=25— (6— 1)2=15- Ans. 

7. If the last term is 50, the common difference 6, the number 
of terms 10, required the first term. 

a=i— (71— l)(f=50— (10— 1)6=— 4. Ans. 

8. If the last term is 27, the common difference 2^, number 
of terms 10, required the first term. 

a=i— (71- l)(f=27— (10— 1)2J=4J. Ans. 

262t The formula for obtaining the common difference, dy is 
obtained from the first by transposition and division. 

Thus, * L=a+{n—l)d. 

Then, by transposition, L — a=(n— l)rf. 

Ir—a 
And by division, =-=d» 

Changing terms, d=^ . 

?i— 1 

lO'i^ 
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9. If the extremes are 6 and 30, and the number of terms 
13, what is the common difference ? 

L^a 30-6 • . 

o= :i=To — T=2. Ans. 

n — 1 lo — 1 

10. If the extremes are { and 152, and the number of terms 
11, what is the common difference ? 



L-a 15f-f - . 



2<i3t The formula for obtaining the number of terms may be 
obtained from the first formula. 

Thus, L=a+{n—l)d. 

By trimspoBition, L — a=(n — l)d. 

BydiraioD, :^=n_I. 

Changing terms, »= — ^ — [-1. 

11. If the extremes are 3 and 39, and the common difference 
2, what is the number of terms ? 

n=:^+l=^+l=19. Ans. 

12. K the first term is 5, the last term 89, the common dif- 
ference 7, required the number of terms. 

Ir-a 89-5 , T TQ . 

»=— — [-1= — - — f-l=13. Am. 

Having, therefore, any three of the four terms given, the 
other may be found, as we have demonstrated above, by the 
following 

(1>) To find the last term* 

X=:a4-(f2— IH 
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(2.) To find the first term. 

a^=iL — (»— 1)J. 

(3.) To find the common diiSerence. 

- L — a 

a=s -. 

n — 1 

(4.) To find the number of terms. 

When the series are descending, the nnknown difference is a 
minus quantity in the 1st and 2d formulad ; thus, — d. 

13. A man travelled 10 days; the first day he went 8 miles, 
the second day 13 miles, and thus increased his distance each 
day 5 miles. How far did he travel the last day ? 

Ans. 53 miles. 

14. John Smith's family expenses for the first year were 
$500 ; but, aflAr he had been married 12 years, he found his 
last year's expenses to have been $1325. By how much did he 
increase his expenses yearly ? Ans, $75. 

15. A man set out firom Boston to travel into the country ; 
the first day he travelled 12 miles, the second day 9 miles, the 
third day 6 miles, and thus continued to travel each day 3 
miles less than the preceding. How far did he go the tenth 
day ? Avs. —15 miles. 

264t To find the sum of the series. 

ABITHMEnCAL SERDSS. 

(1) (2) (3) (4) (5) (6) 
Let 2, 5, 8, 11, 14, 17, be the series. 

And 17, 14, 11, 8, 5, 2, same series inverted. 

19, 19, 19, 19, 19, 19, sum of both series. 

LITEBAL 8EILIES. 
(1) (2) (8) (4) (5) (6) 

Let a, a+^» a-\~2d, a-\-M, a-f-^> a-|-5rf bo a series. 

And a+bd, a+4d, a+3d, a+2d, a+d, a fS:md!' 

2a'{-bd, 2a-\'bdf 2a+5<£, 2a+bd, 2a+5<?, 2a+5<?, sum of 
both series. 
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We perceive, firom the aboye arithmetical and literal series, 
that the sum of the extremes is equal to the sum of any two 
of the means equally distant from each extreme ; and that, by 
adding the two series in their present arrangement, we have the 
same number for the same successive terms; also, that the sum of 
both series is twice the sum of either series. Therefore, if 19, 
the sum of the extremes in the arithmetical series, be multiplied 
by 6, the number of terms, the product will be the sum of both 
series. Thus, 19x6=114, sum of both series. Therefore, 
114-7-2=57 will be the sum of either series. 

Again, 2a -{-bd is the sum of the exfremes in the literal 
series; and, if this sum be multiplied by 6, the number of 
terms, the product will be the sum of both series. Thus, 
(2a+5d)Q=zl2a+^0d, sum of both series. And (12a-j-30^ 
-T-2=6a-f-15eZ, the sum of either series. 

Therefore, in all cases, we find that the sum of the series is 
equal to the sum of the extremes multiplied by half the number 
of terms ; or, the number of terms multiplied by half the sum 
of the extremes. 

If, therefore, the sum of any series be denoted by S, the first 
term by a, the last term by X, and the number of terms by 7i, 
the following will be the formula for obtaining its value : 



H^y 



Therefore, if the extremes and the number of terms are given 
to find the sum of the series, we adopt the following 

Rule. MuUiply half the sum of the extremes by the raimher 
of terms. 

The two following formulad, or equations, contain five quan- 
tities : a, the first term of a progression ; i, the last term ; d^ 
the common difference ; riy the number of terms ; and iS, the 
sum of the series. 

If any three of these be given the other two may be ob- 
tained. 

(1.) i=a+(n-l)ef. (2.) S=^(^^\n. 
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2C5» The pupil will find that twenty different oases may arise 
which may be solved by different combinations of the abov^ 
equations. 

To find n in the last equation* 

By multiplication, 2S=(X-f a)7i. 

By division, _ . =n. 

^ L+a 

2S 

Therefore, n=- 



L-{-a 

Iff therefore, the extremes and the sum of the series are given 
to find the number of terms, we divide twice the sum of the 
series by the sum of the extremes. 

16. Let the extremes be 3 and 89, and the sum of the series 
899, to find the number of t6rms. 

2S 2x399 ^Q ^ 
''=Z+^=^9+3=^^- '^'"- 

266*. To find the last term, Z, from the second equation. 



H^y 



2 

By multiplication, 2S={L^a)n, 

2S 
By division, — =sL+a, 

•^ n 

By transposition, a=L, 

2S 

By transposition of terms, Z=s a. 

n 

Therefore, having the first term, number of terms, and sum 
of the series, 'given to find the last term, we divide twice the 
sum of the series by the number of terms, and subtract the first 
term from the quotient. 

267t To find the first term, a, from the second equation* 

H^y 
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Multiplying, 2S=s(i+a)«. 

2S 
Dividing, — =zIr-\-a. 

Transposing, Lsso, 

Changing terms, a= L. 

Therefore, haying the last term, number of terms, and sum of 
the series, given to find the first term, we divide twice the sum 
of the series by the number of terms, and subtract the last term 
from the quotient. 

17. Let the last term be 39, number of terms 19, and the 
sum of the series 399, to find the first term. 

n 19 

268i To find the common difference, ^, from the 1st and 2d 
equation. 

We find the value of X, in the first equation, to be 

i=a+(?i— 1)^. 

Substituting this value of X for 5 in the 2d equation, and 
then transposing, we have 

n{n — 1) ' 

18. If the first term is 5, the number of terms 15, and the 
sum of the series 285, what is the common difference ? 

Ans. 2. 

19. If the first term is 3, the number of terms 19, and the 
sum of the series 399, what is the common difference ? 

Am, 2. 

20. K the first term is 7, the number of tMMis 8, and the 
sum of the series 100, what is the common difference ? 

Ans, If. 

Problems. 

1, The first term is 5, the common difference 3. What is the 
7th term? Ans. 23. 
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2. The first tena is 3, the common difference 4^. What is 
the 5th term ? Atis, 20^. 

3. The first term is 18, the common difference J. What is 
the 7th term ? Ans. 19j. 

4. The first term is 7, the common difference 2^, and the 
number of terms 5. Kequired the last term. Ans, 17. 

5. The first term is f , the common difference f . What is the 
10th term ? Ans. 7^^ . 

6. The first term is 0, the common difference Ij-. What is 
the 20th term ? * Ans. 28j. 

7. The first term is 10, the common difference — 2. What is 
the 4th term ? Ans. 4. 

8. The first term is — 8, the common difference — 3. What 
is the 10th term ? Ans. — 35. 

9. The first term of a descending series is 85, common dif- 
ference 7. Eequired the 10th term. Ans. 22. 

10. The first tem» is 3^, the common difference 2^. What is 
the 5th term, and the sum of the series ? Ans. 12^, and 39^. 

11. The first term in a descending series is 2j^, the common 
difference is J. What is the 10th term, and the sum of the 
series ? Arts. |, and 13|. 

12. The first term is a, the common difference is d. What is 
the wth term ? Ans. a-^-d^n—l). 

13. What is the sum of the odd numbers from 1 to 100 ? 

Ans. 2500. 

14. If the first term is 4j-, the common difference 3^, and 
number of terms 8, what is the sum of the series ? Ans. 134. 

15. K the first term is 7, the common difference — 4, and the 
number of terms 6, what is the sum of the series ? 

• Ans. —18. 

16. If the first term is 5, the last term 19, and the number 
of terms 6, what are the other terms of the progression ? 

Ans. 7t, lOf 13f , 16f 
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17. If iJie extremes are —9 and 18, and tilie number of terms 
5, what are the other terms of the progression ? 

Ans. — 2^,4^,11^. 

18. If the last term of an ascending series is 20, the com- 
mon difference 5, and the somber of terms 8, whaf is the som 
of the series? Ans. 20. 

19. There is a number consisting of three digits in arith- 
metical progression, whose sum is 12 ; and, if 396 be added to 
the number, the digits will be inyerted. What is the number i 

Am. 246. 

20. There is a certain island 50 miles in circumference. Two 
men, A and B, set out to trayel round it. A goes 10 miles 
each day. B goes 2 miles the first day, 5 miles the second day, 
and 8 miles the third day, trayelling each day 3 miles further 
than the day preceding. How far will A and B be apart the 
8th day ? Ans. 20 miles. 

21. John Smith and John Jones set out from Boston for the 
city of Washington, the distance being -440 miles. Smith 
started 5 days before Jones, and trayeb 15 miles per day. 
Jones trayels 25 miles the first day, 23 miles the second day, 
and 21 miles the third day, trayelling each day 2 miles less 
than the preceding. How far apart will Smith be from Jones at 
the end of the 20th day, and how &r will each be from 
Washington ? 

Ans. 135 miles apart. Smith 140 miles from Washington. 
Jones 275 miles from Washington. 

22. If the first term is J, the common diiFerence — ^, and 
the number of terms 20, what are the last term and the sum of 
the series ? - ( Last term, — 2f . 

( Sum of the series, — 21|. 

23. If one extreme is ^, the common difference — -j^, and 
the sum of the series — 1^,'what is the number of terms ? 

Ans. 12. 

24. If the first term is -^^y ^^t term 2^, and the sum of the 
series 37, what is the number of terms ? Am. 24. 



ABITHHBTIOAIi PBOGBBSBION. 229 

25. J£ the first term is B, the last term 17, and the number 
of terms 29, what are the terms of the series ? 

Ans. 3, 3^, 4, 4j, 5, 5j, &c. 

26. The sum of the series is 16^, the number of terms 10, 
and the common difference ^, to find the first term. Ans, ^. 

27. The first term of an arithmetical series is —5, the com- 
mon difference 1^; what is the 9th term ? Ans. 7. 

28. What are the three means between —1 and 15 ? 

Ans.* 3, 7, and 11. 

29. The first term is Ij-, number of terms 10, and the sum of 
the series 6|« What is the common difference ? Ans. — >^. 

80. There are three numbers in arithmetical progression 
ffhose sum is 10, and the product of the second and third is 
83^. What are those numbers ? Ans. -*3^, 3^, and 10. 

^ 81. The number of terms of an arithmetical progression is 

' ^ equal to ^ the common difference, the last term is equal to 4 

^ times the first, and the sum of the series is equal to f the 

i square of the first term. What are the series, and the sum of 

^' the series? 

^ (The series, 20, 32, 44, 56, 68, 80. 

' I Sum of the series, 300. 

82. There are four numbers in arithmetical progression whose 
sum is 28, and the sxmi *of whose squares is 216. What are 
^ those numbers ? Ans. 4, 6, 8, and 10. 

^ ' 83. Find three ^umbers in arithmetical progression whose 

sum is 9, and the sum of whose cubes is 99. 

Atvs. 2, 3, and 4. 
««^ 

84. What are those four numbers in arithmetical progression 
the sum of the squares of whose first two terms is 34, and the 

X^. sum of the squares of the last two is 180 ? 

Ans. 8, 5, 7, and 9. 

85. A certain number consists of three digits, which are in 
~^/^ arithmetical progression ; and, if the number be divided by the 

> sum of its digits, the quotient will be 27f, but, if 896 be %ided 
•^ 20 
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to the number, the digits will be inverted. Kequired the nmn- > 
ber. Ans. 579. r-v ^ 

36. What are those four numbers in arithmetical progression ^^ 
the sum of the squares of whose extremes is 90, and the sum of ^ 
the squares of the means is 74 ? Ans. 8, 5, 7, and 9. ''^ 

37. What are those four numbers in arithmetical progression ^ 
whose sum is 14, and whose continued product is 120 ? *• 

Ans. 2, 8, 4, and 5. ^ 

88. There are four numbers in arithmetical progression, the 
product of whose extremes is 112, and jthat of the means 120. 
What are the numbers ? J^ Ans. 8, 10- sl2, and 14, 

39. A and B, 165 miles firom each other, set out with a 
design to meet. A travels one mile the first day, two the ~^ 
second, three the third, and so on. B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. How soon will .^ 
they meet? Ans. 10 days, or 88 days. <:; 

40. There are four numbers in arithmetical progression, whose / 
continued product iff 1680, and common difference is 4. B.e- "^ 
quired the numbers. Ans. 14, 10, 6, 2. i 

41. Five persons undertake to reap a field of 87 acres. The 
five terms of an arithmetical progression, whose sum is 20, will 
express the times in which they can severally reap an acre, and 
they all together can finish the job in 60 days. In how many 
days can each, separately, reap an acre ? 

Ans. % 8, 4, 5, 6 days. 

42. A gentleman set out from Boston for New York. Se 
travelled 25 miles the first day, 20 miles the second day, each 
day travelling 5. miles less than the preceding. How far was 
he &om Boston at the end of the eleventh day ? Ans, 

43. Suppose a number of stones were laid a rod distant from 
each other for twenty miles, and the first stone a rod from a 
basket. What length of ground will that man travel over, who 
gathers them up singly, returning with them, one by one, to the ^ 
bask§t ? Ans. 128,060 miles, 2 rods. 
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There are twenty different cases in Aritlunetical Progression, 
all of which are exhibited in the following Table. 



No. 



Giren. 
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SECTION XXI. 

GBOMBTBIOAL PROGRESSION, OR PROGRESSION BY 

QUOTIENT. 

Abt. 269i When there are three or more numbers, snch that 
the same quotient is obtained by dividing the second by the 
first, and the third by the second, and the fourth by the third, 
&c. ; or, such that they increase or decrease by a constant 
multiplier, they are said to be in Geometrical Progression, and 
are called a Geometrical Series. Thus, 
(1) (2) (3) (4) (5) (6) 

(1.) 2, 6, 18, 54, 162, 486 = 728, sum of the series. 

(2.) 486, 162, 54, 18, 6, 2 = 728, sum of the series. 

The first is called an ascending series, and the second a de 
scending series. 

In the first the quotient or multiplier is 3, and it is called - 
the ratio. In the second the ratio is ^. 

270t The first and last terms of a series are called the ez* 
tremeSf and the others are the means. 

271 1 It will readily be perceived, in either of the above series 
(hat the product of the extremes is equal to the product of 
any two of the means equally distant from the extremes. Thus, 
2x486=6x162=18x54=972. 

272t If there are only three terms, th6 product of the ex- 
tremes is equal to the square of the second term. 

273i It is evident, by examining either the above series, that 
any term may be obtained by multiplying the first term by the 
ratio as many times, wanting one, as there are terms required. 

If, therefore, the 1st term is 2, and the ratio 3, and we wish 
to obtain the 6th term, we have only to multiply the 1st term, 
2, by the ratio 3, five times. 

Thus, 2X3X3X3X3X3=486, the 6th term. 
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The above may be generalized in the following manner : 

Let a = first term of a series. 

X := the last term. • 

r = the ratio. 

n = the number of terms. 

S = the sum of the series. 

(1) (2) (3) (4) (6) (6) 
Then a, ar, ar^, ar^, ar*, ar*, &c., may represent any 
geometrical series ; and, if r, the ratio, is considered as more 
than a unit, the series is asceriding ; but, if r is less than a unit, 
the series is descending. 

The exponent of r in the second term is 1, in the third term 
2, in the fourth term 8, in the fifth term 4, and so on ; there- 
fore, the exponent of r in the last term will always be one less 
than the number of terms. The exponent of the nik term in the 
above series would therefore be ar^K 

274 • If, therefore, in any series the number of terms be 
denoted by w, and the last term by L, the following will be the 
formula for finding the last term : 

(1.) L=zar^\ 

And L=r^\ when the first term is a unit. 

In the above equation we have four quantities, a, X, r, and n ; 
and, if any three of them be given, the others may be obtained 
as follows : 

To find a, the first term, we divide both terms of the above 
equation by r^\ and transpose the terms ; and we have 

(2.) a=^. 

To obtain r, the ratio, we divide the terms of the 1st equa- 
tion by a, extract the (n — l)th root, and transpose the terms ; 
and we have 

To find n, we shall show when we come to treat of exponential 
quantities. 

20=**= 
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1. Kthe first tenn is 7, the ratio 8, and the mmiber of tenns 
5,*reqnired the last term. 

i=flr*-i=7{3)*=567. Am. 

2. K the first term is 1, the ratio 5, and the number of terms 
5, what is the last term ? 

X==r-i=5*=625. Avs. 

3. K the last term is 405, the ratio 8, and the number of 
terms 5, what is the first term ? 

X 405 ^ 4 

4. K the last term is 8, ratio 5, and the nomber of terms 4, 
what is the first term ? 

£88. 

a==----r==::7-r--==rrrr. AfHS. 

r^^ 5*~^ 125 

5. If the first term is 5, the last term 1215, and the number 
of terms 6, what is the ratio ? 

27 

6. If the first term is 4, the last term T^r^jr. and the number oi 

* 320 

terms 4, what is the ratio ? 

7. If the first term is -j^, the last term 64, and the number 
of terms 6, required the ratio. Ans. 4. 

8. If the last term is 185, the number of terms 4, the ratio 
8, what is the first term ? Ans, 5. . 

275* To find any number of geometrical means between any 
two given numbers. 

In the 8d formula, we found r= — • 
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If we let m represent the number of means, then m-]-2=n , 
for the number of terms is always two more than the number 
of means. 

Therefore, (-\^i= fz. \s^. 

Consequently. r=(^)=^. 

276* Haying, therefore, tiie extremes given to find any num- 
ber of means, we divide the greater extreme or number by the 
less extreme, and extract that root of the quotient denoted by . 
the number of means plus 1. This root is the ratio; and 
having the ratio, the means are readily obtained. 



EXAMPLES. 

9. Find two geometrical means between 6 and 162. 

162-^6=27 : /y27=3, the ratio ; 6x3=18, the first mean 
18x3=54, the second mean. 

10. What is the geometrical mean between 18 and 882 ? 

882-f-18=49 : //49=7, the ratio; 18x7=126, ike geo- 
metrical mean. 

11. Required the five geometrical means between 1 and 64. 

Ans. 2, 4, 8, 16, 32. 

12. A has a piece of land, which is 18 rods wide, and 288 
rods long. Bequired the side of a square piece that shall con- 
tain an equal number of square rods. Ans. 72 rods. 

277* To find the sum of all the terms of a geometrical series. 
Let the following be the series : 

(1.) 2, 6, 18, 54, 162. 

By examining this series, we find the first term 2, the ratio 3, 
and the last term 162. 

If we multiply each term in the series by the ratio 3, we 
obtain 

(2.) 6, 18, 54, 162, 486. 

It is evident that the sum of this last series is three times the 
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former ; tiierefore the difference between them will be eqnal to 
twice the sum of the first series. Thus, 

From 6, 18, 54, 162, 486, second series, 

Take 2, 6, 18, 54, 162, first series. 

—2 486=484, difference of Ihe series. 

From the above operation, it appears that 484 is twice the 
sum of the first series ; and, therefore, 484-~2=:242 is the 
sum required. 

By examining the process, we perceive that 242 is obtained 
by multiplying the last term of the first series, 162, by the 
ratio 3, and subtracting &om the product the first term 2, and 
dividing the remainder, 484, by 2 a number which is our less 
than the ratio. Hence the propriety of the following 

Bulb. Multiply the last term by the ratio, find the difference 
between this product and the first term, divide this remairider by 
the difference between the ratio and unity, and tve have the sum 
of the series. 

278. We may generalize the above, as follows : 

Let a represent the first term of a geometrical series, r the 
ratio, L the last term, n the number of terms, and S the sum of 
the series. Then 

(1.) S=a+ar-}-ar^-\'ai^+ar*'{-ar'^. 

We next multiply each term of the above equation by r, and 
we have 

(2.) Sr^ar+ar^-^-ar^+ar^-^ar^-i-ar^. 

By subtracting the first equation from the second, we have 

Dividing by r — 1, we have the formula for finding the sum 
of the series 

„ ar^—a ar^—a (r"--l) 

5^= r-, or r r-, or a ^ ;r~. 

r— 1 r — 1 r — 1 

If the ratio is less than a unit, we transpose the terms, thus : 

„ a— ar^ a— ar" (1— r") 

S=-= , or -= , = a\ . 

1 — r 1— r I—?* 



aaOMBTKIOAL PBOGKaSSION. 287 

279* The index of the ratio is always equal to the ntunber of 
terms. 

By the aboye formulso, we have a method for iGinding the sum 
of the series without the last term, which may be expressed by 
the following 

BxTUL Baise the ratio to a power whose expcment is equal 

to the Toimher of terms ; multiply this power by the first term, 

find the difference between this product and the first term, and 

* divide this remainder by the difference between the ratio and 

unity. 

If we substitute the value of L as found in Art. 274, we 
shall have 

r — 1 
A rule for this formula would be the same as in Art. 278. 

13. K the first term is 7, the ratio 3, and the number of 
terms 5, what is the sum of the series ? 

S= =-== ^ ., = 847. Ans. 

r— 1 3—1 

14. If the first term is 9, the ratio f , and the number of 
terms 4, what is the sum of the series ? 

p a— ar» 9— (9x(|)* .... a 
1—r 1— f ^^ 

15. If the first term is 144, the ratio 1.06, and the number 
of terms 4, what is the sum of the series ? Ans, 629.945. 

16. If the first term is 9, the ratio ^, the number of terms 6, 
what is the sum of the series ? Ans. 11-^fj^. 

17. If the first term is a, the ratio r, and the number of 

terms n, required the sum of the series. 

. aar^-'a a(r"— 1) 

Ans, =-=-i — --1-. 

r— 1 r— 1 

18. If the first term is 1, the ratio 2, and the number of 
terms 7, what is the sum of the series ? Ans, 127. 
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19. K the first term is 5, the ratio 10, and the nomber of 
terms 7, what is the sum of the series ? Ans. 5555555. 

20. If the first term is 4, the ratio ^, and the nmnber of 
terms 5, what is the snm of the series ? Ans. 5f^. 

21. 1£ the first term is 5, the ratio •}, and the nomber of. 
terms 5, what is the smn of the series ? Atis. 6^j^. 

22. A gentleman agreed with another to hoard him for 9 
days ; he was to pay 3 cents for the first day's board, 9 cents 
for the second day, 27 cents for the third day, and so on, in this 
ratio. What was the amount of the bill for the gentleman's 
board? Ans. $295.23. 

To find Z, r, and a, firom the following equation. 

ir— a 



r—l 




Multiplying by r — 1, 


Sr— »S— r^r— a. 


Besolving into fiictors, 


S{r— 1)— r^— a. 


Transposition, 


£r— S{r— l)+a. 


Division, 


^_S(r-l)+a 
r 


To find r from the above equation. 






r—l 


Multiplying by r—l, 


SrS—Lr'-a. 


Transposing, 


Sr—Lr—S—a. 


Dividing by S— X, 




To find a from the above equation. 


* 


• 


r—l 


Multiplying by r—l, 


Sr— »S— T/r— a. 


Transposing, 


<z— />— (r— 1)5. 



23. If the first term is 3, the ratio 2, and the sum of the 
series 93, what is the last term? Ans. 48.. 
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24. Insert three geometrical means between j- and 128. 

Arts. 2, 8, 32. 

25. K the first term is 2, the last term 4374, and the number 
of terms 8, what is the ratio ? Am. 3. 

26. If the ratio is 2, the number of terms 6, and the great- 
est term 128, what is the least term ? Ans. 4. 

27. If the first term is 3^, the ratio f , the number of terms 
8, what is the last t^rm, and what is the sum of the series ? 

Ans, Last term -^^^t and the sum of series S^^^]^. 

28. If the first term is 1, the last term 64, and the number 
of terms 7, what are the ratio, and the sum of the series ? 

Ans. Katie, 2 ; the sum of the series, 127. 

^29. If the last term is 64, the number of terms 7, and the / \ 
sum of the series 127, what are the ratio, and the first term ? "~ ^ 

Atis. Eatio, 2 ; the first term, 1. 

30. If the first term is 2, the ratio 4, and the number of 
terms 12, what are the last term, and the sum of the series ? 

Ans. Last term, 8388608; sum of the series, 11184810. 

31. The product of three terms in geometrical progression is 
64, and the sum of their cubes is 584. Wiiat are those num- 
bers ? Ans. 2, 4, 8. 

32. There are four numbers in geometrical progression, the 
second of which is less than the fourth by 24, and the sum of 
the extremes is to the sum of the means as 7 to 3. Required 
the numbers. Ans. 1, 3, 9, 27. 

33. It is required to find four numbers in geometrical pro- 
gression, such that the difference of the two means shall be 14, 
and the difference of the extremes 49. 

Ans. 7, 14, 28, and 56. 

The following are the two i^damental equations from which 
the twenty different cases are exhibited, — 

and which are found in the following 



^ 
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The last four oases in the preoediog table can be performed 
only by the aid of logarithms, as they belong to exponential or 
transcendental equations. They will, therefore, receive atten- 
tion in their proper place. 



SECTION XXIL 

HABMONICAL PBOGEESSION. 

Art. 280* Three numbers are said to be in harmonical pro 
gression when the first is to the third as the difference between 
the first and second is to the difference between the second and 
third. 

Thus the numbers 3, 4, 6, are in harmonical proportion. 

For 8:6:: 4—3 : 6—4. 

Or a, by c, are in harmonical proportion when 

a : c : : b — a : c — b. 

Thus, if the length of three strings of a musical instrument be 
as the numbers 3, 4, 6, they will sound an octaye 3 to 6, a fifth 
2 to 3, and a fourth 8 to 4. 

281 • Four numbers are in harmonical proportion when the 
first is to the fourth as the difference between the first and 
second is to the difference between the third and fourth. Thus 
the numbers 5, 6, 8, 10, are in harmonic proportion. 

For 5 : 10 : : 6—5 : 10—8. 

Strings of such lengths will sound an octaye 5 to 10, a sixth 
greater 6 to 10, a third greater 8 to 10, a third less 5 to 8, and 
a fourth 6 to 8. 

282fl Any number of quantities, a, b, c, d^ e, &c., are in har- 
monical progression if a : c : : a — b : 5— c; bid:: b — c : 
e — d ; c : e : : c—d : (?— 6, &c. 

21 
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283* The reciprocal quantities in harmonical progresdon are 
in arithmetical progression. 

Thns, i£ Oy bf c, d, e, &o., are in harmonical progression, 

-9 T» ~> 1* "9 &0*) ^^ ^® ^ arithmetical progression. 
a o c a e 



SECTION XXIII. 

INFINITE SSBIES. 

Art. 284t An ipfinite decreasing geometrical series is one 
whose ratio is less than unity, and the number of whose terms is 
infinite. 

To find the sum of an infinite series decreasing in geometrical 
progression. 

We have already found, Art. 277, that the sum of a descend- 
ing series in geometrical progression may be ascertained by the 
following formula. 

„ a—ar^ ^ a ar^ 
o=^i , or o=r: 



1 — r 1 — r .1— r' 

285* Now, if r" be a firaction less than a unit, it is evident 
that the greater the number tz, the smaller will be the quantity 
r". If, therefore, a great number of terms of a descending 
series be taken, the quantity r" will be very small ; and, if we 
suppose n greater than any assignable number, then the quan- 
tity, or its value, may be considered as nothing = 0. 

Hence the latter part of the formula, — = , should be 

1 — r 

omitted, and it will stand 

a 



Thus, 5=: 



l-r 

The rule, therefore, for finding the sum of the series, is a& 
follows : 

Rule. Divide the first term by the difference between unity 
and the ratio. 



/ 



J 
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1. What is the sum of the infinite series, 1, ^, ^, ^V* A' 

2. What is the sum of 1, ^, ^, ^, &o., to infinity ? il7». 2. 

3. What is the sum of the series, 8, f , ^, yf^, &c, carried 
to infinity ? J.7W. 10. 

4. Find the value of J, i^ ^, -j^, &c., to infinity. Ans. 1^. 

5. Find the value of 4, 1, ^, -j^, &o., to infinity. ^Itw. 5^. 

6. What is the exact sum of 1, 3^, i^^y, &o., to infinity ? 

Ani. 1^. 

7. Find the exact value of the circulating decimal .444, &c., 
to infinity. 

.444, &o.=A+yJxr+Ti/^» *^e ratio teing ^. 



1-A A" 

[See National Abtthmetio, page 168.] 

8. What common fraction will exactly express the value of 
the repeating decimal .454545, &c. ? 

.454545=^^+Tn^^+T;nftftnnr» ^^ ratio being y^. 

9. What common fraction is the exact value of the decimal 
571428 ? Ans. ^. 

10. What common fraction is the exact value of .857142 ? 

Ans. ^. 

11. What is the exact value of .53 ? 

.53=T^ and T^xr+Trylnr+ ioSoo f &o. 

12. What is the value of .138 ? Ans. •^. 

13. Find the ratio of an infinite series whose first term is 8, 
and the sum of the series 10. Ans. ^. 
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14. Find the ratio of an infinite series whose first term is {, 
and whose sum is 1^. Arts. i. 

15. Find the first term of an infinite progression of which 
the ratio is •(, and the sum 10. Aru. 8. 



SECTION XXIV. 

SIMPLE INTBBB6T. 

Art. 286* Interest is the compensation which the borrower 
makes to the lender for the nse of a certain sum of money for a 
given time. 

Principal is the sum lent. 

Rate per cettt, is the sum agreed on for the loan of $1, or 
$100, for one year. 

Anunint is the smn of i)he interest and principal. 

Legal iraerest is the rate per cent, established by law. 

Let p = principal. 

r = rate per cent., written in hundredths. 
t = time in years. 
a = amount. 
t or a-^p js. interest for the given time. 

Hence, if r be the interest of one dollar for one year, it is 
evident that the interest of jp dollars will be p times r=pr. 

And if pr be the interest of p dollars for one year, it is cer-* 
tain that for t years it will be t times as much, = ptr, and that 
p-^ptr will be the amount, and i or a^p will be the interest. 

287fl Hence, having the principal, rate per cent., and time 
^ven, to find the interest and amount, we have the following 
formukd : 

Formula for the interest, 

i=sptr. 
Formula for the amount, 

a=:p-i'ptr. 
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From the preceding formxdso we haye, for finding the interest 
and amount, the following 

Rule. Multiply the principal by the rate per cent,, considered 
as a decimal, and this product by the time in years, and the result 
is the interest. 

If there are months and days, let the momths be considered as 
fractions of a year, and the days as fractions of a month. 

By adding the interest to the principal, toe have the amoufit. 

[See ISATianMiA Axithhbiio, page 164.] 

EXAMPLES. 

1. What is the interest of $740 for 4 years, at 6 per cent. ? 
i=;??r=740x .06x4=$177.60. Ans. 

' 2. What is the interest of $380 fdr 10 years, at 5 per cent. ? 

Ans, $190. 

3. What is the interest of $890.75 for 3 years, 6 months, at 8 
per cent. ? Ans, $249.41. 

4. What is the interest of $17.18 for 5 years, 2 months, 10 
days, at 4j- per cent. ? Ans, $4.02. 

5. What is the amount of $144 for 3 years, at 8 per cent. ? 

a=jp+;?r^=144+(144x.08x3)=$178.56. Ans, 

6. What is the amount of $800 for 6 years, 1 month, 12 days, 
at 6 per cent. ? Ans. $1093.60. 

7. What is the amount of $670.18 for 3 years, 7 months, 20 
days, at 9 per cent. ? Ans, $889.66. 

288fl Having the amount, time, and rate per cent, given, to 
find the principal. 

By transposing, &c., the last equation, we have 

From which we have the following 

Rule. Multiply the time by the rate per cent,, and add 1 to 
the prodzcct ; uoith this sum divide the anwunt, and the quotient 
is the principal, 

21* 
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8. BeceiTed $472 for a certain smn that had been on interest^ 
at 6 per cent., for 8 years. What was the smn lent ? 

9. What prineipal will amount to $570 in 10 years, at 5 per 
cent.? Am. $380. 

10. What principal will amount to $1140.16 in 3 years, 6 
months, at 8 per cent. ? Ans. $890.75. 

11. Lent a certain sum for 5 years, 2 months, 10 days, at 4^ 
per cent., and received interest and principal $21.20 ; what was 
the sum lent ? Am, $17.18. 

12. My firiend borrowed of me a certain sum, which he kept 
3 years, and for which I charged him 8 per cent., and received 
interest and principal $178.56. What was the sum I lent him ? 

Am, $144. 

13. Beceived as interest and principal $889.66 &om a friend 
to whom I had loaned a certain sum for 3 years, 7 months, and 
20 days, at 9 per cent. What was the consideration of his 
note? Am. $670.18. 

289* Having the amount, principal, and rate per cent, ^ven, 
to find the time. 

,By transposing and reducing the last formula, we have the 
following formula for finding the time, t. 

From the above formula we have the following 

BuLE. Divide the interest hy the product of the principal 
multiplied by the rate per cent,, and the quotient is the time. 

[See National Abithmstio, page 181.] 

14. How long will it require $300 to amount to $372, at 6 
per cent. ? 

T * * «-JP 372-300 ^ 

^'' '=Tr=:06x300=^ y^"- ^^- 

15. In what time will $380 amount to $570, at 5 per cent. ? 

Atis. 10 years. 
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16. Lent, at 8 per oent., $890.75, for which I receiyed 
$1140.16 ; for how l(»ig time was the money lent ? 

Ans. 3 years, 6 months. 

17. Sor $17.18, which was loaned at 4j- per cent., there 
was received $21.20. For how long time had it been lent ? 

Arts, 5 years, 2 months, 10 days 

18. The interest and principal, on a certain sum, at 9 per cent., 
are $889.66 ; and the interest is $670.18 less than the amount 
How long was the money at interest ? 

Ans, 3 years, 7 months, 20 days. 

19. A has B's note, dated January 1, 1851, for $320, at 9 
per cent. When will the note amount to $353.60 ? 

Ans, March 1, 1852. 

290fl Having the principal, interest and time ^ven, to find 
the rate per cent. 

By transposing the last formula, we obtain the following for 

finding r, the rate per cent. Thus, 

a — p i 
r= — f-, or --. 
pt pt 

The pupil will perceive that the amount is known when the 

interest and principal are given. 

What is the rate per cent, for $300, that it shall amount to 

$372 in 4 years ? 

a— p 372-300 _ ^ 
rss—- -f-= = ,06, or 6 per cent. 

pt 300x4 ^ 

Hence we deduce the following 

Rule. Divide the interest by the prodttct of the principal 
Tmdtiplied by the time^ and the qitotient is the rate per cent. 

20. If $380 amount to $570 in ten years, what is the rate 
per cent. ? Ans. 5 per cent. 

21. Lent $890.75, for 3 years, 6 months, and received for the 
amount $1140.16. What was the rate per cent. ? 

Ans. 8 per cent. 

22. If $17.18 amount to $21.20 in 5 years, 2 months, and 10 
days, what is the rate per cent. ? Ans. 4 J per cent. 
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23. K the interest of $670.18 for 3 years, 7 months, and 20 
days, be 8219.48, what is the rate per cent. ? 

V Am, 9 per cent. 

24. John Smith, Jr., gave me his note, dated January 1, 
1848, for $144 : but he having been unfortunate in business, I 
agreed, May 7, 1851, to give him up his note for $15^.64.8. 
What per cent, did I receive ? Atis. 2 per cent. 

25. My tailor informs me that my " &eedom suit " will re- 
quire 7^ square yards of cloth ; but the cloth I am about to 
purchase will shrink 5. per cent, in width, and 4 per cent, in 
length, and the clpth is 60 inches wide. How many yards must 
I purchase ? Am, 4 yards, 83ff inches. 



SECTION XXV. 

DISCOUNT AT SIMPLE INTEREST. 

Ajelt. 291* Discount is an allowance for the payment of any 
sum of money before it becomes due, and is the difference 
between that sum and its present worth. 

The present worth of any sum due some time hence is such a 
sum as, if put at interest, would, in the time for which the dis- 
count is to be made, amount to the sum then due. 

To find the worth of any sum due at any time hence : 

Let iS = the sum due. 

p =: the present worth. 

t = the time in years. 

r = the rate per cent, considered as so many hun- 
dredths. 

We have before shown, in Art. 287, that assip-^-ptr. 



" 1 
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We now substitute S for a, and consider p to represent the 
present worth ; and, by transposing the equation, find 

from which we deduce the following 

BuLE. Multiply the time by the rate per cent.t ^^dd 1 to the 
product, and divide the sum on which the discount is to be taken 
by this sumy and the quotient is the present worth. 

If the present worth is taken firom the sum due, the re- 
mainder is the discount. 

[See National ABXTHMKno, page 187.] 

1. What is the present value of $500, due 4 years hence, at 
6 per cent. ? 

By transposing the quantities in the above formula, we may 
obtain the values of 5, ^, and r. 

2. What is the present worth of $372, due 4 years hence, at 
6 per cent. ? Avs. $800. 

3. What is the present worth of $133.20, due 20 months 
hence, at 8j^ per cent. ? Ans. $117»09. 

4. What is the discount on $21.20, due 5 years, 2 months, 
10 days hence, at 4j- per cent. ? Arvs. $4.02. 

5. A has B's note, dated January 1, 1851, for $353.60, to be 
paid March 1, 1852, without interest. What was the value of 
this note at the time it was given, if 9 per cent, discount is 
allowed? Am. $320. 

6. Which is worth the most, A's note for $144, due 10 years 
hence, at 6 per cent., or B's note for $176.40, due 8 years 

hence, at 12 per cent. ? Arvs. ^^^L-y, \jC^ il^H. 

7. A legacy of $1725 is due one year hence. What is its 
present value, at 15 per cent. ? Ans, $1500. 

8. James Brown has S. Smith's note for $162, payable 6 









h 
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months hence ; bnt Brown, being obliged to raise money, sold 
the note for $150. What per cent, did he allow ?* 

A- 'Afi' Bought a fium for $590, for which I was to pay in a cer- 
Cain time, without, interest ; but, by making prompt payment, I 
was allowed a discount of 6 per cent, for the whole time, and 
paid only $500. How long was the time allowed for payment ? 

c;" Ans. 3 years. 

. 7 ""^ 10. Bought a horse for $200, and gave my note, payable in 
/ ^ ("J^ days. What ready money, at 15 per cent., will discharge 
the debt ? Ans. $195.12+. 

11. What is the present worth of $1827, due 100 years 
hence, at 6 per cent. ? Ans, $261. 

9^ 

SECTION XXVI. 

PARTNBKSHIP, OR COMPANY BUSINESS. 

Abt. 292* Partnership is the association of two or more 
persons in business, with an agreement to share the profits and 
losses in proportion to the amount of the capital stock con- 
tributed by each. 

EXAMPLES. 

1. Three men. A, B and C, enter into partnership for two 
years, with a capital of $1600. A puts into the firm $300, B 
$500, and $800. They gain $320. What is each man's 
share of the gain ? 

Let a; == A's gain. 

Then, as each man's share of the gain will be in proportion to 
his stock. 

And -5- = B's gain. 

o 

Y = C's gam. 
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And a;+~+^ = $320. 

8a;+52:+8a; = 960. 
16a: = 960. 

a; = 60 = A's gain. 

^ = 100 = B»s gam. 

82: 

^ = 160 =n C's gain. 

YEBinCATION. 

60+100+160=$320. 

Or, let m, n, and p represent A, B, and C's stock, and a the 
sum gained. 

Also, let x = A's gam. 

Then, it is evident that each man must receive according to 
his capitaL 

That is, as A's stock is to his gain, so will B's stock be to his 
gain, &c. 

?M7 

Therefore, mix: : n: — = B's. 

m 

And w : a; : : o : — = O's. 

m 

Then, x+—4-^ = ^ 

mm 

And mX'^nx-]'px=sam, 

rnu X. «^ 320x300 .^^ ., . 

Therefore, x=: = Trrrr: — -^ — S60, As sam. 

' m+n+p 300+500+800 ^^^^^''^^ 

Then, by the principle above stated, 

m-\'n+p wr\-m,'\'p 300+500+800 ° 

And, 
am ap 320x800 .^^^ ^, . 
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«i*+w+l' m-f-n+p m-f-n-f-p m-f^-^-p 

Therefore, to find the gain or loss .on any man's stock, we 
dednoe from the above formulse the following 

Bnun. Multiply the whole gain hy each man^s stocky and 
dimde the product by the fohde stock. 

293t Haying each man's gain, and the amount of stock given, 
to find each man's share in the stock. 

2. A, B, and 0, while in trade, gained as follows. A gained 
$50, B $70, and $90. The amount of their stock in trade 
was $4200. What was the amount of each man's stock ? 

It is evident that each man's stock was in proportion to his 
gain. 

Let a;=A'8 stock. 

7x 
Then -7-=B'8 stock. 



And -=-=0's stock. 


7x Qx 
Therefore, a:4-^+^=4200. 

5a;+72:+9a:=21000. 
21x=21000. 
a:=1000. A's stock. 

5=1400. B's stock. 


92 

^=1800. C's stock. 





4200. Proof. 

* 

If we change the symbols of the first question, putting m, n, 
and p, for the gain of each man respectively, and a for the stock, 
we obtain the following formulas for finding the amount of 
each man's stock : 



1 
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t 

' ma 50X4200 



m-^n+p'^ bO+70+dO 

na _ 70X4200 

mJ^n+p'^bO+lO+dO 

pa 90x4200 



= $1000. A'b Btock. 



= $1400. B's stock. 



f „y ' 



. , — p;a . ^A . nA= ^180^- O'S Stock. 

m+n+p 504-70+90 

■ 

Hence, for finding each man's stock, we have the following 

Btjle. Mvltiply the whde stock by each man^s gain, and 
divide the product by the whole gain. y «^, 

3. Two men, M ai^ N, engaged in trade. M put in $500, Cf . 
and N $750. They gained $120. What is each man's gain ? <^ - w . ^, 

Am. M gained $48, N gained $72. 

4. Q ^nd X hired a field for $120, which they used for a v - /t * 
pasture. Q put in 11 cows, and X 15 cows. What sum should 
each man pay ? Ans. Q pays $50.76f|, X pays $69.23i^. 

5. A and B purchased a factory for $17,000. A paid $10,000, ^ 
and B the remainder. They gained $1500. What sum should '* 
each receive ? o^a ^ Am. A $882^, B $617f|. 

6. A, B, and' engaged in trade, with a capital of $6000. 

They gained $240. A's share of the gain was $100, B's $80, /: ( . 
and C's $60. What part of the stock did each own ? 

Ans. A $2500, B $2000, and $1500. 

7. A, B, and hire a pasture for the season for $100. A 
put in 5 horses, B 7 oxen, and C 9 cows. Two horses eat as 

much as 3 oxen, and 4 oxen eat as much as 5 cows. What part v, -^ 

of the expense must each pay ? Ans. A pays $34.56^^, B ' ' ^ 
pays $32.25J^, and C pays $33.17f^. '' 



8. Three men, A, B, and C, agreed to reap a field that was 
40 rods square for $32. A reaped a part that was 25 rods 
square, B reaped 400 square rods, and the remainder. What 
sum did each receive ? Ans. A $12.50, B $8, $11.50. 

PABTNEBSHIP ON TIME, OB DOUBLE FELLOWSHIP. 

9. A, B, and G engaged in trade. A put in $2000 for 4 
months, B put in $3000 for 8 months, and put in $4000 for 

22 



L 
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12 months. Thej gained $780. What is each man's share of 
the gain? 

Let m, Tif Pf represent each man's stock, a the whole gain, 
and tf fy t'\ the time each man's stock was in trade. It is 
evident that each man's stock gains not only in proportion to its 
sum, but also in proportion to the time it is in trade. For 
$2000 will gain four times as much in four months as it would 
in one month, and $2000 for &ur months is the same as $8000 
for one month. We must, therefore, multiply each man's stock 
by the time it was in trade. It is therefore evident, that as A's 
gain is to B's gain, as A's stock multiplied by his time is to B's 
stock multiplied by his time, &c. 

Let a:, y, z = A, B, C*s gain respectively. 

Then x \ y \\ mJt \ nt. 

Multiplying extremes, &o., y= — — = B's gain. 

And X : z I : wt I pt'\ 

Multiplying extremes, &c., z=^- — = C's gain. 

Multiplying by mt^ mtx-{-nfx-\-ptf'x:=mta. 

Therefore, 

Tnta _ 2000X^X780 __ 

w^+ni'+K'""2000x4+3000x 8+4000X 12"" * a4 gain 

nt^x 
But y= — -. 

TtH Tnta nt'a 

And by substitution, «=— -x^-ri — m — w=~n — tttz: 
^ ^ mt mt+TU-^pf 7nt+nt +pt 

3000X8X780 



// 



2000X4+3000X8+4000X12 

pf'x 
And z=^---. 

nU 

And by substitution. 



= $234. B's gain. 
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jpf' mta pf'a 

4000X12X780 _ ^^^^^ ^^^^ 



2000 X 4+8000 X 8+4000 X 12 

The above equations, by dividing the numeratots each into 
two fectors, may be expressed by the following proportiona : 



mt+nf+pf 


: frU : : a : X. 


mt+nf+pt" 


: nf : : a : y. 


mt+nt'+pf 


: pt" : : a : Zn 



Hence the following arithmetical 

Bulb. Multiply each marCs stock by the time it was contitmea 
in trade, arid then say. As the sum of all the products is to each 
man's product, so is the whole gain or loss to each man's gain 
or loss. [See National Asxthmetio, Seo. LYI.] 

10. A commenced business January 1, 1850, with a capital 
of $8000. May 1, 1850, he took B into partnership, with a 
capital of $4000. January 1, 1851, they had gained $840. 
What was each man's share of the gain ? 

Ans. A's gain $180, B's gain $160. 

11. A, B, and traded in company. A put in $800 for 10 
months, B put in $400 for 8 months, and put in $600 for 2 
months. They gained $120. What is the gain of each ? 

Ans. A's gain $48.64^f B's $51.89^, O's $19.45§^. 

12. Three men, A, B, and 0, hire a pasture in common, for 
which they are to pay $76.80. A put in 24 oxen for 12 weeks, 
B put in 25 oxen for 12 weeks, and put in 80 oxen for 6 
weeks. What sum ought each to pay ? 

Ans. A $28.80, B $30, $18. 

18. John Jones hired a house for one year for $500, with the 
privilege of admitting two more families if he pleased, with the 
understanding that all the occupants should have equal priv- 
ileges in the house. At the end *of three moniiis he took in 
John Smith, and at the end of 9 months Bichard Boe. What 
share of the rent should each pay ? 

Ans, Jones $291f , Smith $166f , Boe $41}. 
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14. Two men, A and B, Mred a coach in Boston to go to 
Worcester, the distance being 42 miles, for $20, with the privi 
lege of taking in two persons more. Having rode 30 miles, 
they take in ; and on their return from Worcester, when 
wilhin 20 miles of Boston, they take in D. What ought each 
man to pay for his accommodation in the coach ? 

Am. A «7.463^, B $7.46^^, C $3.88^*, D %^^-^^. 

15. A and B engage in trade. A puts in a dollars for b 
months, B puts in c dollars for d months, and they gain e dol- 
lars. What share of the gain shall each receive ? 

Atis, -T-r — r A's gam. -r-; — 5 B's gam. 
ab'\'Cd ° ao-{-cd ° 

16. A, B, and engage in trade, with a capital of S1911. 
A's money was in the firm 3 months, B's 5 months, and C's 7 
months. They gained $117, which was so divided as that the 
j- of A's gain was equal to j- of B's and ^ of C's gain. What 
was each man's stock and gain ? 

( A's stock $693^^^, B's $623f f^S, and C's $594^^%. 
-^^* ( A's gain $26, B's gain $39, and C's gain $52. 

17. If 12 oxen eat 3^ acres of grass in 4 weeks, and 21 oxen 
eat 10 acres in 9 weeks, how many acres would 36 oxen eat 
in 18 weeks, the grass to be growing uniformly ? 

• Am. 24 acres. 

18. Three men engage in partnership, for 20 months; A, at 
first, put into the firm $4000, and at the end of 4 months ho put 
in $500 more ; but, at the end of 16 months, he took out $1000. 
B, at first, put in $3000, but at the end of 10 months ha took 
out $1500, and at the end of 14 months he put in $3000. C, at 
first, put in $2000, and at the end of 6 months he put in $2000 
more, and at the end of 14 months he put in $2000 more ; but, 
at the end of 16, he took out $1500. They had gained, by 
trade, $4420. What is each man's share of the gain ? 

Ans. A's gain, $1680 ; B's gain, $1260 ; C's gain, $1480. 
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SECTION XXVII. 

INDETERMINATE ANALYSIS. 

■ 

Abt. 294* In the common rules of Algebra, such questions 
are usuall j proposed as require some certain or definite answer ; 
in which case, it is necessary that there should be as many inde- 
pendent equations, expressing their conditions, as there are 
unknown quantities to be determined ; otherwise the problem 
would not be limited. 

But, in other branches of the science, questions frequently 
arise that involye a greater number of unknown quantities than 
there are equations to express them; in which instance, they are 
called indeterminate^ or unlimited problems, being such as 
commonly admit of an indefinite number of solutions ; although, 
when the question is proposed in integers, and the answers are 
required only in whole positive numbers, they are in some 
cases confined within certain limits, and in others the problem 
day become impossible. 

Note. — The rale of Alligation belongs to Indetermmate Analysis. See 
tiie Author's National Abithmetio, page 275. 

EXAMPLES. 

1. Let 5a;+3y=49. 

It is required to solve the equation, and find all th^ integral 
and positive values of x and y which are possible. 

(1.) By transposition, 3y=49— 5a:. 

. (2.) Dividing as far as possible, 

ifi 22:-l 

By changing the fraction, for the sake of convenience, to a 
positive quantity, 

(3) y^U-2x+'^. 

Since we consider only the integral values of y, the fraction 
must be a whole number. 

22* 



Let n=that nomber. 
Then n=-~-. 

X=ssZll — 1. 

Sobstitating this valae of x in (3), 
We have, y=16— 2 (3»— 1) +n. 

Or, y=18— 5w. 

We have now the values of x and y in the terms of n, which 
mnst be whole numbers. 

By trying various values for n, we shall find all the possible 
values of a: and ^. 

Let n=l, and xz=z 2, and ^=13. 

91=2, " Xzsz 6, " y=:8. 

n==3, " xzss 8, « y=3. 
71=4, " a:=ll, « y=— 2. 

This last value of ^, being negative, is not allowed by the 
conditions of the question. 

The equation, therefore, admits of only three sets of answers 

2. How can $100 be paid with. 100 pieces, using eagles, 
dollars, and " nine-pences," each of the latter equalling one 
eighth of a dollar ? 



Let 


X — eagles, y dollars, z nine-pences 


(1) 


Then, aj+y+z— 1 00. 


(2) 


And 10x+y+^— 100. 

o 


(3) 


Multiplying (2) by 8, 80a:+8y+z=800. 


(4) 


Subtracting (1) from (3), 79a;+7y=:700. 


(5) 


Tra-nsposing, 7y=700— 79a:. 



(6) Dividing, y=100— 12a:+y. 

(7) Let n=:~. 
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(8) 
(9) 



7n 



bx. 
In 



(10) By substitution, y=100- 



79« 



Let 71 = 5, it being the smallest number that will give an 
integral value to a; ; and we find x==ly and ^=21, and z==72. 

Again, let n = 10, the next smallest number that will make 
X a positive whole number, and we find a;=14, and y a negative 
quantity; and so with every value of n that can be assumed, 
except 5. The question, then, admits of but one answer ; that 
is, 7 eagles, 21 dollars, and 72 nine-pences. 

The answer might have been obtained by eliminating y, instead 
of jzr. 

Thus, a:+y+z=100. 

io^+y+|=ioo. 

7z 



(1 
(2 



(3 
(4 
(5 

(6 
(7 
(8 



And 



Subtracting (1) from (2), 

Multiplying, 

Dividing, 

Let 

Multiplying, 

Dividing, 



9a: — g-=0. 

72:=72a:. 



Z=10z+y. 



w=- 



2a: 

T 

7n=2x. 
In 

T 



Xss- 



Let 91=2, it being the least number that will make x a whole 
number, and a;s=7, and 2^=72, and ^=21. 

If we suppose n=4, it being the next larger number that will 
make x an entire number, then a;=14, and z=144, which is 
impossible, by the conditions of the question. It is, therefore, 
certain that no numbers but 7, 21 and 72, are correct. 



8. Lei x+ f+ ^= ^}iotai9lLiS^nitepalaiA^» 
IiJid24x+19f+Wz=741 i itire nlneB dfx, f, and z. 

(1) Coodition, x+f+z=iL 

(2) And 24x+l^+iaz=:74L 

(3) Tnuuqpomig (1). z=41-z-y. 

(4) Tnuisposmg &c (2), z== jg ?. 

(5) Values of (3) and (4), 41— z-y= ^^~^^~^^. 



(6) Hahiplyiii^ 410— l(b--10yb=741— 24x— 19y. 
(7) 



/Q\ rr-. • «^ J- M- 831— 14x — 6x+7 

(8) Tza]i^osi]iganddiYidiD^Sfs= g ^=36— z-J ^-^ — . 

Changing ifae ngns in the last tenn, ao as to make 

5^ Y 

(9) zpositiYey y=36 — a: ^ — . 

(10) Let 5^=«. 

(11) Mnlliplying, 5z— 7=9n. 

(12) Dividing, ^=^T^- 

(13) Snbstitating this for the vaJne of z in the equation (9), 

we have 9a+7 

y=36 g n. 

(14) Multiplying, 5y=180— 9»— 7— 5?i. 

(15) Eeducing, 5y=173— 147i. 

Let n= 2, then y=29, and 2;= 5, and z= 7. 
n=r 7, " y=15, « z=14, « z=12. 
n=:12, " y=z 1, " a;=:23, " z=rl7. 

Another solution of the above question : 

(1) Let z+y+z= 41. 

(2) And 24a;+19y+10r=741. 



V I 
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(3) Eliminating the z% we have 

142:=:243— 5y. 

(4) Dividing, z=17+^. 

(5) Let w= "7. * 

14 

(.6) Mnltiplying, 147t=s5^5^. 

(7) Transposing, 5y=5— 14w. 

14n 

(8) Dividing, y=l — ^. 

(9) Eeducing, &c., ^=1— 3»+^. 

We might use the first value of y ; but, to do what it is con- 
venient to do in some cases, let us introduce a second auxiliary 
quantity, to represent the fraction in the 2d value of y. 

(10) Let OT=|. 

(11) Multiplying, &ms=sn, 

(12) By substitution, y=l— 14m. 

/I ox A J IT I 5 — (5— 7(bi) 

(13) And z=17-l ^-yj ■-. 

(14) Therefore, ^=17+5ot. 

The value ofy requires that m should be zero, or negative. 
Let us first suppose the value of m to be 0. 

Then, y=l— 14(0)=1. 

And z=17+5(0)=17. 

And a:=41-l-17=23. 

Let — 1 be taken for the value of m. 

And y= l-(— 14)= 1+14=15. 

z=17+5(-l)=17— 5=12. 
a:=41-12-15=14. 
Again, let —2 be taken for the value of jru 

And y=l— 14(-2)=;29. 



Aijuiiy let — 3 be taken Ibr the vmfaie of «. 
IheD, 7=1— 14(— 3)=43. 

lUf Tdoe of f is more titan tiie imited YafaKsof x, 31^ and z 
by tiie eondJitiona of tlie question. 

Hie time valneB of m (0, — ^1, — 2), then, are tiie onfy ooeB 
iHiiA win gire initial and positiTeYafaiesfiir an tiie quantities. 

Hie reason fiir nsing the second qnantitj (ai) vas to aToid 
finetions in the yaloes of y and z. Three or finir sncoesnre 
anziliaiy quantities may be nsed adrantageoiisly in some eases. 

2f5» To find two square nmubers whose som diall be a square. 
4. Let 2;«+^=r2*. 

Then 2;*=2*— y»=(z+y)(z— y). 

Hultipljing both sides by wi, we have iwz*=»i(z+y)(z — y). 



Assuming, 


iRa;=z4-y, and z=»i(z— y). 


We haye, 


z+y=»i*(z— y). 


Therefore, 


(»^+l)y— (rf— l)?r— (rf— l)(»ia;— y): 




(rf— l)OT2r— (OT*— l)y. 


Therefore, 


2ot^=(ot* — l)»iz. 


And 


2i7ty 



To obtain whole numbers without fractions, let y=m^ — 1; 
then we have 2;=22n, and z=:9n^4~^' ^^'^^ ^* ^® general 
/(W^w* of the three numbers will be a;=2OT, y=»i' — 1, and z= 

KtwssI, we have a:= 2, y= 0, and z=:2. 



ms=2, 


(( 


X— 4, y— 3, « z— 5. 


97Zss3, 


l( 


«— 6, y— 8, « z— 10. 


7n=4, 


(( 


a:— 8, y-l5, " z— 17. 


972=5, 


« 


a:— 10, y— 24, « z— 26. 


•■y 


•ti 


• .1 • 1 1 Y 



The pupil will perceive that the values of x and y may 
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represent the base and perpendicular of a right-angled triangle, 
and z the hjpothenuse. 

296* To find two numbers the sum of whose squares is given. 
By substitution, we have 






5. Find the values of x and y which wiU satisfy the equation 
In 'these equations, any number may be assigned for the value 

of 97t. 

If ?w=l, we have a:=10, and y=0. 
wi=2, " a:= 8, " y=6. 
«i=3, " x= 6, " y=8. 

80 150 

82 126 ^ 

297i To find two square numbers whose difference shall be a 
square number. 

6. Let 7? — i^zrzT^'y therefore {X'\-y)m{x — y)=i7ns?\ whence, 
assuming a;-[-y=wi2:, and m{x — y)=2r, we have a;-j"y=^^ — y)> 
and (frj?-\-\)y=z{7ri?—'Vjx. 

/wi^+l\ 
Therefore, a:=f ^ ^ jy, and if y=s7»'— 1, then will x^r^rr^ 

+1, and z=27w. 

K 771=1, we have a;= 2, y=: 0, and z=2. 
771=2, " ar= 5, y= 3, « z=4. 
771=3, " a:=10, 2^= 8, " z=6. 
771=4. " 2:=17, y=15, " 2r=8, &c. 

We might assume a fractional value for m. 
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298« K the differenoe of the two squares be giyen, we have 
the following formula for ascertaining their value ; 

m{x-\'y)=^7n^Zj and m{x^y)=^z. 
Whence, 2»ia;=(wz'+l)z, a:=f ' Jz, and y= f -^ — \z 

7. What values of x and y will satisfy the equation a:"— ^ 

r=24'? 

where the values of m m&j be assumed at pleasure. 
If m=l, we have a:=24, and y= 0. 
m=2, " a:s=30, " y=18. 
jw=3, '* a:=40, " ^=32. 
m=4tf " a:=51, " y=45, &c. 

8. The difference between the squares of the ages of two 
persons at one period was 45, and at another it was 159. Re- 
quired the age of each. 

Ans. At the first period their ages were 9 and 6, and at the 
second 28 and 25. Or, at the first period they were 23 and 
22, and at the second 80 and 79. 

EXAMPLES. 

1. How many pounds of sugar, at 11 cents per lb., shall be 
mixed with another kind, at 5 cents per lb., that the mixture 
shall be worth $2.54 ? 

Ans. 19 lbs. with 9 lbs. ; 14 lbs. with 20 lbs.; 9 lbs. with 
31 lbs. ; and 4 lbs. with 42 lbs. 

2. A peison divides 65 shillings among 15 persons, men, 
women, and children. The share of a man is 7 shillings, that of 
a woman 3 shillings, and that of a child 2 shillings. How many 
persons were there of each class ? 

Ans, 6 men, 5 women, and 4 children. 

3. A gentleman has two farms, valued at $2000. The best is 
worth $21 per acre, and the other $17 per acre. How many 
acres are there in each farm ? 
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Am. The first may contain 92, 75, 58, 41, 24, or 7 aores , 
and the second may contain 4, 25, 46, 67, 88, or 109 aores. 

4. I purchase wheat at 17 shillings and barley at 11 shillings 
a bushel, and expend in all £27 2$. How many bushels of each 
do I purchase ? Ans. 6 of wheat and 40 of barley ; or 
17 of wheat and 23 of barley ; or 28 of wheat and 6 of barley. 

5. It is required to £yide 100 into two such parts that one of 
them may be divisible by 7, and the other by 11. 

Ans, The only parts are 56 and 44. 

6. In how many ways can a debt of $25 be paid with $2 and 
$8 bills ? Am. Four ways. 

7. I wish to mix corn at 70 cents per bushel with wheat at 
$1.90 per bushel. How many bushels of each must be taken to 
amount to $9.20 ? Am. 5 bushels of com, and 3 of wheat. 

8. It is required to find the least whole number which, being 
divided by 17, shall leave a remainder of 7, and, when divided 
by 26, shall leave a remainder of 13. Am. 143. 

9. A person wishes to purchase 20 animals for £20 ; sheep at 
31 shillings, pigs at 11 shillings, and rabbits at 1 shilling each. 
In how many ways can he do it ? 

Am. He can buy 12 sheep, 2 pigs, 6 rabbits; or 11 sheep, 
5 pigs, 4 rabbits ; or 10 sheep, 8 pigs, 2 rabbits. 
Note. — The questicm will admit of only these three answers. 

10. It is required to find two numbers, one of which being 
multiplied by 7, and the other by 13, the sum of the products 
shall be equal to 71. 

Note. — This qaestion does not admit of an answer in whole numbers. 
No value can be given to the auxiliary unknown quantity (n), which will 
render x and y both integral and positive. 

11. It is required to find two numbers the sum of whose 
squares shall be 1225. 

Am. The only positive and integral numbers are 21 and 28. 

12. The difierence of the squares of two numbers is 1521 ; 
what are the numbers ? Ans. 52 and 65, or &c. &o. 

23 
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SECTION XXVIII. 

VARIATIONS, PERMUTATIONS, AND COMBINATIONS. 

Art. 299i The different arrangements that can be made of 
any number of quantities, taking a certain number at a time, 
are called Variations. 

Thus, if a, h, c, be taken two together, the variations will be 
ab, ba, ac, ca, be, cb. 

And if a, b, c, d, be taken three together, their variations will 
be 24. Thus, 

abc abd acb acd adb ode 

bac bad bca bed bda bdc 

cab cad cba . chd cda cdb 

dab doc dba dbc dca deb. 

If all the quantities are taken together, their variations are 
called Permutations. 

Thus the permutations of a, b, c, are abc, acb, badf bca, cab, cba. 

The permutations of 1, 2, 3, are 123, 132, 213, 231, 312, 321. 

The different collections that can be made of a number of 
things, taking a certain number of things together withoTit re- 
garding their order, are called ComMruUions, Thus the com 
binations of a, b, c, taken two together, are aJ), ac, be. 

Each combination will supply as many corresponding varia- 
tions as the number of things it contains admits of permutations. 

VARIATIONS. 

Let y = the number of variations required, 

n = number of different things. 

r = number of things taken. 
The following, therefore, will be the formula for obtaining the 
number of variations of n things, taken r together. 
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The nnmber of variatioiiB of n things, taken r together, is 
«(w— l)(n— 2) [n— (r— 1)]. 

Let a, bf c, d, &c., be the n things; then the nnmber of 
variations which can be made, taking them singly, is n. 

Let 7t— 1 of these things, namelj, 3, c, d, &c., be taken 
singly ; then the number of their variations is n — 1 ; and, if a 
be placed before each, we shall have n — 1 variations of 9t things, 
taken two together, in which a stands first. Similarly, we shall 
have n — 1 such variations in which b stands first, and simi- 
larly for all the n things; hence there will be, on the whole, 
(71—1) variations of w things, taken two toge.ther. 

Again, taking n—1 of these things, namely, b, c, d, &o., their 
variations, taken two together, will be n(n — l)(7i— 2) ; and pro- 
ceeding as before, there will be, in the whole, (n— l)(n — 2) 
variations of n things, taken three together. 

Similarly, their variations, taken four together, will be n{n — 1) 
(n — 2)(w— 3). Hence, if Vi, V^, V^y &o., F„ denote the varia- 
tions of n things, taken 1, 2, 3, &c., r, together, we have 

Fi=7i, F2=w(w— 1), F8=r7l(n— l)(7l— 2), &c. 

F,=?i(7i— l)(n— 2)(7i— 3) [»— (r—l)]. 

From the above we infer that the permutations (p) of n 
things are their variations taken all together ; therefore, by 
writing n for r, we shall have 

^s=n(n— l)(7i— 2) {n — (n — 2))(n— (n— l))=a* 

w(7i— l)(w— 2) 2.1=1.2.8 n. 

1. How many changes can be rung with 7 bells out of. 10 ? 

F=7i(w— l)(7i— 2) (71— (r— 1) ). 

As there are 10 bells, nz=10 ; and as they are taken 7 at a 
time, r=7, and r— 1=6; therefore, n — (r — 1)^10—6=4. 

Hence F7=10.9.8.7.6.5.4=604800 changes. Am. 

2. How many words can be made with 4 letters out of 5 ? 

Am. 120. 

3. How often can 4 boys change their placesinaclassof Sso as 
not to preserve the samo order ? Ans. 1680. 
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nucocAsniHS. 



U TVliai a and b are different, thdr permutations are a3, 
ha; bnty when assd, thej become aa. 

Let a recor |i times; ^, g times ;c, r times; and P be the 
ntonber of permntatioDB required. Thai, if all the a's be 

dianged into differoit lettersy ihej irill form 1. 2. 3 p^ 

permutations; and, out of each of the P permutations, we should 

fi>rm 1. 2. 3 permutations. In like manner, if aU the 

^'s were changed to different letters, thej would form 1. 2. 3 

q permutations; and, therefore, there. would be P. (1. 2. 

3 j7. 1. 2. 3 q) permutations. Now, when all the 

quantities hare become different, the number of permutations is 
1. 2. 3. 4. TLhj Art 299. 

Therefore, P. (1. 2. 3 |i. 1. 2. 3. . . . q. 1. 2. 3 r. &cO 

=1. 2. 3 n. 

1. 2. 3. . . 7t 



Whence, P= 



1. 2. 3. . . p. 1. 2. 3. . . q. 1. 2. 3. . . . r, &c* 



4. In how many Ways may the word ejamciatian be written ? 
In this word there are 11 letters, of which 3 are 9i's and 2 

are t's ; therefore, n=ll, p=S, q=:2. 

_ „ 1.2.3.4.5.6.7.8.9.10.11 

^'^''' ^= 1. 2. 3. 1. 2 

=3326400 ways. Ans. 

5. In how many ways may the word tdgebra be written ? 

Am. 2520. 

6. How many different numbers can be made with the follow- 
ing figures, 1225555 ? Am. 105. 

7. How many yariations may be made of the letters in the 
Vf^T^ zaphnathpaarieah? Am. 454058600. 

poMj^Aisoxs. 

soil The different collections that can be made of a number 
of things, taking a certain number together, without regarding 
their order, are called their Combinatiam. 
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Thus, the combinations of a, h, c, taken two together, are ab^ 
ac, be. 

Each combination will supply as many corresponding varia- 
tions as the number of things it contains admits of permu- 
tations. 

Each combination of r things supplies 1. 2. 8 r varia- 
tions of r things ; hence, if C^ be the number of combinations 
of n things, taking r together, the following will be the formula. 

Cr (1. 2. 3. . . r)=:y;=?t(7i— l)(w— 2) (w— (r— 1) ). 

t-(r-l)) . 



Therefore, c^J^i^-^Xn-^) (n^(^ 

X* ^« 0« • • • 7* 



%< 



8. Into how many different triangles may a decagon be 
divided, by drawing lines &om the angular points ? 

Note. — The number of triangles will be equal to the number of lines 
that can be drawn by connecting 7 at a time of the 10 angles, with each 
angle ; taken 7 together, 

n(w— l)(?i— 2) (?t~(r— 1)) _ 10. 9. 8. 7. 6. 5. 4 . 

1. 2. 3 r "■ 1. 2. 3. 4. 5. 6. 7 

=120. Am. 

9. How many different combinations can be made with 5 
letters out of 8 ? Ans. 56. 

10. From a company of 12 persons, it is proposed to ascertain 
how many parties, of ten each, can be selected, and no two 
parties to be composed of the same individuals. How many 

'^ parties can be selected ? Ans. 66. 

11. A company of soldiers consists of 40 men, and 6 of them 
are selected every night to mount guard; on how many nights 
can a different guard of 6 sentinels be made ? Ans. 3838380. 

/y'>- ^t 12. How many different numbers can be made out of one ' 
unit, two 2's, three 8's, and four 4's, supposing aU the figures to 
be in every number ? Ans. 12600. 

13. What is' the total number of combinations of 16 things, 
taken 1, 2, 3, &c., at a time ? Atvs. 65536. 

23* 



N >» 
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SECTION XXIX. 

logabuhms.'*^ 

Abt. 302* • Logarithms are a series of numbers in arith 
metical progression, answering to another series of numbers in 
geometrieal progression. 

_ ( 0, 1, 2, 8, 4, 5, 6, indices, or logarithms. 
' 1 1, 2, 4, 8, 16, 82, 64, geometrical progression. 

^ ( 0, 1, 2, 8, 4, 5, 6, indices, or logarithms. 
'' ( 1, 8, 9, 27, 81, 243, 729, geometrical progressidn. 

Or, 



SO, 1, 2, 8, 4, 5, indices, or log. 

1, 10, 100, 1000, 10000, 100000, geomet. prog. 

From the above, it is evident that the same indices maj serve 
eqnally for any geometrical series ; and, consequently, there may 
be an endless variety of systems of logarithms to the same com- 
mon numbers, by only changiDg the second term, 2, 8, or 10, &c., 
of the geometrical series of whole numbers; and, by interpolation, 
the whole system of numbers may be made to enter the geomet- 
rical series, and receive their proportional logarithms, whether 
integers or decimals. 

It is also apparent, from the nature of these series, that, if any 
two indices be added together, their sum will be the index of 

* The inyention of Logaritluns is due to Lord Napier, Baron of Mer- 
chiston, in ScoUand, and ia properly considered as one of the most usefal 
inventions of modem times. A table of these numbers was first published 
by the inventor at Edinburgh, in the year 1614, in a treatise entitled 
Canon Mirificum Logarithmorum, which was eagerly read by all the 
learned throughout Europe. Mr. Henry Briggs, then professor of geom- 
etry at Gresham College, soon after the discovery went to visit the noble 
inventor ; after which, they jointly undertook the arduous task of com- 
puting new tables on this subject, and reducing them to a more convenient 
form than that which was at first thought ofl But, Lord Napier dying 
soon after, the whole burden fell upon Mr. Briggs ; who, with prodigious 
labor and great skill, made an entire canon, according to the new form, for 
all numbers, from 1 to 20000, and from 90000 to 101000, to 14 places of 
decimals, and published it in London, in the year 1624. 
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that nmnber which h equal to the product of the two terms in 
the geometrical progression to which those indices belong. Thus 
the indices 2 and 3, being taken together, make 5 ; and the 
numbers 4 and 8, or the terms corresponding to those radices, 
being multiplied together, make 32, which is the number answer- 
ing to the index 5. 

In like manner, if any one index be subtracted &om another, 
the difference will be the index of that number, which is equal to 
the quotient of the two terms to which those indices bel(mg. Thus 
the index 6, minus the index 4, is 2 ; and the terms correspond- 
ing to those indices are 64 and 16, whose quotient is 4, which 
is the number answering to the iadex 2. 

For the same reason, if the logarithm of any number be mul- 
tiplied by the index of its power, the product will be equal to the 
logarithm of that power. Thus, the iadex or logarithm of 4, in 
the above series, is 2 ; and, if this number be multiplied by 3, 
the product will be 6, which is the logarithm of 64, or the third 
power of 4. 

And, if the logarithm of any number be divided by the index 
of its root, the quotient will be equal to the logarithm of that 
root. Thus, the index or logarithm of 64 is 6; and, if this 
number be divided by 2, the quotient will be 3, which is the log- 
arithm of 8, or the square root of 64. 

The logprithms most convenient for practice are such as are 
adapted to a geometrical series increasing in a ten-fold ratio, as 
in the last of the above foims ; and are those which are to be 
found, at present, in most of the common tables on this subject. 
The distinguishing mark of this system of logarithms is, that the 
index or logarithm of 10 is 1; that of 100, 2; that of 1000, 
3, &c. 

In decimals, the logarithm of .1 is — 1, and that of .01 is 
—2, that of .001 is —3, and so on. The logarithm of 1 iQ 
every system being 0, it follows that the logarithm of any number 
between 1 and 10 must be and some fractional parts, and that 
of a number between 10 and 100 will be 1 and some fractional 
part, and so on for any other number whatever. And, since the 
integral part of a logarithm, usually called the Index or Charac- 
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teristic, is always thus readily fomid, it is oommonly omitted in 
the tables ; being left to be supplied by the operator himself, as 
occasion requires. 

303» Another definition of Logarithms is, that the logarithm 
is the index of that power of some other number which is equal 
to the given number. So, if there be N=zr^f then n is the loga- 
rithm of N; where n may be either positive or negative, or 
nothing, and the root, r, any number whatever, according to the 
different systems of logarithms. 

When 71 is =s= 0, then iV is = 1, whatever the value of r is, 
which shows that the logarithm of 1 is always in every system 
of logarithms. When n ss 1, then Ns=z r ; so that the radix, 
r, is always that number whose logarithm is 1, in every sys- 
tem. When the radix r =s 2.718281828459, &c., the indices 
n are the hyperbolic, or Napier's logarithm of numbers, N; so 
that 71 is always the hyperbolic logarithm of the number N^ or 
(2.718281828459)". 

soil When the radix r === 10, then the index n becomes the 
common or Briggs' logarithm of the nmaber N; so that the 
common logarithm of any number 10" or JV is ?t, the index of 
that power of 10 which is equal to the said number. Thus, 100 
being the second power of 10, will have 2 for its logarithm ; and 
1000, being the third power of 10, will have 3 for its logarithm 
Hence, also, if 50 = lO^^®^, then is 1.69897 the common 
logarithm of 50. That is, 10 has been raised to the 169897tk 
power, and the lOOOOOd root has been extracted, wMch is found 
to be 50, nearly. And, in general, the following decuple series 
of terms, namely, 

10*, 10^ 102, loS 10^ 10-\ 10-2, 10-^, 10-*, 
or 10000,1000, 100, 10, 1, .1, .01, .001, .0001, 
have 4, 3, 2, 1, 0, —1, —2, —3, —4, 

for their logarithms, respectively. And firom this scale of num- 
bers and logarithms the same properties easily follow, as above 
mentioned. 

305 • To compute the Logarithm to any of the Natural Nmn 
bers, 1, 2, 3, 4, 5, &c., we have the following 



;"\ 1 
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Rtwjj. Take the geometrical series, 1, 10, 100, 1060, 10000, 
<^c., and apply it to the arithmetical series, 0, 1, 2, 3, 4, 5, ^c, 
as logarithms. 

Find a geometrical mean bettveen 1 and 10, or betiveen 10 and 
100, or any other ttvo adjaceTtt terms of the series, between whixh 
the number proposed lies. 

In like mmmer, hettoeen the Tnean thus founds and the nearest 
extreme, find another geometricdl mean; and so oti, till you 
arrive within the proposed limit of the number whose number is 
sought. 

Find, also, as many arithmetical 9neans in the same as you 
found geometrical ones, and these wSl be the logarithms answer^ 
ing to the said geoTnetrical means. 

ESIAHPLE. 

CaUulate the logarithm of 9. 
Here the proposed number lies between 1 and 10. 
First, then, the log. 10 is 1, and the log. of 1 is 0. 
Therefore (l-j-0)-y-2=J=.5 is the arithmetical mean. 

And (10X1)^=3.1622777, the geometrical mean. 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10 is 1, and the log of 3.1622777 is .5. 
Therefore (14-.5)-7-2=.75, the arithmetical mean. 

And (10x3.1622777)^=5.6234132, the geometrical mean. 
Hence the log. of 5.6234132 is .75. . 
Thirdly, the log. of 10 is 1, and the log. of 5.6234132 is .75. 
Therefore (l+.75)-7-2=.875 is the arithmetical mean. 

And (10x5.6234132)i"=7.4989422 the geometrical mean. 
Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 7.4989422 is .875. 
.Therefore, (1-[-.875)-t-2=.9375 is the arithmetical mean. 

And (10x7.4989422)^=8.6596431, the geometrical mean. 
Hence the log. of 8.6596431 is .9375. 
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Fifthly, the log. of 10 is 1, and the log. of 8.6596481 la .9375. 
Therefore, (l+.9375)-5-2==.96875 is the arithmetical mean. 

And (10x8.6596481)^=9.3057204, the geometrical mean. 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057204 is .96875. 

Therefore, (.9375+.96875)-^2=. 953125 is the arithmetical 
mean. 

And (8.6596431x9.3057204)^=8.9768713, the geometrical 
mean. 

Hence the log. of 8.9768713 is .953125. 

By proceeding in this manner, after 25 extractions, it will be 
found that the logarithm of 8.9999998 is .9542425, which may 
be taken for the logarithm of 9, as it differs so little &om it, and 
is sufficiently exact for all practical purposes ; and in this manner 
were the logarithms of almost all the prime numbers at first 
computed. 

306i Another method of computing logarithms is by the aid 
of a given decimal. 

BuLE. Let b be the Tvumher whose logarithm is required to be 
fouTid, and a the number next less than b, so that b — a=l, the 
logarithm of a being known ; and let s denote the sum of the 
two numbers, a+b. Then 

1. Divide the constant decimal .8685889638 by s, and reserve 
the quotient ; divide the reserved quotient by the square of s, and 
reserve this quotient ; divide this last quotient, also, by the square 
of s, and again reserve the quotient ; and thus proceed, con- 
timudly dividing the last quotient by the square of b, as long as 
division can be made. 

2. Write these quotients orderly, under one another, the first 
uppermost, and divide them respectively by the odd nurribers, 1, 
3, 5, 7, 9, <^c., as long as division can be made ; that is, divide 
the reserved quotient by 1, the secoTtd by 3, the third by 5, the 
fourth by 7, arid so on. 
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8. Add aU these last guatieTtts together^ tmd the sum vnU he 
^fie logarithm of b-r-a. To this logarithm add, also, the given 
logarithm of the said next less number, a ; the last sum wiH he 
the logarithm of the number b proposed. 



EXAMPLES. 



1. Let it be required to find the logarithm of the number 2. 
Here the given number 5 is 2, and the next less number a is 



ret* 


s=9. Then the operation will be as follows. 


3) 


868588964 


1) 


289529654 | 


[ 289529654 


9) 


289529654 


3) 


32169962 | 


; 10723321 


9) 


82169962 


5) 


8574440 ( 


: 714888 


9) 


3574440 


7) 


897160 1 


; 56737 


9) 


397160 


9) 


44129 1 


4903 


9) 


44129 


11) 


4903 ( 


: 446 


9) 


4908 


18) 


545 1 


42 


9) 


545 


15) 


61 1 


[ 4 


9) 


61 


« 


Logarithm of f 






=.801029995 






Add logarithm of 1: 


=.000000000 



Logarithm of 2=.301029995 
2. Compute the logarithm of the number 8. 
Here 5=8, the next less number a=:2, and the sum a-\-h 



6=j, who 


se square r=ss 


25. 






5) 


.868588964 


1) 


.173717793 ( 


[ .173717793 


25) 


.173717793 


8) 


6948712 1 


; 2316237 


25) 


6948712 


5) 


277948 ( 


55590 


25) 


277948 


7) 


11118 ( 


[ 1588 


25) 


11118 


9) 


445 I 


[ 50 


25) 


445 

18 


11) 


18 1 


2 



Logarithm of J =.176091260 
Logarithm of 2 add.=.801029995 

• 

Logarithm of 3= .477121255 
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soft Because the sum of the logarithms of numbers gives tke 
logarithm of their product, and the difference of the logarithms 
gives the logarithm of the quotient of the number, we may, 
therefore, from the above two logarithms, and the logarithm of 
10, which is 1, raise a great many logarithms, as will appear by 
the following 

EXAMPLES. 

1. To find the logarithm of 4, we multiply the logarithm of 
2=.301030 by 2, because twice 2 are 4. 

Logarithm of 2=.301030 

2 



Logarithm of 4=r.602060 

2. Find the logarithm of 6. 

Because 2x3=6, we add tbeir logarithms. 
Logarithm of 2=.301030 

Logarithm of 3=.477121 

Logarithm of 6=.778151 , 

3. Find the logarithm of 8. 
Because 2^=8, therefore 

Logarithm of 2=.301030 

MultipHed by 3= 3 

Gives logarithm of 8=.903090 

4. Find the logarithm of 9. 
Because 3^=9, therefore 

Logarithm of 3=.477121 

Multiplied by 2= 2 

Gives logarithm of 9=.954242 

5. Find the logarithm of 5. 
Because -^=5, therefore 

From logarithm of 10=1.000000 
Subtract logarithm of 2= .301030 

Logarithm of 5. Ans, .698970 
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Haying compated by the general role the logarithms of the 
other prime numbers, 7, 11, 13, 17, 19, 23, &q,, then, by com- 
position and diviffion, we may easily find as many logarithms as 
we please. 

Note. — The mdez of every logarithm is always one lest than the 
number of integral figures in the given number. 

308* To find in the table the logarithm of any number. 

(1.) If the given number be less than 100, or consist of only 
two figures. 

BuLE. Enter the first page of the tabie, vMck coTitains aU 
the rambersfrom 1 to 100, aaid opposite the given Tuimber vnll 
he found the logarithm tmth the index prefixed, 

(2.) If the given number be more than 100, and less than 
1000. 

KuLE. Find the given number in the Uft'hand cdbrnm of the 
tabley and opposite, in the next column^ mil be found the hga- 
rithm to which the index, % must be prefixed. 

Thus, if the logarithm of 189 were required, we find this 
number in the table, and, oppodte to it, we find the logarithm 
.276462. To this we prefix the index, 2, and we have 2.276462. 

(3.) If the given number be more than 1000, and less than 
10000. 

KuLE. Find the first three figures of the given number in 
the left'hand column, and, opposite to it, in the column marked 
at the top toith the fourth figure, is the logarithm required. To 
which must be prefixed the index, 3. 

Thus, if the logarithm of 3568 were required, we find opposite 
356, in the left-hand column, and under 8, found at the top of 
the column, .552425. To this we prefix the index, 3, because 
there are four figures in the given number, thus, 3.552425. 

(4.) If the given number be more than 10000. 

EuLE. Find the logarithm of the first four figures as before, 
also the next greater logarithm; subtract the one logarithm 
from the other, as also their corresponding numbers, the one 

24 



278 ALOIBBA. 

from the other. Then say, As the differetice between the two 
nuTnhers is to the difference of their hganthms, so is the re^ 
maimng part of the given number to the proportional part of the 
logarithm; which part, being added to the less logarithm before 
taken out, gives the whole logarithm nearly. 



1. Find tbe logarithm of 840926. 

The logarithm of 340900 is =.582627 
The bgarithm of 841000 is = .582754 

The differences are = 100 127 

Then, as 100 : 127 : : 26 : 83, the proportional part. This 
added to the first logarithm (.532627+83) gives .532660. To 
this we prefix the index 5, because the given niunber had six 
figures. 

(5.) To find the logarithm of a nnmber consisting of an in- 
teger and decimal. 

Bulb. Find the logarithm of the number the same as if aU its 
figures were integral ; then this, having prefixed to it the proper 
index, toill give the logarithm required ; remembering thai the 
index will be one less than the number of integral figures. 

Thns the logarithm of 42.25 is 1.625827. 

(6.) To find the logarithm of a proper firaction. 

Bulb. Subtract the logarithm of the denjominatar from the 
logarithm of the numerator, and the remainder tviU be the 
logarithm sought ; which, being that of a decimal fraction, must 
always have a negative index. 

2. What is the logarithm of f|- ? 

Logarithm of 37 =1.568202 

Logarithm of 94 =1.973128 

Logarithm of f J =—1.595074 

(7.) To find the logarithm of a mixed nmpberi 
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Bulb. Reduce the mixed nwmber to an improper fraction^ 
wnd find the difference of the logarithms of the nuTnerator and 
deTiominator in the same manner as above, 

3. What is ihe logarithm of 17 J| ? 
First 17^1=^. Then, 
Logarithm of 405 r=2.607455 

Logarithm of 23 =1.361728 

Logarithm of 17^4 =1.245727 

(8.) To find the logarithm of any decimal. 

BuLE. Find the logarithm of the decimal as of an integer, 
and if the first sigmficant figure in the decimal occupy the place 
cf tenths, the index vnll he — 1. Thus the logarithm of .375 
toUl he —1.574031. If the first decimal place occupy the place 
of hundredths, the index toiU he — 2. ijf the decimal is preceded 
by two ciphers, the index toiU be — 3, and so on. 



Thus the logarithm of .234 

of .0234 

of .00234 

of .000234 

of .0000234 



-1.369216 
—2.369216 
-3.369216 
-4.369216 
-5.369216 



EXAMPLES. 

1. What is the logarithm of 1728 ? 

2. What is the logarithm of 23.56 ? 

3. What is the logarithm of 89632 ? 

4. What is the logarithm of H ? 

5. What is the logarithm of y^ ? 

6. What is the logarithm of 19/^ ? 

7. What is the logarithm of .3076 ? 

8. What is the logarithm of .00016 ? 

9. What is the logarithm of .0000006 ? 



Ans. 3.237544. 

Ans. 1.372175. 

Ans. 4.952462. 
Ans. —1.261966. 
Ans. -2.447737. 

A71S. 1.279987. 
Ans. —1.487986. 
Ajis. —4.204120. 
Ans. -7.778151. 
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809i To find the natural number to any given logaoithm. 

This is to be found in the tables by the reverse method to thf* 
former, by searching for the proposed logarithm among those in 
the table, and taking out the corresponding number by inspec- 
tion, in which the proper number of integers is to be pointed 
off, that is, one more than the index« For, in finding the 
number answering to any given logarithm, the index always 
shows how &.r the first figure must be removed from the place of 
units to the left hand, or integers, when the index is affirmative, 
but the right hand, or decimals, when it is negative. 

Thus the number to the logarithm 1.532882 is 34.11. 

And the number of the logarithm —1.532882 is .3411. 

But, if the logarithm cannot be exactly found in the table, wo 
adopt the following 

Rule. Taike out the next greater arvi the next less, subtract' 
ing one of these logarithms from the other ^ as also their natural 
numbers the one from the other ^ and the less logarithm from the 
logarithm proposed. Then say, As the difference of tJie first, or 
tabular logarithms, is to the differeruoe of their natural nurribers, 
so is the difference of the given logarithm and the least talAdar 
logarithm to the corresponding numeral difference ; which, being 
annexed to the least natural number above taken, gives the 
natural number sought, corresponding to the proposed logarithm. 

EXAMPLE 

1. What is the natural number answering to the given loga- 
rithm 1.532708 ? 

Next greater, 532754 ; its number, 341000 ; given log., 532708 
Next less, 532627 ; its number, 340900 ; next less, 532627 

127 100 81 

Then, as 127 : 100 : : 81 : 64j nearly the numeral differ- 
ence. Therefore, 340900 f 64=34.0964, marking off two in- 
tegers, because the index of the given logarithm is 1. 

Had the index been —1.532708, its corresponding number 
would have been .340964, wholly a decimal. 



1 
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HtrunCPUOATION BY LOOAKITHMS. 

KuLE. Take end the logarithms of the factors from the toMe, 
then add them together, and their sum vnU be the logarithm of 
the product required. Then take out from the table the naturcd 
nuiTiber answering to the sum for the product sought. Add 
what is to be carried from the dedmal part of the logarithm to 
the affirmaiive index or indices, or else si^tract it from the 
negative. Also, adding the indices together, when they are of 
the same land, both affirmative or both negative; but subtracting 
the less from the greater when the one is affirmative and the 
other negative, and prefixing the sign of the greater to the re^ 
fnainder. 

§ 

EXAMPLES. 

!• Multiply 23.14 by 5.062. 

Nomben. Logarithms. 

23.14 = 1.364363 

5.062 == 0.704322 



Product, 117.1343 = 2.068685 

2. Multiply 2.581926 by 3.457291. 

Numbers. Logarithms. 

2.581926 == 0.411944 

3.457291 = 0.538736 



Product, 8.92647 = 0.950680 

3. Wliat is the continued product of 3.902, 597.16, and 
.0314728 ? 

Numbers. Logarithms. 

3.902 = 0.591287 

597.16 = 2.776091 

.0314728 =-.2.497935 



Product, 73.335 = 1.865313 

Here the — 2 cancels the -f-2, and the 1 to carry from the 
decimal is set down. 

24* 
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5. Wbat 18 the eondnaed prodnefti 
and 0.0294? 



3.586 = 0.554610 
2.1046 = 0.323170 
0.8372 = —1.922829 
0.0294 = -2.468347 



Prodact, 0.1857615 = —1.268956 

Here the 2 to cany cancels the — 2, and tliere remains — 1 to 
set down. 

UiVlSIOH BT LOOAKUHMS. 

Bulb. From the logarithm of the dwidend subtract the 
logarithm of the dwisor^ and the mamber answering to the re- 
mainder tmU be the quotient required. Change the sign of the 
index of the divisor fivm affirmative to negative, or from negative 
to affirmative ; then take the sum of the indices, if they be of the 
same name, or their difference, when of different signs, with the 
sign of the greater, for the index to the logarithm of the quotient. 
And also, when 1 is borrowed in the left-hand jiaceofthe decimal 
part of the logarithm, add it to the index of the divisor when 
that index is affirmative, but subtract it when negative ; then let 
the sign of the index arising from hence be changed, and worked 
with as before. 

EXAMPLES. 

1. Divide 24163 by 4567. 

Logarithm of 24163 = 4.383151 

Logarithm of 4567 = 3.659631 



Quotient, 5.29078 =; 0.723520 

2. Divide 37.149 by 523.76. 

Logarithm of 37.149 = 1.569947 

Logarithm of 523.76 = 2.719132 



Quotient, .0709275 = -2.850815 
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S. Divide .06314 bj .007241. 

Logarithm of .06314 = —2.800305 
Logarithm of .007241 = — 8.85d799 

Quotient, 8.71978 = 0.940506 

Here 1 carried &om the decimals to the — 3 makes it become 
—2, which, taken from the other —2, leayes remainder. 

4. Divide .7438 by 12.9476. 

Logarithm of .7438 = -1.871456 

Logarithm of- 12.9476 s L112189 

Quotient, .057447 = —2.759267 

Here 1 taken from the — 1 makes it become — 2 to set down 

310* To find the Arithmetical Complement of the logarithm 
of any number. 

BuLE. Subtract the logarithm of the number from the hga 
rithm of 1, which is zero (0). 

ELAM2LB&. 

1. What is the arithmetical complement of 1.462398 ? 

0. 

1.462398 



-2.537602 
2. What is the arithmetical complement of —1.397940 ? 

0. 
-1.397940 



0.602060 
3. What is the arithmetical complement of —3.678914? 

0. 
-3.678914 



2.321086 

4. What is the arithmetical complement of 3.614582 ? 

0. 
3.614582 



-4.386418 
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5. What is tlie aritlimetical oomplemenl of —4.321617? 

Am. 3.678383. 

6. What 18 the arithmetiaa oomplement of 0.781562 f 

Ans. —1.218438. 

7. What IB the arithmetacal complement of 5.321463 ? 

Ans. —6.678537. 

8. What Ib the arithmetical complement of 3.456321 ? 

Ans. —4.543679. 

The pupil win nndentaad the rationale of this role, by 
observing that the product of a, multiplied by b^ is ^e same as 

a divided by ?>• 



Thus, flX^=«^> OT a~r=ab. 

o 

Or, 12 multiplied by 5 is the same as 12 diyided'by ^. 

Thus, 12X5=60 ; or 12-T-i=60. 

The same by logarithms. 

Logarithm of 12, =1.079181 

LogariUmi of 5, =0.698970 

Logarithm of the product, 60=1.778151. 

Or, 

Logarithm of 12, =1.079181 

Logarithm of t=.2=— 1.301030 Arith. Com. =0.698970 

Logarithm of the product, 60, =1.778151. 

81 1« Any nimiber may be divided by adding the arithmetical 
complement of the divisor to the logarithm of the dividend. 
Their sum will give the logarithm of the quotient. 

9. Divide 1728 by 12. 

Log^thm of 1728, = 3.237544 

Logarithm of 12=1.079181 Arith. Com. =—2.920819 

♦ ■ 

Ans. 144=2.158363 
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10. Wbat is the value of 2: in the following equation ? 

1728x144x6 



36X18X12 * 
Log. 1728 = 3.237544 

Log. 144 = 2.158362 

Log. 6 = 0.778151 

Log. 36=1.556303 Arith. Com. =—2.443697 

Log. 18=1.255273 « " =-2.744727 

Log. 12=1.079181 « « =-2.920819 

Ans. 192=2.283300 

11. What is the value of 2; in the following equation? 

_ 48X.75X72X.0625 
^"" .027X120 
Log. 48 = 1.681241 

Log. .75 =—1.875061 

Log. 72 = 1.857332 

Log. .0625 =-2.795880 

Log. .027=-2.431364 Arith. sCom. = 1.568636 

Log. 120= 2.079181 « « =-3.920819 

Ans. 50=1.698969 

12. What is the value of 2; in the following equation ? 

654X320X.3691 
* 87X9X.045 • '*'"• ^^^^^- 

\ 13. What is the value of z in the following equation ? 

^ .69x7.5x32.71x.003 . .^ftRiQ 
^= 87X8968X.0008 ' ^^- •^^^^^' 

14. Multiply three hundred twenty-seven ten-thousandths by 
three hundred twenty-seven thousand. Ans, 10692.9. 

15. What is the product of one thousand and twenty-five, 
multiplied by three hundred twenty-seven ten-thousandths ? 

Ans. 33.5175. 

\ 16. Multiply .0716 by 1.326. Ans. .0949416; "; 

17. Multiply .00Q9 by .009. Ans. .0000081. 
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XNTOLUnON BT IiOOABITHMS. 

KuLE. Take out the logarithm of the given number from the 
toMe, Multiply the logarithm thus fawnd hy the index of the 
pnoer proposed. Find the Tvumber answering to the product^ 
and it wiU be the power required. 

NoTB. — In xnnltiplying a logarithm with a negatiye index by an afi&rm- 
ative number, the product will be negative ; but that which is to be 
carried from the decimal part of the logarithm will be affirmative : and, 
therefore, their difference will be the index of the product, and is always 
to be made of the same kind with the greater. 

EXAMPLES. 

1. Wliat is the square of 2.579 ? 

Logarithm of 2.579 = 0.411451 

2 



Am. 6.651 = 0.822902 

2. What is the third power of 32.16 ? 

Logarithm of 32.1|J = 1.507316 

3 



Am. 33261.9 = 4.521948 

8. Beqidred the fourth power of .09163. 

Logarithm of .09163 = —2.962038 

4 



Ans. .000070494 = -5.848152 

Here 4 times the negatiye index being — 8, and 3 to carry, 
the difference — 5 is the index of the power. 

EVOLUTION BY LOQASITHMS. 

RuLB. Take the logarithm of the given number out of the 
table ; divide the logarithm thus found by the index of the root; 
then the number answering to the quotient tvUl be the root. 

When the index of the logarithm to be divided is negative^ 
and does not exactly contain the divisor loithout some remainder^ 
increase the index by such a number as will make it exactly 
divisible by the indeXf carrying the units borrowedy as so numy 
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tejis, to the lefi'hand place of the dedmdlf and then divide as in 
whole numbers. 



EXAMPLES. 

1. What is the square root of 365 ? 

Logarithm of 365 = 

Ans, ±9:1^*409 = 

2. What is the third r6ot of 12340 ? 

Logarithm of 12340 = 
Ans. 23.108 = 

S. What is the seventh root of 6 ? 

Logarithm of 6 =: 
Ans. 1.2917 = 

4. Pind the tenth root of 9. 

Logarithm of 9 =s 

Ans. 1.245 b ^ 

5. Find the square root of .083. 

Logarithm of .083 =: 
Ans. .28809 = 

6. Find the cube root of .00059. 

Logarithm of .00059 = 
Ans. .083872 = 



2.562293(2 
1.281146^. 

4.091315(3 
1.363771f. 

0.778151(7 
0.111164^. 

0.954243(10 
0.095424^. 



-2.919078(2 
-1.459589. 



-4.770862(3 
—2.923617. 



Here the divisor 3, not being exactly contained in — 4, it is 
augmented by 2, to make up 6, in which the divisor is con- 
tained just 2 times; then the 2 thus borrowed, being carried 
to the decimal figure 7, makes 27 ; which, being divided by 3, 
gives 9, &c. 

7. What is the value of x in the following equation ? 

/27X38X15.61Y^ 



X=z 



\ .36X1.37 



J 
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Log. 27 =1.431364 

Log. 38 =1.579784 

Log. 15.61 =1.193403 

Log. .36=-1.556303 Arith. Com. =0.443697 

Log. 1.37= 0.136721 " « =-1.863279 

4.511527 
3 



13.534581(4 
Ans. 2419.05=3.383645 

8. Find the value of 2: in the following equation. 

37 /14.21x.00208\* . -^^.^^ 
^=223 \ :035 ) • ^^••182438. 

9. What is the value of a; in the following equation ? 

10. Find the value of ^ in the following equation. 

845 / 872x.0065 Ni 

417 \.038x 4685; * ^'"- •^"*^^' 



11. What is the value of z in the folloving equation ? 

25 /878\» /278\T 

^=476- (m) ' iim) ■ ^'"- ''''^^'^- 

12. What is the yalue of x in the following equation 1 J S'^ '■*~^ 



17 /13.78x.0706\^ . , ,„„. 

^ 13. Und the value of z in the following equation.*^y' i^r^, .'i(-( iiC ' 

/38.47X.463\* . „„„„„, „ '-^Jil^l:? 

^=( .037X576 ) • ^'"••887264.1-,. 7 .^,,<,,,^ 

14. Required the value of a; in the following equation. — 

^^^475X829X1728 >^^ ^^ ^^8.2. -/>«'?[" 
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SECTION XXX. 

OOBIPOUND INTEEBST. 

Axe. 812. Compound Interest is interest ohai^ed not only 
on the principal, but also on tbe interest ofpreceding years. 

Leti> = principal. 

r = rate per cent., considered as a decimal, or hundredths. 
t = time in years. 
A = amount. 

Then 1+r will represent the amount of $1, or 1£, for one 
year. 

And p (1+r) will be the amount of any principal {p) for 1 
year. 

The amount for two years will bo p (1+r) . (l+r)= 
^(1+r)^; the amount for 3 years will be l?(l+r)^ . (1+r) 
=;?(l+r)'; for 4 years it will be;?{l+r)' . (l+r)=;?(l+r)*. 

Hence, for any number of years, it will be ^(1+r)"; or 
vIl+rY. 

Putting A for amount^ we have the following formula foy 
ascertaining the amount of any principal at any rate per cent, 
for any definite time, at compound interest. 

This equation contains four quantities. A, p, r, and t ; any 
three of which being given, the other may be oKtained. 
Thus, we have the following 

VOBHUIiA* 

(1.) A=pa+rY. ^3 J -=(-^-1- 

^*-^ "-log. (1+r) ■ 

From the first formula, the pupil will perceive the following 

25 
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Bule may be deduced for finding the amount of any snm at com- 
pound interest. 

Bulb. Add 1 to the ratio, then raise this sum to a power 
whose exponent is eqiud to the time, mzdtiply this power by the 
principal J and the product is the amoimt. 

By logarithms the operation is much &oilitated, especially 
when the time is of much length. 

EXAMPLES. 

1. What is the amount of $78.89 for 8 years, at 6 per cent, 
compound interest ? 

OFEBATION BT THE 7IB8T VOBMULA. 

il5=;>(l+r)'=78.39(l+.06f. 
Log. (l+r)=1.06 = 0.025306 

Multiply by f=8, 8 

(l+r)'=(1.06)» = 0.202448 

Log. jp=78.39 = 1.894261 

il=$124.94. Ans. =2.096709 

2. What is the amount of $144 for 6 years, 9 months, at 
compound interest, at 5 per cent. ? 

Log. (l+r)=1.05 = 0.021189 

Multiply by t, 6 

{l+rY={lMY = 0.127134 

Log.;?=:144 =2.158362 

Log. of amount for 6 years = 2.285496 

Log. (1.0375) = 0.015988 

il=$200.21. Ans. =2.301484 

We have just found the logarithm of the amount for 6 years, 
and to this we have added the logarithm of 1.0375, it being the 
amount of $1 for 9 months, at 5 per cent. 



J 
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8. What is the amount of $500 for 9 years, at 6 per cent, 
per annum, the interest to be paid semi-annuallj ? 

As the time, t, is to be calonlated in half-years, and as r is 
considered the interest of $1 for one year, therefore 2t will 

f 
represent the time, and ^ the interest of $1 for half a year. 

The formula will therefore be 

. ^=;>(i+0^=5OO(i+.O3r. 

Log. ^1+0=1.03 = 0.012837 

Multiply by 18 half-years, 18 

Log. (l+0''' = 0.231066 

Log. ^=500 = 2.698970 



il=$851.21. Ans. =2.930036 

4. What principal, at compound interest, will amount to 
$4000 in 10 years, at 6 per cent. ? 

This question must be performed by the second formula. 

_ A _ 4000 
^— (1+r)'— (1.06)«>* 

Log. 1.06=0.025306 

10 



0.253060 Arith. Com. = —1.746940 
Log. il=4000 = 3.602060 

jp=$2233.57. Ans. =3.349000 

5. At what rate per cent, must $2233.57 be, at compound 
interest, to amount to $4000 in 10 years ? 

This question should be performed by the third formula. 



\P/ V2233.57>/ ^" 
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Log. ii=4000 = 3.602060 

Log. ;?=2288.67 = 8.349000 

0.253060(10 

Log. (l+r)=1.06 = 0.025306 

1 



.06, that 18, 6 per cent. Ans. 

6. Li what time will $2283.57, at compound interest, at 6 
per cent., amount to $4000 ? 

This question is solved by the fourth formula. 

^^^' \p) _ ^^^' \2233.57 j Log. 4000-Iog. 2233.57 
""Log. (l+r)""" Log. (1+.06) """ Log. (1+.06) 

Log. il=4000 = 3.602060 

Log. ;;=2233.57 = 3.349000 

0.253060 



Log. (l+r)=1.06 0.025306 

Therefore ^=-?fFo7?s-=10 years. Ans. 

25306 '' 

The value of this fraction can be ascertained by logarithms. 
Thus, Log. 253060 = 5.403223 

Log. 25306 = 4.403223 

1.000000 
t= 10 years, as before. 

7. What will $16 amount to in 80 years, at 5 per cent, com- 
pound interest ? Ans, $69.15. 

8. What will $2000, at compound interest, amount to in 11 
years, at 8 per cent. ? Am, $4663.31. 

9. What will $27.18 amount to in 8 years, 3 months, at 4 per 
cent, compound interest ? Ans, $37.56. 
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10. What is the compoimd interest of $1728 for 8 years, 6 
months, at 6 per cent, per annum, the interest to be paid every 
3 months? Ans. $1138.74. 

11. What is the amount of $18.29 -for 8 years, 8 months, 12 

days, at 4 per cent. ? Ans. $25.73. ^L^i ^ ^ ' 

12. What sum, at compound interest, will amount to $800 in 

7 years, at 5 per cent, compound interest? Ans, $568.54. ^ ^' ^ / ^ 

13. What sum will amount to $500 in 9 years, at 6 per cent, 
per annum, the interest to be paid every 3 months ? 

Am. $292.54.5. ^^^^''>^''' 

14. At what rate per cent, will $800, at compound interest, 
amount to $1609.76 in 12 years ? Ans. 6 per cent. ^ 

15. In how many years will $3726 amount to $5007.43, at 3 ' 
per cent, compound interest ? Ans. 10 years. 

16. How many years will it require for any sum to double 
itself, at 6 per cent, compound interest ? 

Let 2p^ the amount. 



( 



Then, 2jp==p(l-fr)'. 

And 2= (1+r)'. 

Log. 2 
^ Log.(l+r)- 
Log. 2 


=0.301030 


Log. 1.06 


=0.025306 



Therefore ^W5i®^=ll-89 J^ars. Am. 

17. How many years will it require any sum to triple itself, 
at 5 per cent, compound interest ? Ans. 22 years, 188 days. ^ 

18. In 1^40, the number of inhabitants in the United States 
was 17,068,666 ; in 1850, the number was 23,267,498. What 
was the gain per cent, per annum ? Ans. .03146 per cent. 

19. At the same rate as in the last question, in what year 
wiU there be 100,000,000 inhabitants ? Am. May" 3d, 1897. 

Note. — This answer is on the presumption that the census is taken the 
first day of May. 

25=^*= 
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20. Bequired the compound interest upon $155, for 9 years, 
at 3J per cent. Atvs. 56.24-|-. 

21. Eequired the amount of $820 for 2^ years, at 4j^ per 
cent, per annum, the interest being paid half-yearly. 

Am. 8916.49+. 

22. What snm at compound interest, for 2 j. years, at 4^ per 
cent., the interest payable every six months, will amount to 
8458.25 ? Am. $410.02. 

23. At what rate per cent, will $2000, at compound interest, 
amount to $4663.31 in 11 years ? Atvs. 8 per cent. 

DISCOUNT AND PRESENT YALUB AT COMPOUND INTBBB8T. 

818i Let 'p =. the present value. 

s = the sum due. 
t = the time. 
d = the discount. 

Then, by principles before explained, we have the following 

FOBMUIbB. 

(1.) p=^, (2.) ^=<l-(i^) 

EXAMPLES. 

1. What is the present worth of $600, due 3 years hence, at 
6 per cent, compound interest? Am. $503.77. 

2. John Smith, Jr., owes me $312.50, which is due 2 years 
hence, at 4^ per cent, compound interest. What sum will now 
discharge the debt ? Am. $286.16. 

3. What is the present value of $1000, due 4 years hence, at 

5 per cent, compound interest? Am. $822.70. 

4. What is the discount on $3700, due 10 years hence, at 5 
per cent, compound interest ? Am. $1428.51. 

5. What is the present worth of $3456, due 5 years hence, at 

6 per cent, compound interest ? Am. $2582.52. " 
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6. What is the disoount on $1000, due four years hence, at 
6 per cent, compound interest ? Am. $207.91. 

7. Bented a house for 5 years, at $400 a year, the rent to be 
paid quarterly. What is the present worth of this rent, at 8 
per cent, compound interest ? Ans, $1653.47. 

8. Loaned a friend $100 for one year, at 2 per cent, per 
month, compound interest ; that is, the interest is to be added 
to the principal each month. What is the amount at the close 
of the year? Ans. $126.82. 

9. Which is the greater present value, $400 due three years 
hence, at 5 per cent, compound interest, or $500 due 4 years 
hence, at simple interest ? Ans. $500 is better by $71.13. 

10. What sum shall I put into the Sayings Bank, which pays 
5 per cent, compound interest, that shall in 6 years amount to 
$1000 « Ans. $746.21. 



SECTION XXXI. 

DEPOSITS. 

Abt. 314i a deposit is a sum of money lodged in the hands 
of some person or corporation, for safe keeping. 

1. Deposited annually in a Sayings Bank, which pays 6 per 
cent, compound interest, $144 for 20 years. How much money 
shall I have in the bank at the end of the 20th year ? 

Let a = the sum annually deposited. 

r = the rate of interest. 

t = the time. 

A = the amount. 

By the rale of compound interest, the sum first deposited will 
amount to 144(l-4-.06)^, or a{l+rY; for the second year. 
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144(l+.06)», or fl(l-|-r)'-i; for the third year, 144(l+.06)^ 
or a(l4-r)^« ; for the last year, 144(l-j-.06)S or a{l+r)\ 

315t We have now a regular series in Geometrical Progres- 
sion, where the extremes are ^(l+r)' and a(l4-^)S the ratio 
l-j-^} to find the sum of the series. 

Hence^ by Art. 276, we have the following formula for obtain- 
ing the amount of the deposits. 

r 

OTERJUaOTX BY U>QAJBJTBXa, 

Log. (l+r)=1.06 =0.025306 

Multiply by ^=20 = 20 

Log. (l+r)fc=ao 3.207 =0.506120 

Subtract 1 



Log. 2.207 =0.343802 

Log. (l+r)=1.06 =0,025306 

Log. a==144 =2.158362 

Log. r=.06=-2.778151 AritL Com. =1.221849 

Ans. $5614.60=3.749319 

2. A gentleman has a daughter, who is 10 years old; and he 
wishes to give her, .as soon as her age shall be 21 years, $2000. 
What sum must he deposit annually in a bank, which pays 5 
per cent, compound interest, to be able to accomplish it ? 

31 6t The question given above may be solved by the follow- 
ing formula, which is obtained from the last by transposition, 
&c 

Ar 2000 X. 05 



fl= 



{l+r)[(l+r)'-l]— (L05).[(l+.05)'^-l]- 



OPERATION BY LOGABITHHS. 

Log. 2000 3.301030 

Log. .05 —2.698970 

From 2.000000 



V 
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Log. 1.05sa021189 

11 



L7l=0,233079 
1 

liog. .71 =-1.851258 

Log. 1.05 » 0.021189 

Ttkd —1.872447 



Am. $1S4.14. s: 2.127553 

3. A gentleiDan, when his daa^ter was 10 years old, de- 
posited for her, anniiallj, $134.14 in a bank, which paid 5 per 
cent! compound interest. This smn remained until the time of 
her marriage; the amount then was $2000. What was then 
her age ? 

817* The formula for the operation of the above question is 
obtained firom the former by transposition, &c. 

^ - / -AT ,,\ ^ / 2000X.05 . \ 
^==^^8 \.ll+;0+V ==^^8{ l34.14(l+.05 -)+0 
Log. (1+r) Log. (1.05) 

Log. 2000 =8.301030 

.05 =-2.698970 



From 2.000000 



Log. 1.05 s=0.021189 

Log. 184.14 =2.127553 

Take 2.148742 



0.71 =-1.851258 

1 

1.71 =0.232996 

.232996-^.021189 =s 11 years, nearly. 
10+11=21 years. Am^ 
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4. A certain town in the United States, at the beginning of 
1840, had 1000 inhabitants. There has been an emigration to 
this town each snccessive year, on the 1st of January, of 1000 
additional inhabitants. Now, supposing the population each 
year to gain 3 per cent., how many inhabitants would there be 
in this town at the end of 10 years ? Am. 11,807. 

5. A gentleman, at the time of his marriage, deposited in a 
sayings' bank, for the use of his wife, Hie sum of $150. This he 
continued to do for every six months until she was fifty years 
old. Now, if the bank pay a semi-annual dividend of 2 per 
cent, compound interest, and the gentleman's wife at the time 
of her marriage was 25 years old, what is the amount of the 
deposits ? Am. $12,939.97. 

6. K a man deposits annually in a bank $47, in how long 
time will it amount to $400, at 6 per cent, compound interest ? 

Am, 6 years, 273 days. 

7. A gentleman has a son who is 15 years old, aad a daughter 
who is 10 years old. He intends that each of them, at the age 
of 21, shall have $5000 in a savings' bank, which pays an 
annual dividend of 4^ per cent. What sum shall he deposit 
annually for each ? 

Am. $712.48 for the son, $345.71 for the daughter. 

8. Deposited annually, in a bank which pays 4 per cent, com- 
pound interest, a certain sum, which in 10 years amounted to 
$300. What was the annual deposit ? Am. $24.02,8. 

9. A certain young lady deposited $10 in a savings' bank, 
and this she continued every three months. Now, if the bank 
pays 1^ per cent, compound interest at the end of each quarter, 
what will be the amount of her deposits in 10 years ? 

Am. $550.81. 

10. Now, if the lady in the last question had deposited $40 
annually at the commencement of each year, and had received 6 
per cent, compound interest, would her deposits at the end of 
10 years have been more or less than before ? 

Ans. $8.02 more. 
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SECTION XXXII. 

' %v' ^ 

EXPONENTIAL OR TRANSCENDENTAL EQUATIONS. 

Abt. 318t To what power must 7 be raised to amount to 
2401? 

Let X be the power. 

Then 7'=2401. 

Hie second power of 7 is found by multiplying the logarithm 
of 7 by 2 ; and the fifth power of 7 is found by multiplying the 
logarithm of 7 by 5, see Art. 800 ; therefore the a:th power of 
7 is found by multiplying the logarithm of 7 by x. 

We have, therefore, the following equation, the logarithm of 7 
being 0.845098, and the logarithm of 240 1=3. 380392. 

arX 0.845098=3.380392. 

^ ^ 3.380392 . . . 

Therefore, aJ^7roTc7T7To=4th power. Am. 

U.o4oUyo 

The value of a; is obtained by dividing the numerator by the 
denominator. 

The value of the logarithms may also be obtained by sub- 
tracting the logarithm of the denominator from the logarithm of 
the numerator, and finding the value of the remainder. ThuSj 

Log. 3.380392 = 0.528967 

Log. 0.845098 =-1.926907 

Am. 4th power, as before, = 0.602060 

31 9i If the form of the equation be x':s=:a, the value of x 
may be found by the following 

BuLE. Firstj find by trial ttvo Ttumbers as near the true 
value of X as possible, and substitute them for x separately. 
Then say. As the difference of the results is to the difference of 
the two assumed nurribers, so is the difference of the true result, 
and either of the former , to the differ ervce of the true number and 
the supposed ove belonging to the result last used. Add this dif 
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feremoe to thest^posed number^ or subtract from it, according as 
it TTvay he either too little or too great, and it loiU give the true 
value nearly. 

1. What is the valne of a; in the following equation, a:'=100? 

Here a:Xlog. ar=log. 100=2. 

We find the value of 2;, upon trial, to be between 8 and 4. 

Log. 3= 0.477121 

Log. 4= 0.602060 

Log. 3x8=0.477121x3 =1.431363 

Log. 4x4=0.602060x4 =2.408240 

Dijfference of results =0.976877 

2.000000 
1.431363 



Difference &om the true result ^ .568637 

Therefore, .976877 : 1 : : .568637 : .582 

3+.582=3.582=a; nearly. 

This value of a; is found, on trial, to be too small, and 3.6 is 
found to be too great ; therefore, by substituting each of these, 
we have 

Log. 3.582 =0.554126 

Log. 3.6 =0.556303 

Log. 3.582X3.582=0.554126X3.582=1.984879 

Log. 3.6 X86 =0.556808X3.6 =2.002690 



0.017811 
3.6-3.582=.018 ; 2.000000—1.984879=0.015121. 

Then .017811 : .018 : : 0.015121 : .0152. 

Therefore, .0152+3.582=3.5972, very nearly. 

2. GKven a:'=10 to find z. 
First, let ar=2.5. 
Then log. 2.5 =0.397940. 
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ABd 0.397940X2.5 s^ .994850. 

Secondly, let a;=2,6. 

Then log. 2.6 =0.414973. 

And 0.414973x2.6 =1.078929. 

1.078929-.994850 = .084079. 

1.-.994850=.005150; 2.6-2.5=.l. 
Then .084079 : .1 : : .005150 : .006. 
2.5+.006=2.506, nearly. 

3. Beqnired the value of ri; in the following equation : 

a:'=256. Am. a:=4. 

4. Given afsszb to find the value ofx. Am. 2:=2.129. 

5. Bequired the value of :z; in the following equation : 

7'=343. Am. x=S. 

6. Eind the value of a; in the foUowing equation : :r'=3125. 

Am. x=b. 

320* This rule will apply to solving questions in geometrical 
progression, when we wish to obtain the number of terms. 

7. If the first term is 5, the last term 405, and the ratio 3, 
what is the number of terms ? 

In Art. 274, we find L=ar^\ and this equation, by trans- 
position, &c., is 

\ «/ . 1 I'Og. Ir— Log. a , - 
Log. r ^ Log. r 

OPERATION. 

Log. 405 = 2.607455 

Log. 5 = 0.698970 



1.908485 



Log. 3=0.477121 

Log. 1.908485 = 0.280688 

Log. 0.477121 =-1.678628 

4 = .602060 
4+1=5, the number of terms. Am. 
26 
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8. If the first term is 4, the ratio 3, and the sum of the series 
484, what is the number of terms ? 

In Art. 278, we find 

o= =-, or =^. 

r—1 (r—l) 

Therefore, by transposition, we haye 

Log. [g+Cr— 1)S]— Log. fl _ Log. [4+ (3 -1)484] —Log. 4 
Log. r Log. 3 

Log. 972 = 2.987666 

Log. 4 = 0.602060 

2.385606 
Log. 3=.47.7121 

Log. 2.385606 = 0.377598 

Log. .477121 =-1.678628 

= 0.698970 
Ans. 5; the number of terms. 

9. How long must $78.39 be at compound interest, at 6 per 
cent., to amount to $124.94 ? Ans. 8 years. 

10. January 1, 1840, lent my friend John Brown $2000, at 
8 per cent, compound interest, and he agreed to pay me in 5 
years; but, owing to certain circumstances, he could not pay 
until the amount of the note was $4663.31. When was the note 
paid ? Ans, January 1, 1851. 

11. How long will it require $800, at 6 per cent, compound 
interest, to amount to $1609.76 1 Ans. 12 years. 

12. Loaned $2000, at compound interest, for 11 years, and 
received, interest and principal, $4663.31. At what rate per 
cent, was the money lent ? Ans. 8 per cent. 

13. A gentleman agreed with another to board him for a 
certain number of days, on the following terms : he was to pay 
Sy cents for the first day's board, 9 cents for the second day, 27 
cents for the third day, and so on in this ratio. The amount of 
the gentleman's bill was $295.23. How many days was the 
gentleman boarded ? Ans, 9 days. 



^^ 
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' * ANNTJinBS. 



y^ Art. 321 • Annuity is a tenn used for any periodical income 
arising from money lent, or &om tenements, land, salaries, 
pensions, &c., payable from time to time, but generally by 
annual payments. 

322* Annuities are divided into those that are in Possession, 
and those that are in Beversion ; the former meaning such as 
have conmienced, and the latter such as will not begin till some 
particular event has happened, or till after some certain time 
has elapsed. 

323i When an annuity is forborne for some years, or the 
payment is not made for that time, the annuity is said to be in 
arrears. 

324i An annuity may also be for a certain number of 
years ; or it may be without any limit, and then it is called a 
perpetuity, 

325i The amount of an annuity, forborne for any number of 
years, is the sum arising &om the addition of all the annuities 
for that number of years, together with the interest due upon 
each after it became due. 

326i The present toorth, or value of an annuity, is the price 
or sum which ought to be given for it at the present time. 

EXAMPLES. 

1. A man is desirous to bequeath his son a certain sum of 
money, which shall be deposited in an annuity office, that pays 
6 per cent., that his son may receive, at the close of each year, 
$100 for the term of 12 years, at which time the principal and 
interest shall be exhausted. What is the sum bequeathed ? 

Let A = the sum put at interest. 

a = the sum taken out annually. 
r = the rate per cent. 
t = the time. 
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827 1 The amount of the sum, a, taken out at the close of 
the first year, would be, at ike end of the time, 100(l-j-.06)^, 
or a{l'\-r)'~'^ ; that taken out at the close of the second year 
would amount to 100 (l+.OG^, or a(l+r)^^; that taken 
out at the end of the third year would be 100(1 •4-.06)^ or 
a{l+r)'-^; that taken out at the end of the 12th year would be 
only a, or $100 without interest. 

Thus, we have a regular series in Geometrical Progression, 
where we have the extremes, a and a{l'\'r)*~\ and the ratio 
(1+r), given to find the sum of the series. 

Therefore, by Art. 277, we find the sum of the series to be 

-a+r)'-Hl+r)-a^ail+rY-a^a[a+rY-l]^^^^^^ 
r r r 

of all the sums deposited. This, by the hypothesis, must be 
equal to -4(1+^)*. 

Therefore, il(l+r)'=^t(l±!:l!zil. 

By division. A= *- T" — rr-^^= sum put at interest. 
•^ r(l+r)* ^ 

We, therefore, have the first of these formulae for finding the 
amount of the sums drawn out annually, or at stated periods ; 
and the last formula for ascertaining what sum must be de- 
posited, or put at interest. 

fl[(l+r)*-l] 100[(1.06)^-1] 
r(l+ry ■" .06(l+.06)^ ' 

OPEBAHON BT LOOABITHlfS. 

Log. l+r=1.06=0.025306 

12 



2.0122 =0.303672 



Log. 1.0122 =0.005266 

Log. 100 =2.000000 



From 2.005266 
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Log. (l+r)'=(1.06)» =0.303672 

Log. r= .06 =-2.778151 

Take -1.081823 



$838.38. Arts. =2.923443 

2. A gentleman deposited, in an annuity office, $2000. How 
much can he receive annually, if the annuity continue 15 years, 
at 5 per cent, compound interest ? 

Sy transposition, &c., of the last formula, we obtain the fol- 
lowing for ascertainihg the value of the annuity, a. 

Ar(l+rY 2000X.05(L05)« 



■(l+r)'-l • "■ (1.05)^-1 
Log, l-fr=1.05= 0.021189 

15 



(l+r)'=2.0789= 0.317835 

1. 



Log. 1.0789=0.032981 Arith. Com. =-1.967019 

Log. (il)=2000 ^ 3.301030 

Log. (r)=.05 =-2.698970 

Log. (l+r)'=(1.05)^ = 0.317835 

a=ei92.68. Am. = 2.284854 

In the operation of the above question, we find it more con- 
venient to commence with the denominator of the formula. 

3. A gentleman deposited in an annuity office, which pays 5 
per cent, compound interest, $8000; in how many years will 
this sum be exhausted, if he draw out, annually, $850 ? 

828t From the equation, A= ^^^ j"!_ y , we obtain, by 
transposition, &c.. 



t=: 



^"S-(^) ^"S-(850-(8000x.05)) 



Log. (1+r) • Log. (1.05) 

26* 
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Log. (ji)=:850 =»2.929419 

ilr=8000x. 05=400 
Log. (850— 400) =450 =2.653213 

0.276206 
Log. (l+r)=1.05 =0i021189 

Therefore, ^ =13.035=13 years, 12 days. Ans. 

329* But tlI^ same result will be obtained by subtracting 
the logarithm of the denominator from t&e logarithm of the 
numerator, and finding the number corresponding with the re- 
mainder. Thus, 

Log. 276206 =5.441233 

Log. 21189 =4326110 

Ans. 13.035=13 years; 12 days, =1.115123 

4. John Smith, belieying he shall live 20 years, has purchased 
an annuity, which affords him $500 each year. What sum has 
he deposited in the annuity office, which pays for deposits 5 per 
cent, compound interest ? The principal and interest are to be 
exhausted at the close of the 20th year. Ans, $6230.81. 

5. If John Smith die at the end of 10 years, what sum will 
remain in the office ? Ans. |38(0.27. 

6. Or, if the office have agreed, for his deposit, to give him, 
at the close of each year, $500, and if Smith should live 30 
years, what will the office lose ? Ans. $6289. 

7. A gentleman bequeathed to his wife $1728, which she 
deposited in an office which pays 4 per cent, compound interest. 
How large a sum shall she receive, annually, from the office, that 
the annuity may continue 10 years ? Am. $213.09. 

8. A certain Savingp Bank will pay 1^ per cent, compound 
interest, semi-annually. If I deposit in this bank $4000, and 
take from it, at the end of every six months, $500, in what time 
shall I have withdrawn all my money from the bank ? 

Ans, 4 years, 106 days. 
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9. What sum shall I deposit in an annnitj office, that I may 
draw on it eyeiy 3 months for $90 ? ' The bank pays on deposits 
1 per cent, each quarter of the year, and I wish to continue 
drawing on the bank for 10 years. Ans, $2954.84» 
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SECTION XXXIV. 

INVOLUTION OP BINOMIALS. 

Art. 330 1 A binomial or residual quantity may be raised 
to any power, without the trouble of continual involution, by the 
following 

BuLE. 1. To find the terim tmthout the coefficieTits. 

The iridez of the firsts or leading quantity^ begins toith the 
index of the given power ; and, in the succeeding terms, decreases 
contimuUly by l,in every term, to tpe last; and in the second, 
orfoUomng quantity, the indices of the terms are 0, 1, 2, 3, 4, 
^c, increasing by 1. That is, the first term vnll cxmtain ordy 
the first part of the root, uoith the same index as the required 
power. The last term of the series vnU contain mdy the second 
part of the given root, raised to the intended power ; but all the 
other intermediate terms wUl contain the product of some powers 
of both members of the root, that the powers or indices of the first 
or leading member vnd always decrease by 1, wMU those of the 
second memher vnll increase by 1. 

2. To find the coefficients. 

The first coefficient is always 1, and the second is the same as 
the index of the required power ; to obtain the third coeffijdent, 
multiply that of the second term by the index of the leading letter 
in the same term, and divide the product by 2, artd so on ; that 
is, multiply the coefficient of the term last found by the index of 
the leading quantity in that term, and divide the product by the 
nuTnber of terms to that place, and it vnll give the coeffijdent of 
the term next following. In this manner all the coefficients vnll 
be obtained. 
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Notb' 1. — The whole number of terms will be one more than the index 
of the given power ; and, when both terms of the root are -{'» &11 the terms 
of the power will be -^ ; but, if the second term be — , all the odd terms 
will be 4-> And all the even terms — , which causes the terms to be -[~ 
and — alternately. 

Note 2. — The sum of the two indices in each term is always the same 
number, that is, the index of the required power ; and, reckoning from 
the middle of the series, both ways, or towards the right and left, the 
indices of the two terms are the S9.me figures at equal distances, but 
mutually changed places. Also, the coefficients are the same numbers at 
equal distances from the middle of the series towards the right and left ; 
so, by whatever numbers they increase to the middle, by the same, in the 
reverse order, they decrease to the end. 

EXAMPLES. 

1. Let a-^-z be involved to the 5th power. 

•The terms without the coefficients, by the first rule, will be 

o*^, fl*a:, c^x^y a^f or*, rc'^, 

The coefficients by the second rule will be 

6X4 10X3 10X2 6X1 _ 
A, o, -2~"' ""F"' "T"' "5"'— 

1, 5, 10, 10, 6, 1. 

Therefore, the Mh power with the^coefficients is 

a«+5fl*a:+10aV+10aV+6air*+a:«. 

2. Involve a— a; to the sixth power* 

Ans. The terms with the coefficients wiU be, 
fle-.6a«a:+15flV— 20a?a:»+15aV— Cfli^+a;*. 

8. Bequired the tenth power ofa+x. 

( aio^lOa»a:+45a8a;2+120flV+210fl«a^+252a^z« 
^^' ( +210flV+120fl8a;'+45flV+10(M:»+a:i°. 

4. Baise x-j-y to the seventh power. 

Ans. a:'+72«y+21a^2r'+35aY+86aY+21ary+7a^+2/'- 

5. What is the ninth power of a—b ? 

( a9-9a«3+36a^^-84fl%8+126a*i*-126a<*'+84 
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The coefficients of the first twebre powers will be foond in the 
following 

TABLE. 

Rrst power, 1, 1 

Second " 1, 2, 1 

Third « 1, 3, 3, 1 

Fourth « 1, 4, 6, 4, 1 

Fifth " 1, 5, 10, 10, 5, 1 . 

Sixth « 1, 6, 15, 20, 15, 6, 1 

Seventh " 1,7,21,35,35,21,7,1 

Eighth " 1, 8, 28, 56, 70, 56, 28, 8, 1 

Ninth « 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

Tenth " 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1 

Eleventh " 1, 11, 55, 165, 380, 462, 462, 330, 165, 55, 11, 1 

Twelfth « 1, 12, 66, 220, 495, 792, 924, 792, 495, 220, 66, 12, 1. 

By examining the preceding table, we readily perceive the 
law by which the coefficients are obtained. 

If we wish to obtain the coefficients of the 6th power, we 
add together the coefficients of the 5th power, two and two. 

Thus, 1+5=6; 5+10=15; 10+10=20; 10+5=15; 
5+1=6. By this process we obtain all the coefficients of the 
6th power, except the first and last, which are always 1 in every 
power. 

To obtain the coefficients of the 10th power, we add those of 
the 9th. Thus, 

1+9=10; 9+36=45; 36+84=120; 84+126=210; 126 
+126=252; 126+84=210; 84+36=120; 36+9=45; 9 
+1=10. 

We therefore find the coefficients to be, 

1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1. 

6. Baise a+43 to the third power. 
Let ns=^b. 

Then a'\'n=a'\-Ab. 

The third power of a+Ti, by Art. 330, = 

a'+3eAi+3aw*+n?. 
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SnbstitatiDg 4b for n, we have 

a»+12a«3+48a^+643^ Am. 

7. What is the third power of a-^b+c ? 

Let w=3-j-c. 

Then a-|-7is=a+i-f-^. 

The third power of a-j-«=flr'+3a^-f ^^'^'H"^' 
Substituting the values of n, we have 

a»+3a2(3+c)+3a(i+c)*+(^+cf= 

( c^+Za'b+da^c+Sal^+Qabc+Zcu^ 
^^' X ^if^+^c+Bbc'+d'. 

8. What is the 3d power of a+i+c-|-<i ? 

Let xzsza+b, and y=c4-^. 

Then (a:+y)»=(a+3+c-|-(i)*. 

And ^x+yY=:{3^+Bx^+ Sxf+i/^). 

Substituting these values of x and y, we have 

(a+bY+B{a+b)\c+d)+B{a+b){c+d)^+{c+d)^= 

c^+Sa^+Sali'+l/'+{3a'+Qab+^l^){c+d)+ {da+Sb)((^+2cd 

c^M^(^b+^al^+l^+Sa^c+Qabc+db^c+Md+Qabd+^b^d + 
^af^+Qacd+^ad^+Sb<^+6cbd+^bd^+(^+Z<^d+^c^+d^. Ans. 

9. What is the 3d power of 2a— i+c^ ? Ans. 

10. What is the 5th power of 4a — bb ? Ans. 

11. Wha^t is the 6th power of 3a*— 2^^? Ans. 

12. What is the 4th power of w-j-Ti — p ? Ans. 

13. What is the 8th power of m^-\-7^ 1 Ans. 

14. What is the 7th power of l+x^ ? Ans. 
16. What is the 2d power of a-j-3+c-]-(i-[-c-f/.^ Atis. 

16. What is the 10th power of o^+^ ? Ans 

17. What is the nth power of a+b ? Ans. 

18. What is the 6th power of a—b-^-c ? Ans. 

19. What is the 4th power of a** — x ? Ans. 

20. What is the 3d power of 2a*— 3^ ? Ans. 
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SECTION XXXV. 

BINOMIAL THEOREM. 

Abt. 331a The Binomial Theorem is a general algebraical 
expression or formula, by which any power or root of a given 
quantity, consisting of two terms, is expanded into a series ; the 
form of which, as it was first proposed by Sir Isaac Newton, 
being as follows : 



m m 



where P is the first term of a binomial, Q the second divided by 

the first, - the index of the power or root, and Ay B, C, &c., the 

terms immediately preceding those in which they are first found, 
including their »gns + or — . 

332* This theorem may be applied to any particular case, by 
substituting the numbers or letters in the given example for P, Q, 
m, and n, in either the above formulse, and then finding the result 
according to the rule. 

m 

NoTB 1. — In ezpanding any power or root of a binomial, as (o^-^e)", it is 
more convenient to reduce one of the terms to unity ; hence we change 

tn tn in 

ia+x)" to the form a"(l-f>^)". Snbstitating P for a, and Q for -, we have 

in in in tn 

■P"(1+Q)"=(-P+^Q)"- Tlio only difficulty consists in expanding (1+Q)"; 



m 



for, after that is expanded, we have only to multiply the result by JP". By 
processes of reasoning too intricate and extended to be here introduced, it can be 

proy«lthat(lW=H^Q+= C^)«'-f^(^)(^)«'+*<'-.''«* 
ever be the value of — , whether positive or negative, integral or fractionaL 

n m m m m tn 

n n\ 2n / n 

w m nt mm 

+^(^)p»Q^&c. Here ^P"Q=J^X^Q» -(^V^Q^^^^^X^ 
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Qf Stc. Using A for the first term of the, series, B for the second, C for the third, 

m i» 

lent form for praotioal use. 

2. By substituting for P and Q their Talues in the general expression 

— ( -- — ja" ««-|-Ac., a general expression of the binomial theorem. If — rep- 



Ac., we obtain (P4-PQ)''=J*"H — AQ \ —- — £Q-j-Ao., which is a more conven- 



n\ 2n / 



m 



resent a positive integer, put ~=sm, or nasi, and we haye (a4^)"*s=a"* -fnn 
^^, ^>n(m~l)^„^ ^_^m(m-lXffl-2)^«^ ^^J^_J^^ ,^^^ ^^^ ^^^^ numbers 

m-f-1 terms, it will be found that the ooeiBoient of the next term would contain 
the factor m — m=sO ; hence that coefficient, and all following it, would become 
0, and the series will terminate with m-f"! terms. The last term of the series 

will become a"*~*"«^=sa^, and the sum of ihe exponents in each term is equal to 
m. All the principles contained in Art. 330 may be derived from this formula ; 
hence the preceding section contains the application of the binomial theorem, 
when the index of the binomial is a positive whole number. When the index 
IB negative or fractional, as in the following examples, the series will proceed 
on ad infinitum. It may be observed, however, that when the index is a nega- 
tive integer, the power may be expressed by the reciprocal of the expansion 

1 
of the same binomial with a positive index. Thus, (a+af)~ ^ — a i %r^ rr^ 

3. If Q<1, then Q*<Q, (^<Q*, Ac. As Q=^, the series will become 

a 

more convergent the less the second term of a binomial is with respect to the 
first. Hence the larger term should be placed first, and made equal to P, as in 
examples 3 and 6. 

EXAMPLES. 

1. It is required to convert (a^-f*^)^ ^^ ^'^ infinite series. 
Let P=a3, Q=-„, -=J, or m=l and «=2. 



a2' n 



m m 



Then Pn=:{a^)n=.(a^y=az=ji. 

m—2n Q Q__ l— 4 w a?« ^ » s=3_?fL.= 7) 

3n ^ 6 '^ 2.4a8'^a« 2.4.6a6 
wi — 3wrjQ 1— ^w 3a?' \v*___ 3.5a?* jp 
4n ^ 8~'^2.4.6a6^aa"" iZdii^"" 
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m— 4n j-tQ 1 — 8v> 8.6ar* v/g 8.6.7a?* j-, 

—fin" ^^^^lo"'^ 2.4.6.8a7 '^^~*2.4.6.8.10fl»^^ 

Therefore (ai4-g)i=a4-±~-^+.-^^^^igg-.4-^ f f J!L»— > &«• 
2. Beqoired the development of g__^a in a series. 
Here — ^=x2(a:«— «)""4, P=x«, Q=— ^, ffl=— 1, and fi=2. 

fit M . ^ 

Hence p;r=(x«)»=(x2)— i=i=r^. 



m 

=(X«)»=(X2)— *= 

W — «T»r> — 1 — 2> 



2n 






3n ^'' 6 '^2.4*6'^ a?a 2.4.6a?7 
m— 8n*)^^ — 1— 6vy, 8.5y« 



4n 



np __— 1— g y 86y« y_y _ 8 5Ty* _.p 
^^^ 8 ^2.4.6af7'^ aj2 2.4.6.8«« 



A /I a>« _^ I y , 8ya I 3.5y» | 8.6.7y< i j^ 

^^' 0^5=^ '^2i'^2l5?»"^£4:to*"^ 

This last equation is obtained fircnn the foimer by multiplying 
each term of the equation by a^. 
3. Eequired the cube root of 9. 
Here, 9*=:(8+l)it. 

Therefore, P=8, Q=J, m=l, and ii=8. 

Whence, p»=8»=8^=2=.^. 

m — ^n 



i»«2=^X=i=xL=-rk=C. 



2n ^ 6 ^^3.2«'^2^ 8.6.2* 

3n ^ 9 ^ 8.6.2*'^28 8.6.9.27 

w— 3^ J O "^""^ y ^ y^ ^-^ ff; 

4n ^ 12 '^ 8.6.9.27'^2a 8.6.9.12.210 

Therefore, 9^=2+i L-f _i ?i — .+, &c 

*uci^*uxc, *. ''n-g 2* 3.6.2* '3.6.9.2^ 8.6.9.12.2W «^* 

4. What is the square root of a-^-b? 
Here, 5?=L, p=:a, and Q=i. 

Then, P®=a l=jj. 

27 
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m^n-^ 1—2 crib h aril^ tril^ ^ 

i«-2« 1-4 fl-f^ b 3tf-f3» fl-ii' 

^ ^m-3n^^ 1-6 a'^i^ 3 ba'^b* 5fl"^3* -, 
^-■•^^«==— ><TrXa=-l28i-^--128--^^- 

Therefore, (a+3)'=a^+-2- 8"+"l6 128"' *°* 

6. Wliat is the cube root of 7 ? 

- o i 1 5 5.8 

3.2» 3.6.2* 3.6.9.2' 3.6.9.12.2"' ' ' 

6. Expand (1— a)^ into an infinite series. 

- - 2a 2.3.a« 2.3.8.a« . 
Arts. l^^_g^-g^jg^^, &c. 

7. It is required to convert r, or its equal (l+^)"if 

into an infinite series. 

A 1 g| ^^ 6.11a:» , 6.11.16a^ 

^'*^- ^"S+SIO'S.IO.IS ■ 5.10.15.20""' *^ 

8. It is reqtiired to convert (a— 3)^ into an infinite series 
A ifi * ^^ 3.7.^^ 3.7.113* \ 

INDETERMINATE COEFFICIENTS. 

333* TMs is a general method of obtaining a series from frac- 
tions, and other expressions, without either performing the division 
or extracting the root. 

BuLE. Assume a series vnth uvJknown hut constant coeffir 
dents of x, increasing or decreasing in the same way as if 
the operation ivas performed at length ; then make this series 
equal to the given expression^ andy clearing the equation of 
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fractioTvSy bring all the terms to one side, so as to make the 
equation = ; next make the first term of the coefficients of 
the several powers of x each = 0, and, there toUl arise as many 
independent equations as there are uTiknoum coefficients^ from 
which their values may he found and substituted for them in the 
assumed series, 

1. Let it be required to expand r-y— into a series. 

Assume A-\'Bx-\'Ca?-\-Ih?-^k(i, ; then, multiplying 

O'f-X 

both sides by i+a;, and transposing a, we obtain Ab'-a-^ 
(J33+il)a:+(C^+JB)a:*+(D3+C)a:»4-iSfcc.=0, an equation which 
must be true, whatever be the yalue of z. Now, making 
the first term, and the coefficients of the several powers of 

a:, each = 0, we have Ab — a=0, or -^=t> J?i+il=0, or 

5=-|==-J; C3+jB=:0, or C=-|=+|; D3+C=0,or 

C a 

D=z — -=:—._, &c. And, substituting these values of A, B. 

-jj — 7J-+ &c., in which, it is obvious, that the signs are 

alternately -|- and — , and the exponents, both in the numer 
ator and denominator, increase continually by 1, that of 2: in 
the numerator being always 1 less than that of b in the de- 
nominator. 



2. Expand -rm Ta '^^ * series. 

ar-f-Jax — sr 

3. Expand /v/(^^~"^) ^^ * series. 

a? a^ 7^ 
Am. a_-___j__, &o. 
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4. Expand :r--^ — o into a series. 

This is a reouTring series, in which each of the coefficients, 
after the second, is the sum of the two preceding ones. 

5. Expand A/(l-^a) into a series. 

2 23 2.4.6 2.4.6.8 2.4.6.8.10 ' 

1— « 

6. Expand = — 5 5-3 into a series. 

Am. l+ar+5a:>+13a;»+4Li:*+121a:»+365a;», &c. 

7. What is the expansion of (a—b)^ ? 

. i/ ^ 3^ 3.7^ 3.7.1iy . \ 

Ans. a \^A-j^-|;g^-j;g;j2?""4.8.12.16(t*'"' *''• y) 

8. It is required to expand (a+a:)"^. 

9. It is required to expand ^ , 

^ 1 6a: , 24a:« 80«» ^ 

2 

10. It is required to fibdd the expansion of g . 

^ 2 4a: , 6a;« 8a:» , „ 



a« 



11. It is required to find the expansion of 3 . 

12. What is the value of r in a series ? 

(324.a:)i 

1 a: 3a:« 3.5a:« , 3.5.7a?* 
^^' 3 2*8"^2.4^ 2.4.63'+2.4.6.8*» * ®®' 
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SECTION XXXVI. 

SUMMATION AND INTERPOLATION OF SERIES. 

Art. S340 The Summation of Series is the method of finding 
a terminated expression equal to the whole series. 

Interpolation is the method of finding any term of an infinite 
series, without producing all the rest. 

nrPVERENTIAL METHOD. 

335< The Differential Method consists in finding, from the suo- 
oessiye difiierences of the terms of a series, any intermediate 
term, or the sum of the whole series. 

Problem I. 
336a To find the several orders of differences. 

Let a-j-^-f-^+^+^-f* ^^'> ^® ^^7 s^nes; subtract each term 
from the one following it, and the differences — a-j-3, — &-{-c, 
— c-{-d, —d-^-e, &c., will form a new series, called the first 
order of differences. Again, subtract each term of this new 
series from the one that follows it, and the differences a — 2b'{'C, 
b—2c-\-'d, c — 2d-\'e, &c., will form anbther series, called the 
second order of differences. Proceed in like manner for the 
third, fourth, fifth, &c., order of differences, until they at last 
become equal to 0, or are carried asYar as is required. 

337a When the several terms of the series continually In- 
crease, the differences will all be positive; but, when they 
decrease, the differences will be alternately negative and posi- 
tive. 

1. Bequired the several order of differences of the series 1, 6, 
20, 50, 105, 196, &c. 

1, 6, 20, 50, 105, 196, &c., the given series. 

5, 14, 30, 55, 91, &c., 1st differences. 

9, 16, 25, 36, &c., 2d " 

7, 9, 11, &c., 3d 

2, 2, &c., 4th " 
0, &c., 5th " 
27* 
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2. Bequired the several order of differences of the series of P, 
2«, 3», 4», 58, &c. 

1, 4, 9, 16, 25, &c., the given series. 
3, 5, 7, 9, &c., 1st differences. 
2, 2, 2, &c., 2d « 
0, 0, &o., 3d " 

3. Required the several order of differences of the series of 
cubes, P, 2«, 3', 4», 5». Ans. 

4. Find the order of differences in the series j^, f , |^, ^, 
^, &c. .ilitf. 

Pbobubm n. 

3380 To find the first term of any order of differences. 

Let £?, d'^i ^'", £?'", &c., represent the first terms of the 1st, 
2d, 3d, 4th, &o., order of differences ; then (?=— a+i, d"=a 
— 2i+c, ^'"=-a+3i— 3c+(i, (^""=a— 4i+6c— 4£i+g, &c.; 
from which it is obvious that the coeficients ofLthe several terms 
of any order of differences are respectively the same as those of 
the terms of an expanded binomial, and are obtained in the same 
manner ; for the terms that are subtracted are actually added, 
but with contrary signs. Hence we infer that ^", or the first 

difference of the 71th order of differences, is db^^T^i^ • — 9- 

c^^n, . — o— ^±» &c., to 71+ 1 terms ; in which formula the 

upper signs must be taken when 9i is an even number, and the 
under when n is an odd number. 

5. Required the first of the fifth order of differences of the 
series 6, 9, 17, 35, 63, 99, 148, &c. 

Let (z, b, c, d, g,/, &c. = 6, 9, 17, 35, 63, 99, 148, &o., and 
n=5. Then 

gInS «(>»-!) ■ w(«-l)(«-2) n{n-l){n-2){n-B) 
«(«-l)(w-2)(«-3)(w-4) ^ 5.4 5A8, 
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lS'+^^-^= -6+45-170+350-815+99= 
494-491=+3. Ans. 

6. Bequired the first of the sixth order of differences of the 
series 3, 6, 11, 17, 24, 36, 50, 72, &c. Am. —14. 

Problem IIL 

339* To find the nth term of the series a, h, c, dy e,/, &c. 

As we have found in the last problem that J'= — a+3, there- 
fore is=a+<i', and, in the same manner, we find c=a+2<i'+d", 
d=:a+M'+Zd:'+d'g, c=a +4d' + Qd'' + 4£f " + ci"", &c. ; 
whence the nth term is 

, n— 1 -, , 71—1 n—2j„ , w— 1 n— 2 «— 3 «„ , - 
=a+-j-d['+-^ . -^-ir'+-^ . -^ . -^''+, &o. 

7. Bequired the 7th term of the series 8, 5, 8, 12, 17, &o. 

3, 5, 8, 12, 17, &c., the given series. 
2, 3, 4, 5, 1st difference. 
1, 1, 1, 2d difference. 
0, 0, 3d difference. 

Here d'=2, d"=\, d'"z=,^, and n=7. 

Therefore a+^(i'+^ . !^=:?ef '=3+1=1 . 2+ 

^ . ^ . 1=3+12+15=30= the 7th term. 

8. Eequired the 9th term of the series 1, 5, 15, 35, 70, &c. 

Ans. 495. 

9. Eequired the 10th term of the series 1, 3, 6, 10, 15, 
21, &c. Arvs. 55. 

Problem IY. 

340a To find the sum of n terms of the series a, ^, c, d^ e, &c. 

If we add the values of a, 3, c, &c., as found in the last 
problem, we obtain 2a+i'=fl+3, 3a+3{r+(i"=a+&+c, 4a+ 
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6d'+4(^'+d^''=za+b+c+d, &c. Wherefore it is evident that 
the sum of n tenns must be 

na-f-n . — ^ » -r'* • — o ' ^^ — ^ ' ' o • "o"" • ^ ^ T^* 

341a When the differences become at last = 0, any term, or 
the sum of any numbers, can be accurately found ; but, when the 
differences do not vanish, the formulas in this and the preceding 
problem give only an approximation, which will come nearer the 
truth as the differences diminish. 

10. Eequired the sum of 8 terms of the •eries 2, 5, 10, 17, &c. 
Here ?i=i8, as=2, (^=3, d["=2, and d^''=0. 

Hence, na+n . ^^d'+n . ^^ . ^(^"=8 . 2+8 . L 3+ 

7 ft 

8 . ~ . ^ . 2=16+84+112=212= the sum of 8 terms. 

11. Eequired the sum of 100 terms of the series 1, 2, 3, 4, 
5, &c. 

Here 1, 2, 3, 4, 5, 6, &c., given series. 

1, 1, 1, 1, 1, &c., 1st difference. 

0, 0, 0, 0, &c., 2d difference. 

Here ?i=100, a=l, and (i=l. 

„a+n. ^^^=100+100 . ^12^^1=5050. . Am. 

12. Bequired the sum of 12 terms of the series, 1, 4, 10, 
20, 35. Am. 1365. 

13. Bequired the sum of n terms of the series 1^ 2^ 3*, 4^ 
5«, 63, 7^ &c. 

Here 1, 4, 9, 16, 25, 36, 49, &c., given series. 
3, 5, 7, 9, 11, 13, &c., 1st difference. 
2, 2, 2, 2, 2, &c., 2d difference. 
0, 0, 0, 0, &c., 3d difference. 
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Let a=l, dr=3, and ^'=r2. 

Then ^+!^>| «(^l)(«-2)^,^«(»+l)^(2n+l)^ 

14. Required the sum of n times of the series 

1«, 2*, 3«, 4», 5», 6», &o. ; 1, 8, 27, 64, 125, 216, &o. 
Here 1, 8, 27, 64, 125, 216, &o., ^ven series. 
7,19,37, 61, 91, &o., 1st difference. 
12, 18, 24, 30, &c., 2d difference. 
6, 6, 6, &c., 3d difference. 
0, 0, &c., 4th difference. 

Let a=l, d!=n, i^=12, (^''=6. Then 

n(n~l) 7i(n^l)(n-2) n(7i^l)(9i-2)(n-3) ^ 
'^+—2-^+ 2.3^ ■• 2 .3.4^- 

— , 7n(yt— 1) , 12n(7t— l)(?i— 2) , 6n(n— l)(yt— 2)(n— 3) 
■"'*+ 2 "^ 2 r"3 ^" 2.8.4 

, 7««-7w . ^ . « « , . , 7i*-6«»+lln>-6« 

=91+ ^ +2rf-672?+47l+ ^^ — ^ = 

4n , 14n^^l4n , 8w«->24yi«+16n , yt^,.6w?+lln?— 6yi 
4"^ 4 ' 4 ' 4 ^ 

- "^ = 7^ ■ sum of 71 terms, as required. 

15. What is the number of cannon-shot in a square pile, the 
bottom row consisting of 25 shot^ ? Ans. 5525. 

16. I have 10 square house-lots, whose sides measure 5, 6, 7, 
8, 9, &c., rods, respectiyely. What is thdr value, at 25 cents 
per square foot ? Ans, $67,041,56^. 

* Shots and shells are general^ piled in three diffsrent forinSy called 
triangular, square, or oblong piles, according as their base is either a 
triangle, a square, or a rectangle. 

A square pile is fbrmed by the oontinnal laying of square, horizontal 
courses of shot, one aboye another, in such a nuinner as that the sides of 
their courses decrease by unity from the bottom to the top row, which 
ends also in one shot 
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17. Here aie 5 cubical bloda of naibk, wiioee gides meas- 
ure, re^^ectiTelj, 2, 3, 4, 5, and 6 feet? WEat is their value 
at $2.75 per cubic fi>ot ? Am. $1210. 

18. What is the miniber of shot in a square pjiamidical pile, 
whose side at the base contains 100 shot? Am. ^38350. 

19. Whftt 18 the sum of 20 terms of the series P, 2*, 3*, 4', 
5*, &, Ac. ? Am. 44100. 

20. What IS the sum of 20 terms of the series 1\ 2*, 3«, 4^ 
5*, 6*, &C. ? Am. 722666. 

Pboblbm Y. 

342. To find a fraction that will egress the Talue of a 
geometrical series to infinity. 

In Art. 284 we find that the sum of an infinite series is 
obtained by the following formula : 

1— r 
and, by this fozmnk, we may find the sum of algebraic series. 



1. What is the sum of the series l-f-a-H^+^+^y &<^*) 

carried to infinity ? ^1 

^ Ans. = . 

1 — a 

By the above formula, the first term of the series will be the 
numerator of the fraction, and the denominator is obtained by 
subtracting the second term from the first. 

2. What fraction will express the exact value of the series 

1+5+25+125, &c., to infinity ? . 1 

Ans. ^ — =. 
1 — o 

3. What fraction will express the infinite series 1— a+a* — a* 

+tf*— a*, &c. ? ^1 

Ans. 



4. What fraction will express the series "-+-§- "Ht+» *'^*» ^ 



1+a 



infinity? Ans. r. 
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5. What is the sum of the series ~+3+Z8+^+» *^*» ^ 

infinity? ^ns. ^—j. 

6. What fraction will express the series 1+2+4+8+16, &c., 

1 



to infinity? 




Arts. 



r^i: 



1 r»,a^ a^ , - 



toin^ ^ ^1^^ 



v\. ^ 



a« ' fl« a' 



tof 



' fi> 



J 




a 



• • 



•*•. 



••• 



£a 



^. 



-, &C., 

s. 1. 

rsof the 
cting the 



Then 1 = tlie «.^ 

Note. — Another method may be Itaiw _ 

12. Keqnired the snm of the series 14+25+36+4^+' 

11 



&Co to infinity. 



Ans, 



IS- 
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SECTION XXXVII. 

CUBIC BQXTATIONS, CONTAINING ONLY THE THIBD AND 

SSCONB POWSBS.^ 

Abt. 848t Any numerical equation, containing only the third 
and second powers of the unknown quantity, and having one 
rational root, may be reduced by rendering both of its members 
perfect squares, and extracting the square root of both sides: 
completing the operation by former rules. The only difficult 
lies in multiplying the equation by such a number that, after 
adding to each side the fourth power of the unknown quan- 
tity, and the second power with a coefficient easily determined, 
both sides will be perfect squares. This multiplier must be 
ascertained by trial; for, though a general formula might be 
given for obtaining it, yet it would be so complicated as to be of 
no practical use. It may be either an integer or a fraction, and 
is positive or negative according to the sign of the known 
quantity. ^ 

Though there always is such a multiplier whenever the un 
known quantity has one rational value, yet, when the numbers 
are very large, or the equation is very complicated, it may 
not be readily found, and the process of trial may become too 
tedious to be of service. "Whenever the equation does not con- 
tain too large numbers, the pupil will find little difficulty, if he 
thoroughly understands the following 

BiTLE. Dimde both sides of the eguation by the coefficiejit of 
the uTtknown cubcy if it have any expressed. Place the third 
power of the uriknovm quantity on one side of the equation, and 
the second power, vnth the known quantity, on the other. Mid- 
tiply both sides by the number nearest to unity whkh vnU make 
the hnaum quantity a positive square; or, which is the same 
thing, separate the hrvown nuniber into two factors, one of wMch 
shall be the greatest square contained in it, and multiply both 
sides by the other factor, ^ 

MuUipiy the last equation by 4:; add the fourth power of the 
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unkTwwn quantity, and the second power, with a coefficient equal 
to the square of half the coefficient of the third power, to each 
side ; and extrojct the square root of both sides, if possible. By 
taking like signs of the tvx) members of the equation in evolving^ 
toe shall obtain one root ; and, by taking urdtke signs, tlie other 
tvx) may be found by quadratic equations. 

But, if that member of the equation which amtains the known 
quantity is not a perfect square, stibstitute 1, 9, 16, f , f, i, ^, 
or some other sqiuire nurriber, in the place of 4, and proceed 
as above, till, by trial, a number is found which wUl accomplish 
the object. 

Note. — 1. The sum of the three yalues of the unknown qiumtity should 
always be equal to the coefficient of the second power in the original 
equation, after dividing by the coefficient of the cube, and placing it on 
the same side with the known quantity, opposite the positive cube ; hence, 
if two values were known, the other might easily be foun^i. 

2. When one of the values is known, the others might be found by the 
usual method ; bringing all the terms of the original equation to the same 
side, and dividing by the difference between the unknown quantity and 
its known value, reducing, by quadratic equations, the equation thus pro« 
duced. But the three values are here given directly, by using the different 
signs in evolving, thus rendering the solution shorter, and more satis&o- 
tory. It is evident that, in extracting the square root of an equation, 
both sides may be considered positive, or both negative, or either one 
positive and the other negative. Thus the square root of the equation 
4a2— 8a6-H*^=<^H-2crf-H^ is +(2a— 2^»)=-|-(c+d), or —(2a— 24) 
=— (c+d), or +(2a— 26)=— (c-f^), or — (2a— 25)=-|-(c-|-d). But, 
if both sides take like signs, the result will be the same, whether they are 
both positive or both negative, as the sign# of both sides of an equation 
may always be changed; while, if they take unlike signs, a different equa> 
tion will be produced, it making no difference which side is positive. 
Hence, there are but two results that can be obtained, and we have pre- 
ferred to express them, in the fbllowing examples, by the same method as 
in quadratic equations ; prefixing the sign ^t to the right-hand member 
of the equation produced by evolution. 

3. By observing whether the root of the known quantilj is greater op 
less than half the coefficient of the second power on the same side, if we 
also notice the sign, we may usually know whether the multiplier we have 
used is too small or too large. When there are two rational values of the 
unknown quantity, of course the third will be rational, and fl|$|^will be 
three different multipliers, which will answer our purpose, thusgiving 
three different solutions for the same example. 

28 
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EXAMPLES* 



1. What are the values of a: in the equation a;^— 0:^=4 ? 

Here the multiplier, which would make the known quantity a 
perfect square, is unity ; therefore we transpose, and multiply 
by 4, 4a^=:4i^+lQ. 

Adding a?* and f ^ j a:^ to each side, a:*4-4^+*4a:^=^+^+16« 

Evolving, a:«+2a;=rt:(a:^+4.) 

Taking the positive sign and cancelling, 2a;r=4. 

Dividing, a;=s2. 

Taking the negative sign, a:^-f23:=— a:*— 4. 

Transposing and dividing, a*-}"^= "~2. 

By quadratics, a:= — ~^- 

Hence a:=2, or ~ , Ans. 

The sum of their values, 2-| -^ — -^ i- |i — i, is 1 

2. What are the values of a: in the equation 4a:*-(-10a:^=9 ? 

Conditions, i2?-\'10a^=:9. 

5 9 
Dividing by 4 and transposing, a^z= — ^^+7. 

9 • 

2 being a square, multiply by 4, 43:*=— 10ar^-f9. 

Adding a^ and ^-^ r», a^+4a^+i3^=x*-^Qa^+9. 

Evolving, a:»+2a:=±(a:2_3)^ 

Taking the positive sign and cancelling, 2a;=:— 3. 

3 
Dividing, a;=— -. 

Taking the negative sign, s^ f-2a:=:— ar^+3. 



OUBIO BQUATIONS. S27 

Transposing and dividing, a;*-f-a;=-. 

The sum of these roots is — ^r. 

3. Given ac'— ac«=931 to find the values of a:. 
(1.) Conditions, aB»— ac«=931. 

(2.) Dividing and transposing, a^'ss--— j — ^, 

(3.) The greatest square in -^- is -=- ; 

therefore _— _.X-g-. 

Multiplying (2) by ^ , -g- =-3-H — §—• 

HI u- 1 • u >t 76:c» 152z« "70756 

Multiplying by 4, -—^— — j — —. 

76r^ . 1444a:» . . 532a:2 . 70756 

■9~* 



Adding t^ and T -^ j 7^, ^+"3" "* 9""^"^ — 3 — * 

•r. 1 . , . 38ar / , 266\ 

Evolving, ar»+-g-=±(^a:'+-3-j. 

Taking the positive sign and cancelling, 38a;=266. 
Dividing, x=l. 

Taking the negative sign, a:*-j — 5-=— a:* 5-. 

o o 

Transposing and dividing, ar^-j — 5-= ^. 

By quadratics, a;= ^"" . 



Hence ar=7, or 5 . The sum of these is -x. 

o o 



328 ALOSBBA. 

4. Given a?=\23i^ — 81 to find the values of x. 

Conditions, 2:*= 12ar^— 81. 

By multiplying both sides by — 1, — 81 
becomes a positive square, —3?=z — 12^^+81. 

We find that neither 4, 9, 16, nor 25, 
win answer our purpose, and we 
multiply by 36, -36r^=— 432a:2^2916. 

^ j a^^ a^— 36a:»+324a:^==x<-108r^+2916. 

Evolving, 3^^\)ix=:z±[3?—b^), 

Taking the positive sign and cancelling, — 1 8j:=: — 54. 
Changing signs and dividing, a;=3. 

Taking the negative sign, 7? — 18a:s= — a^-^-bA:. 

Transposing and dividing, a:* — 9a;=27. 

n 1 • t o rv 1 "1 c\*^ "1 loy 

Completing the square, a^-— 92:4-2-=27+-j-=-j-. 

Evolving, ^■"2~~"2~' 

„ . 9±3V21 
Transposing, a:= ^ . 

Hence a;=3, or — — The sum of these is 12. 

5. Given a:^+ar*=— 4 to find the value of a:. 

^ Am. —2, or — ;r . 

6. Given 7a;^=r^-J-36 to find the values 6f a:. 

Alls, a;s=:6, or 3, or — 2. ' 

7. Given a;^— 4a:®=— 9 to find the values of a;. 

Ans, a;=3, or ^r — . 

8. Given 2a:'=:99— 5a:^ to find the values of a;. 

A^. .=3. or =11±VB!?. 

4 

" 9. Given 4a:»+10afc=125 to find the values of x. 

Atvs. a;=2^, or -^ -. 
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10. Given a?=8ai*+S63 to find the values of a:. 

Ans. a:=ll, or -^ . 

2 

11. Given 37a:^=7a:*+144 to find the values of a:. 

Am, a;=4, or 3, or —If. 

CtJBIO EQUATIONS CONTAININa ONLY THB THIRD AND PIBST 

POWERS. 

Art. 811» Any nxunerical equation contedning only the third 
and first powers of the unknown quantity, and having one 
rational root, may be reduced by multiplying both sides of the 
equation by the unknown quantity, and adding the second power 
to each side, with such a coefficient as, after adding a number 
readily determined, will make them perfect squares. The only 
difficulty lies in finding this coefficient, which must be ascer- 
tained by trial ; though, by adopting the following rule, it can 
readily be found, unless the equation is so complicated, or the 
numbers so large, as to render the operation tedious. 

In this and also the preceding case, the rule might perhaps be 
so framed as to obtain the roots without reducing the coefficient 
of the cube to unity, the two methods bearing somewhat the 
same relation to each other as the two in quadratic equations. 
But we have preferred to use fractions occasionally, rather than 
render the rule more complicated. 

EuLB. Divide both sides of the equation by the coefficiervt of 
the unknoum cube^ if there be <my expressed. Place the two 
powers of the unkruniim quantity on one side, and the known 
quantity on the other j and multiply both sides by the unknoum 
quantity ivith such a sign as shall render the fourth power 
positive. 

Separate the coefficient of the first power of the unJcrwwn 
quantity in the equation, thus prodiuxd, into two factors, and add 
the second power, tvith a coefficient equal to the square of one of 
these factors, usually the smaller, to each side. If tt make th^ 

♦ Until the factors are found, it is sometimes better to ^ve the known^ 
quantity and the first power a common denominator, eyen though the 
former might be reduced to a whole number. 

28* 
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coeffaeTit of the square^ on tke Mome side as the fmarA pmeer 
€qual to the other factor, add the square of half this coefficient to 
each side, and extract the square root of both members, conqieting 
the operation by former rules. 

But, if the ahove coefficient be not equal to the other factor^ 
separate the same number into tioo other factors, or perhaps ex- 
change the same, and proceed in the same way tUl the right 
ones are found. 

Non 1. — The mm of the ihiwe vafaies of the unknowB qvantitj should 
tlwayi be 0, M there k no seoond power in the original eqvation ; henoe, 
if two are known* the thitd will be eqpul to thdr eiua, with the eiga 
ohanged ; and there must always be one positive and one nQgati?e Tsloe, 
the other being sometlnies positive and sometimes negative. 

2. We obtain the three values by the same method as in the preceding 
case, prefixing the edgn -£; to the right-hand member of the equation in 

evolving. Taking the positive sign, we obtain dither one or two valnes, and 
the negative sign gives the remaining values or value. When one of the 
Talues 18 known, the others nSght also be fbund by bringmg all the terrae 
of the orijpnal equation to the same side, and dividing hj the diiferenoe 
between the unknown quantity and its known value. 

8. When two of the values are rational, the third will of course be 
rational ; and there may be three dififerent methods of separating into 
ftkctors, each of whidi vrill answer the purpose, thus giving three different 
solutions of the same equation. 

1. Given a^^Sxs=2 to find the yalues of x. 

Conditions, a?—Sx=2. 

Multiplying by x, 2^—S2?=:2x. 

Separating the ooefficient of 2a; into factors, 2x1* 
Adding (1)V to each side, ' x^—23^=a^+2x. 

Add (|)», ar*-2a:«+l=a:»+2a:+l 

Evolving, a:"— 1=±(«+1). 

Taking the positive sign, and transposing, a^ — x=2. 
By quadratics, x=z2, or —1. Ans. 

The sum of these is 1 ; hence the other value is —1, and the 
equation has two equal roots, —1, and ^1. 
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2. Given 10x6=0:'+ 8 to find the valnes of a?. 

Conditions, 10a;=:a;'-|-3. 

Transposing, -—a^-^-lOzssi^, 

Multiplying by —a:, a^— 10a:*=— 3ar. 

Separating into &otor8, 3=8Xl* 

Adding (3)y to each side, a?*— a:*s=s9a:*— 3a:, 

Since ooef. of 2^ as the other £Mtor, 

add {i)\ «*— ««+i=9a:=— 8ar+ J. 

Evolving, a:^— i=±(3a;— i). 

Taking the positive sign, and oandblling, a;'=8a;. 

Dividing, a;==3. 

Taking the negative sign, «•— Jas— 8a:+J. 

Transposing, a?+8a:as:l. 

By quadratics, a:= ^ . 

— 3-bA/I3 
Hence, a;=3, or ^ — . The sum of these is 0. 

3. Given ^'\'Zx=lS2 to find the values of a;. 
Conditions, 4a:'-j-3ar=182. 

Dividing by coefficient of a:*, a;*-}— j-=— -." 

' 3^ 1S2x 

Multiplying by a;, a^-}-— =— p. 

Q ^ 1^2_ . ^ 182 14 ^^ 

Separating —^ mto factors, -— =---Xl3. 



3 49^ 92-p 

a;^ to each side, a;'*+13a:'=— ^ — I — — -. 

4 2 



Adding (^) 

Since coefficient of a;^ = the other factor. 

Taking the positive sign and cancelling, ^=-n'* 
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7 
Diyiding, ^~o' 

13 7x 13 
Taking the negatiye sign, 3:*+—= — ^ — ^. 

7a: 
Transposing, a:*+-o'=='"^^* 

Evolving, a;-{-j=± — j , 

Transposing, x= — — r . 

The sum of these values is 0. 

4. Given a;*— 7a:=6 to find the values of ar. 

Ans, a:=3, or — 1, or — 2. 

5. Given a:*r=:37a:-f-84 to find the values of a:. 

Ans. ar=7, or —3, or —4. 

6. Given 2a;'+7a;=474 to find the values of a;. 

Ans, a;=o, or ^ . 

7. Given 9a;»=1693:+280 to find the values of a:, 

J r; 7 8 

Ans. a:=5, or — k» or — 5- 

8. 'Given a:*— 3a:=322 to find the values of a:. 

Ans. z=7y or ^ . 

Problems. 

1. There is a cubical block of marble ; and if 50 be added to 
the number of square feet in half its surface, it will be equal 
to the number of cubic feet in its contents. What are the solid 
contents of the block ? . 

Let X :b the side of the cube. 

Then, a:^ = the contents of the block. 

And 7? = the superficial contents of one side of the 

block. 
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Then, St^ s= the superficial contents of one-half the 
surface of the block. 

Therefore, a^z=Ba^+bO. 

Multiplying both sides by 8, 8a:8=24a:2^400. 

Adding a^ and square of 4r, 2:*+ 8a:8+16ar^=a:*+40ar^+400. 

Evolving, 3^+^z=x^+20. 

Cancelling, 42;= 20. 

Dividing, 2;= 5. 

Therefore' the contents, a;'=125 cubic. 

2. A gentleman having asked a lady her age, she replied, 
that if 29 times the square of her age were subtracted from 
twice its cube, the remainder would be 225. What was the 

lady's age ? 

« 

Let x=z lady's age. 

Then, 2a:»— 29a:^=225. 

Transposing, 2a^=z293^+ 225. 

Adding ar* and the square of a:, a:*-4"2^+^=^+^^^+225. 
Evolving, T^-^-x zszs^-j- 15. 

Cancelling, a;=15 years. 

3. A boy, being asked what he gave for his books, replied, 
that if 51 times the square of the number of dollars he gave for 
them were subtracted from 6 times the cube of the number, the 
remainder would be 900. What was the price of the books ? 

^ Arts. $10. 

4. A man, being asked how many dollars he had in his pockets, 
replied, that if three times the cube of the number he had in 
his pockets were added to five times the square of the number 
which he had, he should have 272. Required the number 
he had in his pockets.- Ans. $4. 

5. A boat has been sailing two hours, -with a light breeze, 
against a strong current ; nineteen times the number of miles it 
has sailed is equal to the cube of that distance, added to thirty 
miles. How far has it sailed ? Ans. It has gained either 3 
miles or 2 miles, or it has lost 5 miles. 
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MISCELLANEOUS QUESTIONS. 



1. Multiply 7 VS+3 V?-V^ by Oa/^. Atu^ 

2. Multiply a^+b^ by flT^— 3-1 Am. (T^W-^c^lr^ 

3. Multiply a'»+3- by flr*"+3-", 

4. Multiply //S by — >^ax. ^Avs. — ax 
5: Divide —a by —3a. il?w. J 

6. Divide a"^ by a". Am. or-* 

7. Divide 0*+^ by a+o;. ilw5. d*— a?a:-}-fl^— oz*-!"^ 

8. Multiply y^+a:" by y— a?. * 

^9. Multiply _— -_+_5 by af+na3r^-\—^ — 

10. Divide 1 — x^ by 1— a:. 

Am. l+x+a^+a^+2^+2^+!xf^+x\ 



11. Multiply 3/^^i=a3 ^y 4V?=a. 

ilTW. 124/7^^— 3aa:«— 2ei2a:y+3a2a^+6a?a:«+a*a:«--a82j!_6^^ 
— 3a«a^+2a«a;+3a«a:2— a^) 

no n- 41-35a: 7-2ar» l+3a: 2a:-2i , ^ ^ ^v 

12. Given -^gg Ui^ITr'ii 6^ *^ ^^ ^^ 

value of a:. Am. a:=4. 

13. Given /v^a:4-9=l+>v^ to find the value of ar. 

Am. a:=16. 
4a:2— 2 



iA /^« 3— 2a: 5— 2a; - 
14. Given ^5 — 7^ — - — ^=1- 



1— 2a: 7— 2a:' 



of a:. 



^ -•/» . ^ o to find the value 
7— 16a;+4ar* 

Am. a:=— 5.. 



15. Given (Va:+28)(A/i+B)=(V^+3tJ)(V^+3) to find 
the value of x. Am., a:=4. 
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v , 

16. Given (a:— l)V2x— afe=J to find x, 

Ans, x= — TTT— . 

17. Given a:-2V^+J==l+//?=^Si+2 to find x. 

Jl^. a:=9±4V7, or ?^^. 

18. Given %/a^=^x'^bax+l^ to find the value of a:. 

7a 

19. Given y=a*4-3a: to find the value of a:. 

AtU, X= r . 

o 

20. Given f (a:— a)— i(2a:— 33)=10a+115 to find the value 
of a:. ^-' Arts. x=:2ba-^-2ib. 

21. Given igi+-^+^^^^f=^+- to find the 

value of a:. v.. j. ab 

Am. x=z 



22. Given (^+^) +i^-^) ^^i ^ g^^ ^^ ^^^ ^^f ^^ 



(a+a:)*-(a-a:)* , 



V ,. 



ilw^. a;= 



2fl^ 
1+3' 

23. Given (f±ii-+(?Z^==a:i to find the value of a;. 

a:* , X* 

Ans, a;=4(a — 1). 

24. Given ^l+^V— ^|_^y=:c* to find the value of a:. 

- 4a^c 

Ara, xsss- 



'4^+c^' 

'^ 25. A gentleman travelled 252 miles. The first day he rode 
4 miles, the last 128, and each day's journey was double the 
preceding one. How many days was he performing the journey ? 

' '' Ans, 6 days. 

26. A gentleman dying left his sons an estate of $13,187.50. 
He bequeathed to his youngest son $1000, to the oldest $5062.50, 
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and ordered that eaob son's portion should exceed the next 
younger by the ratio of 1^. How many sons had he ? 

^ Ans, 5 sons. 

27. The first term in a geometrical progression is 8, the last 
term ^, and the sum of the series 4|. What is the number of 
terms? , ^^ Ans, 4. 

28. The first term in a geometrical series is ^, the ratio 7) and 
the last term 8361f. What is the num))er of terms ? Ans, 6. 

29. What are the three arithmetical means between ^ and ^ .? 



Ans, g, J^^, H, 

30. Required the sum of 200 terms of the series 1, 3, 5, 7, 
9, &c. ^ Am. 40,000. 

31. The first term of an arithmetical series is — 7, the tenth 
term is 12. What is the sum of the series ? Ans. 25. 

• 

32. If a man travel 20 miles the first day, and 15 miles the 
second, and so continue to travel 5 miles less each day, how far 
will he have advanced on his journey the 8th day ? >^ 

Ans. 20 miles. 

33. The first term of an arithmetical series is 5, the number 
of terms 20 ; what must the common difference be, that the sum 
of the series shall be 123^ ? _^ Ans. -^jj. 

34. If a man travel 20 miles the first day, 19 the second day, 
IS^V the third day, and so on in a geometrical progression, in 
how many days will he have travelled 400 miles ? Ans. ^. 

35. A merchant, having mixed a certain number of gallons 
of wine and water, found that if he had mixed 6 gallons more of 
each, there would have been 7 gallons of wine to every 6 gallons 
of water ; but, if he had "mixed 6 gallons less of each, there 
would have been 6 gallons of wine to every 5 gallons of water. 
How much of each did he mix ? 

Ans. 78 gallons of wine with 66 of water. 

36. A person bought 2 cubical stacks of hay for £41 ; each 
of them cost as many shillings per solid yard as there were 
linear yards in a side of the other, and the greater occupied 
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9 square yards of ground more tban the less. What was the 
price of each ? v>» Ans, £25 and £16. 

37. A certain man owes $1000. What sum shall he pay 
daily, so as to cancel the debt, principal and interest, at the end 
of the year, reckoning simple interest at 6 per cent. ? 

^ Am. $2.81974. 

38. A and B travelled on the same road, and at the same 
rate, from Portland to Boston. When A was at 50 miles' dis- 
tance firom Boston he overtook a drove (^ geese, which were pro* 
ceeding at the rate of 8 miles in 2 hours ; and, two hours afber^ 
wards, met a stage-wagon, which was moving at the rate of 9 
miles in 4 hours. B overtook the same drove of geese when he 
was 45 miles distance from Boston, and met the stage-wagon 
exactly 40 minutes before he arrived within 31 miles of Boston 
Where was B when A arrived at Boston ? 

A?ts, 25 miles from Boston. 

39. A gentleman has two sons, John and Nathan. John is 

10 years old, and Nathan is 15. He wishes to divide $1000 
between his sons, in such a manner that each, by depositing his 
share in a savings' bank which pays 5 per cent, compound ld- 
terest, shall have the same amount in the bank when he is 21 
years old. What sum shall each deposit ? 

Ans. John, $439.30 ; Nathan, $560.70. 

40. My garden is 100 feet square, and I wish to raise its 
surface 2 feet with the soil taken from a ditch with which I 
intend to surround it. This ditch is to be 5 feet deep, and out- 
side the garden ; what should be jits width ? Ans, 9.1+ feet. 

41. A engaged to reap a field for $10, which he would do in 
10 days ; but after he had labored 2 flays he engaged B, by 
whose aid he supposed he could finish the field in 3 days. But, 
B proving to be a very inefficient workman, A was obliged to hire 
C the last two days, who proved to be a superior laborer ; the 
field was completed in 5 days. Now, if he had not hired C, 
and A and B had completed the work themselves, B would have 
received $1.08|f in addition to his services for his 3 days' 
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labor. How long would it have required B and C« each, to 
reap the field ? ^ 

Am. B could have reaped it in 11 j^ days, C in 8^§ days. 

42. A man travelled 105 miles, and then found that if he had 
not travelled bo fast by 2 miles an hour, he would have been 6 
hours longer in performing ^e game journey. How many miles 
did he go per hour ? Am. 7 miles. 

43. The difference between the hypothenuse and base of a 
right-angled triangle is 6 feet, and the difference between the 
hypothenuse and perpendicular is 3 feet. What are the sides 
of the triangle ? "^ Am. 15, 12, and 9 feet. 

44. In a parcel which contains 24 coins of silver and copper, 
each silver coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there are 
silver coins, and the whole is worth 18 shillings. How many 
are there of each ? ^^ Am. 6 of one, and 18 of the other. 

\ 45. The income of a certain estate is to be sold for io. term of 
7 years. A offers to pay $300 dovm, and $300 at the end of 
each year; 3 offers $800 dcnvTif and $250 at the end of each 
year ; C offers $1300 dawn, and $200 at the end of each year ; 
D will pay $2500 " cask down.^* Which has made the best offer, 
if interest is to be reckoned at 6 per cent, compound interest ? 

/ Value of A's offer, $1974.71.4. 
Am. ) B's offer, $2195.59.5 ; C's offer, $2416.47.6. 
( D's offer, $2500. Hence D's offeys the best 

46. A gentleman being asked the age of his two sons, replied, 
that if the sum of their ages were multiplied by the age of the 
elder, the product would be 144; but if the difference of their 
ages were multiplied by that of the younger, the product would 
be 14. What was the age of each ? ~ Am. 9 and 7. 

N 5 

47. The sum of two numbers is 20, and the sum of their 
cubes is 2060. What are the numbers ? Am. 9 and 11. . 

48. If the product of two numbers be added to the square of 
the larger, the sum will be 112; but, if the square of the less 
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be taken from their product, the remainder will be 12. Ee- 
quired the numbers. ^ Ans, 8 and 6. 

^ 49. What number is that which, being added to twice its 
square root, equals 24 ? ^^ * Am. 16. 
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7 50. If a man owe $2000, what sum shall he pay daily, so as 
•to cancel the debt, principal and interest, at the end of the 
year, reckoning the interest at 6 per cent. ? Ans. $5.6394. 

/ 51. I have 84 j^ square feet of plank, that is 3 inches thick. 
How large a cubical box can be made from it ? 

Am. Each side measures 48 inches. 



52. From 62f |- feet of plank, that is 2 j- inches thick, I wish 
to make a box whose length shall be four times its width, and 
whose height and width shall be equal. What are its dimen- 
sions ? Ans. Length 8 feet, width and height 2 feet. 

-^ 53. There was a cask containing 20 gallons of wine ; a cer- 
tain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first cask 
was filled with the mixture. It now appears that, if 6f gallons — 
of the mixture be drawn off from the first into the second cask, 
there will be equal quantities of wine in each. What was the 
quantity of wine drawn off at first ? Am. 10 gallons. 

54. After A had travelled for 2| hours, at the rate of 4 miles 
an hour, B set out to overtake him ; and, in order thereto, went 
four miles and a half the first hour, four and three-quarters the •* 
second, five the third, and so on, gaining a quarter of a mile 
every hour. In how many hours would he overtake A ? 

Am. 8 hours. 

55. The sum of. the first and second of four numbers in geo- ^ ^.. 
.metrical progression is 15, and the sum of the third and fourth / 
is 60. Required the numbers. Am. 5, 10, 20, 40. 

56. The sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the squares 
of the means is 136. What are the numbers ? 

Am. 14, 10, 6, 2. 
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57. A tailor bought a piece of olol^ for £147, from which he 
cut off 12 yards for his own use ; he sold the remainder, for 
£120 55., gaining 5 shillings per yard. How many yards were 
there, and what did it cost him per yard ? 

^ Ans. 49 yards, at £3 per yard. 

58. In a mixture of rye and wheat, the difference between 
the quantities of each is to the quantity of wheat as 100 is to 
the number of bushels of rye, and the same difference is to the 
quantity of rye as 4 to the number of bushels of wheat. How 
many bushels are there of each ? 

yj Ans, 25 bushels of rye, and 5 of wheat. 

59. It is required to find two numbers, such that the product 
of the greater into the square root of the less shall be equal to 
48, and the product of the less into the square root of the 
greater may be 36. Ans, 16 and 9. 

60. If the difference of two numbers be multiplied by the 
greater, and the product' diyided by the less, the result will be 
48; but, if the difference be multiplied by the less, and the 
product divided by the greater, the result will be 3. What are 
the numbers ? • Ans, 16 and 4. 

61. Find two numbers, such that the square of the greater, 
multiplied by the less, shall.be equal to 448; and the square f 
qf the less, multiplied by the greater, shall be 392. " ^ ^ 

^ Ans, 8 and 7. 

62. If two numbers be each multiplied by 27, the first pro- 
duct is a square, and the second the square root of that square ; 
but, if each be multiplied by 3, the first product is a cube, and 
the second the cube root of that cube. What are the numbers ? 

Ans. 243 and 8. 

63. A farmer has two cubical stacks of hay ; the side of one is* 
8 yards longer than the side of the other, and the difference of 
their contents is 117 solid yards. Eequired the side of each. 

v^ Ans, 5 and ^ yards. 

64. A gentleman started from Boston for New York ; he trav- 
elled 20 miles the first day, 18 miles the second day, and 16 
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;^ miles the third day, so eontinuing to travel two miles less eaoh 
day than the former. How &r was the gentleman &om Boston 
at the end of the twentieth day ? ^ Atis, / y . 

65. A certain farm is a parallelogram, and a diagonal line 
&om one corner to the opposite is 60 rods, and the longer side 

:is to the shorter as 4 to 3. Required the contents of the farm. 

Ans, 10 Acres, 3 Roods, 8 Poles. 

66. A, gentleman asking a lady her age, she replied, If you 
add the square root of it to half of it, and subtract 12, there will 
remain nothing. Required her age. Ans, 16. 

67. What number is that to which if 1, 7, and 19 be sever- 
ally added, the first sum shall have the same ratio to the second 
that the second has to the third ? Ans. 5. 

68. The sum of two numbers is 12, and they have the same 
ratio to each other that their difference has to 40. What are 
the numbers ? Ans, 2 and 10. 

.^69. There are two numbers whose product is 54, and the 
greater is to the less as their sum is to 10. What are those 
numbers ? Ans. 9 and 6. 

70. Divide 20 into two such parts that the square of the 
greater shall be to the square of the less as 9 to 4. What are 
those parts ? '^ Ans. 12 and 8. 

71. Let 24 be divided into two such parts that the quotient 
of the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 1. An^. 18 and 6. 

72. Divide 14 into two such parts that their squares shall be 
. to each other as 9 to 16. Ans. 6 and 8. 

73. Divide 12 into two such parts that the sum of their 
squares shall be to the difference of their squares as 5 to 3. 

Ans. 4t and 8. 

74. There are two numbers, whose product is 12, and the 
sum of whose cubes is to the cube of their sum as 91 to 343. 
What are the numbers ? Ans. 3 and 4. 
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75. The product of two numbers is 120 ; and, if the greater ^ 
be in0reafied bj 8 and the less by 5, the product of the two num- .- ^ 
bers will be 300. What are the numbers ? Ans. 10 and 12. 

76. A, B, and C, make a joint stock ; A puts in $60 less 
than B, and $68 more than G, and the sum of the shares of 
A and B is to the sum of the shares of B and as 5 to 4. 
What did each put in ? 

U Ans. A put in $140, B $200, and C $72. 

'^ 77. A and B engage in speculation, with different sums ; A 
gains $150, B loses $50. Now A's stock is to B's as 3 to 2 ; 
but, had A lost $50, and B gained $100, then A's stock would 
haye been to B's as 5 to 9. What was the stock of each ? 

O' Ans. A's, $300 ; B's, $360. 

78. Find two numbers in the ratio of 5 to 7, to which two 
other numbers, in the ratio of 3 to 5, being respectively added, 
the sums shall be in the ratio of 9 to 13, and the difference of 
the sums shall be 16. . ( First two numbers, 30 and 42. 

) Last two numbers, 6 and 10. 

79. A merchant mixes wheat, which costs 10 shillings per 
bushel, with barley, which costs him 4 shillings per bushel, in 
such proportion as to gain 43f per cent., by selling the mixture 
at 11 shillings per bushel. Required the proportion. 

Ans. He must mix 14 bushels of wheat with 9 of barley. 

80. A and B can dig a cellar in a days, A and C can do the 

labor in b days, and B and C can do the same in c days. In 

what time would each perform the labor, and how long would it 

require A, B, and C, to complete the work ? 

. . . 2abc . 2abc . ^ . 

Am. A in — -■; r days, B m , , ., days, C m 

aC'j'Oc—ab "^ ab-^-oc^ac 

-rn 7- days, and A, B, 0, m -rr-, rr- ^ays. 

ab-\-ac-~bc ^ ' \ db+ac+bc ^ 

81. A and B made a joint stock of $833, which, after a suc- 
cessful speculation, produced a clear gain of $153. Of this B 
had $45 more than A. What did each person contribute to the 
stock ? Am. B $539, and A $294. 
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82. A gentleman having asked a lady her age, she modestlj 
replied, that if she were four years younger, and he were four 
years older, his age would be twice that of hers ; but, if she were 
four yei^ older, and he were four years younger, their ages 
would be the same. What was the age of each ? 

Am. Gentleman's age, 28 years ; lady's age, 20 years. 

ALGEBRA APPLIED 10 aEOHETBY. 

83. Suppose a tree, 48 feet in height, to stand on a hori- 
zontal plane. At what height from the ground must it be cut 
off, so that the top of it may fall on a point 24 feet from the 
bottom of the tree, the end, wherp it was cut off, resting on tho 
stump ? Ans, 18 feet. 

84. A certain man, owning a farm lying in a circle, gave it 
in his will to his wife, four sons, and &ur daughters, as follows : 
to his sons he gave four circles, as large as could be drawn 
within the circumference of the farm ; to his daughters he gave 
the four spaces lying between the son's circles and the circum- 
ference of the farm, and to his wife he gave the part remaining 
in the centre, which contained just one acre. How much did 
the whole farm contain, how much did each son have, and how 
much did each daughter have ? 

/ The farm contained 21 Acres, 1 Rood, 12 Poles. 

Ans. < Each son had 3 Acres, 2 Roods, 25 J Poles. 

( Each daughter had 1 Acre, 1 Rood, 27j Poles. 

85. A gentleman has a garden in the form of an equilateral 
triangle, the sides whereof are each 100 feet. At each corner of 
the garden stands a tower; the height of the first tower is 40 
feet, that of the second 45 feet, and that of the third is 55 feet. 
At what distance from the bottom of each of these towers must a 
ladder be placed, that it may just reach the top of each tower ; 
and what must be the length of the ladder, the ground of the 
garden being horizontal ? 

Ans. From the foot of the ladder to the base of the first 
tower, 63.273+ feet; second tower, 59.820+ feet; third tower, 
50.779+ feet ; length of the ladder, 74.856+ feet. 
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86. If c be the hjrpothenuse of a right-angled triangle, b the 

base, and a the perpendicular, it is required to find the segments 

made by a perpendicular drawn firom the right angle to the 

kypothenuse. . ^+c^— a* . a*+c* — ^ 

Ans. ^J^. a^d ^ . 

87. From a point witihin an equilateral triangle, there are 
drawn three perpendiculars to the several sides ; the length of 
the first is 20 feet, the second 30 feet, and the third 36 feet. 
Required the length of the sides of the triangle. 

Ans. 99.304+ feet. 

88. A sphere of gold, whose diameter is one inch, weighs 10 
ounces, and each ounce is vsflued at $16. What is the value 
of 5 spheres of gold, whose several diameters are 1, 2, 3, 4, 
and 5 inches? Ans. $36000. 

89. There is a loaf of bread, which is half a sphere, whose 
diameter measures 12 inches. How thick must the crust be 
baked, that the remainder shall be half the contents of the loaf? 

Ans. .8038+ incL 

90. There are two towers of unequal heights, situated on a 
plane, near each other. A line extending from the base of the 
less to the top of the larger is 100 feet ; and a line £rom the 
base of the larger to the top of the less is 80.27+ feet; a per- 
pendicular let fall from the point where the lines cross each 
other, to the sur&ce of the plane, is 32 feet. Bequired the 
height of the towers, and their distance from each other. 

f Height of the larger tower, 80 feet. 
Ans, } Height of the less, 53^ feet. 

( Distance between the towers, 60 feet. 

91. There is a conical glass, 6 inches deep ; the diameter at 
the top is 5 inches, and it is {^ faJl of water. If a ball 4 inches 
in diameter be put into this glass, how much of its axis will 
be immersed in the water ? Ans. .546 inch. 

92. How many balls 1 inch in diameter can be put into a 
cubical box whose sides measure each one foot in the clear ? 

Ans. 2151 balls. 
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Numbers from 1 to 100 and their Logarithms, with their Lidices. 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


1 
2 
3 

4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 


0.000000 
0.301030 
0.477121 
0.602060 
0.698970 


21 
22 
23 

24 
25 


1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


41 
42 
43 
44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


61 
62 
63 
64 
66 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


81 

82 
83 
84 
86 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


0.778161 
0.845098 
0.903090 
0.954243 
1.000000 


26 
27 
28 
29 
30 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


46 
47 
48 
49 
50 


1.662768 
1.672098 
1.681241 
1.690196 
1.698970 


66 
67 
68 
69 
70 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


86 
87 
88 
89 
90 


1.934498 
1.939519 
1.944483 
1.949390 
1.964243 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


31 
32 
33 
34 
35 


1.491362 
1.605150 
1.518514 
1.531479 
1.544068 


51 
52 
53 
54 
55 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


71 
72 

73 
74 
76 


1.851258 
1.857332 
1.863323 
1.869232 
1.875061 


91 
92 
93 
94 
95 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


1.204120 
1.230449 
1.255273 
1.278754 
1.301030 


36 
37 
38 
39 
40 


1.556303 
1.568202 
1.579784 
1.591065 
1.602060 


56 
67 
68 
69 
60 


1.748188 
1.755876 
1.763428 
1.770852 
1.778151 


76 

77 
78 
79 
80 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 



Note. — In the following part of the Table the Indices are omitted, as they 
can he very easily supplied by the directions given in Section xkjx,, p. 270, on 
Logarithms. 
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nq 





"T" 


2 


3 i 


6 


6 


""T" 


8 


9 D.| 


100 


000060 


0604^4 


000868 


061^01 001734 


002166 


002598 


003029 


003461 


003891 


432 


1 


4321 


4751 


6181 


5609 


6038 


6466 


6894 


7321 


7748 


8174 


428 


2 


8600 


9026 


9451 


9876 


010300 


010724 


011147 


011570 


011993 


012416 


424 


3 


012837 


013259 


01S680 


014100 


4521 


4940 


6360 


5779 


6197 


6616 


420 


4 


7033 


7451 


78U8 


8284 


8700 


9116 


9532 


9947 


020361 


020775 


416 


6 


021189 


021603 


022016 


022428 


022841 


023252 


023664 


024075 


4486 


4896 


412 


6 


5306 
§384 


5715 


6125 


6533 


6942 


7350 


7757 


8164 


8571 


8978 


408 


7 


9789 


030195 


030600 


031004 


031408 


031812 


032216 


032619 


033021 


404 


8 


033424 


033826 


4227 


4628 


6029 


6430 


6830 


6230 


6629 


7028 


400 


9 


7426 


7825 


8223 


8620 


9017 


9414 


9811 


040207 


040602 


040998 


397 


110 


041393 


041787 


042182 


042576 


042969 


043362 


043755 


044148 


044540 


044932 


393 


1 


5323 


5714 


6105 


6495 


6885 


7276 


7664 


8063 


8442 


8830 


390 


2 


9218 


9606 


9993 


050380 


050766 


051153 


061538 


061924 


062309 


062694 


386 


3 


053078 


053463 


053846 


4230 


4613 


4996 


6378 


6760 


6U2 


15534 
060320 


383 


4 


6905 


7286 


7666 


8046 


8426 


8805 


9185 


9563 


9^42 


379 


6 


060698 


061075 


061452 


061629 


062206 


062582 


062958 


063333 


063709 


4083 


376 


6 


4458 


4832 


5206 


6580 


5953 


6326 


6699 


7071 


7443 


7815 


373 


7 


8186 


8557 


8928 


9298 


9668 


070038 


070407 


070776 


071145 


071514 


370 


8 


071882 


072250 


072617 


072985 


073352 


3718 


4085 


4461 


4816 


6182 


366 


9 


5547 


. 5912 


6276 


6640 7004 


7368 


7731 


8094 


8457 


8819 


363 


120 


079181 


079543 


^79904 


080266 


080626 


080987 


081347 


081707 082067 


082426 


360 


1 


082785 


083144 


083503 


3861 


4219 


4576 


4934 


5291 6647 


6004 


357 


2 


6360 


6716 


7071 


7426 


7781 


8136 


8490 


8846 


9198 


9552 


355 


3 


9905 


090258 


090611 


090963 


091315 


091667 


092018 


092370 


092721 


093071 


352 


4 


093422 


3772 


4122 


4471 


4820 


6169 


5618 


6866 


6215 


6562 


349 


6 


6910 


7257 


7604 


7951 


8298 


8644 


8990 


9335 


9681 


100026 


346 


6 


100371 


100715 


101059 


101403 


101747 


102091 


102434 


102777 


103119 


3462 


343 


7 


3804 


4146 


4487 


4828 


5169 


6510 


6851 


6191 


6531 


6871 


341 


8 


7210 


7549 


7888 


8227 


8565 


8903 


9241 


9579 


9916 


110253 


338 


9 


110590 


110926 


111263 


111599 


111934 


112270 


112605 


112940 


113275 


3609 


335 


130 


113943 


114277 


114611 


114944 


115278 


115611 


U5943 


116276 


116608 


116940 


333 


1 


7271 


7603 


7934 


8265 


8595 


8926 


9256 


9586 


9915 


120245 


330 


2 


120574 


120903 


121231 


121560 


121888 


122216 


122544 


122871 


123198 


3525 


328 


3 


3852 


4178 


4504 


4830 


5156 


5481 


5806 


6131 


6456 


6781 


325 


4 


7105 


7429 


7763 


8076 


8399 


8722 


9045 


9368 


9690 


130012 


323 


6 


130334 


130655 


130977 


131298 


131619 
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^ 1 


6 


7 


8 


„^ 1 


"57 



352 



LOGARITHMS 



pr 


T" 


"T" 


"T" 


3 1 i 


"T" 


6 


"T- 


8 


9 


157 


2So 


6^M^ 


662852 


662947 


66^041 


663135 


663230 


663324 


663418 


663512 


663607 


94 


1 


8701 


8795 


8889 


8983 


4078 


4172 


4266 


4360 


4454 


4548 


94 


2 


4642 


4736 


4830 


4924 


6018 


5112 


5206 


5299 


5393 


5487 


94 


3 


5581 


6675 


5769 


6862 


5956 


6050 


6143 


6237 


6331 


6424 


94 


4 


6518 


6612 


6705 


6799 


6892 


6986 


7079 


7173 


7266 


7360 


94 


6 


7453 


7546 


7640 


7733 


7826 


7920 


8013 


8106 


8199 


8293 


93 


S 


8886 


8479 


8572 


8665 


8759 


8852 


8945 


9038 


9131 


9224 


93 


1 


9317 


9410 


9503 


9596 


9689 


9782 


9875 


9967 


670060 


670153 


93 


8 


670246 


670339 


670431 


670524 


670617 


670710 


670802 


670895 


0988 


1080 


93 


9 


1173 


1265 


1358 


1451 


1543 


1636 


1728 


1821 


1913 


2005 


93 


m 


672098 


672190 


672283 


672375 


672467 


672560 


672652 


672744 


672836 


672929 


92 


1 


3021 


3113 


3205 


3297 


8390 


8482 


3574 


8666 


3758 


3850 


92 


2, 3942 


4034 


4126 


4218 


4310 


4402 


4494 


4586 


4677 


4769 


92 


3 


4861 


4953 


6045 


5137 


6228 


6320 


5412 


6503 


6595 


5687 


92 


4 


6778 


6870 


6962 


6053 


6145 


6236 


6328 


6419 


6511 


6602 


92 


6 


6694 


6785 


6876 


6968 


7059 


7161 


7242 


7333 


7424 


7616 


91 


6 


7607 


7698 


7789 


7881 


7972 


8063 


8154 


8245 


8336 


8427 


91 


7 


8618 


8609 


8700 


8791 


8882 


8973 


9064 


9155 


9246 


9337 


91 


8 


•428 


9519 


9610 


9700 


9791 


9882 


9973 


680063 


680154 


680245 


91 


9 


680336 


680426 


680617 


680607 


680698 


680789 


680879 


0970 


1060 


1151 


91 


480 


681241 681332 


681422 


681513 


681603 


681693 


681784 


681874 


681964 682055 


90 


1 


2145 


2235 


2326 


2416 


2606 


2696 


2686 


2777 


2867 


2957 


90 


2 


3047 


8137 


3227 


8317 


8407 


8497 


3587 


8677 


8767 


3857 


90 


3 


3947 


4037 


4127 


4217 


4307 


4396 


4486 


4576 


4666 


4756 


90 


4 


4845 


4935 


5025 


5114 


6204 


6294 


5383 


6473 


6563 


6652 


90 


6 


5742 


6831 


6921 


6010 


6100 


6189 


6279 


6368 


6458 


6547 


89 


6 


6636 


6726 


6815 


6904 


6994 


7083 


7172 


7261 


7351 


7440 


89 


7 


7529 


7618 


7707 


7796 


7886 


7975 


8064 


8153 


8242 


8331 


89 


8 


8420 


8509 


8598 


8687 


8776 


8865 


8953 


9042 


9131 


9220 


89 


9 


9309 


9398 


9486 


9675 


9664 


9753 


9841 


0930 


690019 


690107 


89 


490 


690196 


690285 


690373 


690462 


690550 


690639 


690728 


690816 


690905 


690993 


89 


1 


1081 


1170 


1258 


1347 


1435 


1524 


1612 


1700 


1789 


1877 


88 


2 


1965 


2053 


2142 


2230 


2318 


2406 


2494 


2583 


2671 


2759 


88 


3 


2847 


2935 


8023 


3111 


3199 


3287 


3375 


3463 


8551 


8639 


88 


4 


8727 


8815 


8903 


8991 


4078 


4166 


4254 


4342 


4430 


4517 


88 


5 


4605 


4693 


4781 


4868 


4956 


6044 


6131 


6219 


6307 


5394 


88 


6 


5482 


6569 


5667 


6744 


6832 


6919 


6007 


6094 


6182 


6269 


87 


7 


6356 


6444 


6631 


6618 


6706 


6793 


6880 


6968 


7055 


7142 


87 


8 


7229 


7317 


7404 


7491 


7678 


7665 


7762 


7839 


7926 


8014 


87 


9 


8101 


8188 


8275 


8362 


8449 


8535 


8622 


8709 


8796 


8883 


87 


600 


698970 


699057 


699144 


699231 


699317 


699404 


699491 


^99578 


699664 


699761 


87 


1 


9838 


9924 


700011 


700098 


700184 


700271 


700358 


700444 


700631 


700617 


87 


2 


700704 


700790 


0877 


0963 


1050 


1136 


1222 


1309 


1395 


1482 


86 


3 


1568 


1654 


1741 


1827 


1913 


1999 


2086 


2172 


2258 


2344 


86 


4 


2431 


2517 


2603 


2689 


2775 


2861 


2947 


3033 


3119 


3205 


86 


6 


3291 


3377 


8463 


8649 


3635 


8721 


3807 


3893 


3979 


4065 


86 


6 


4151 


4236 


4322 


4408 


4494 


4579 


4665 


4751 


4837 


4922 


86 


7 


5008 


6094 


6179 


6265 


5350 


6436 


6522 


5607 


5693 


5778 


86 


8 


6864 


5949 


6035 


6120 


6206 


6291 


6376 


6462 


6547 


6632 


85 


9 


6718 


6803 


6888 


6974 


7059 


7144 


7229 


7315 


7400 


7485 


85 


510 


707570 


707655 


707740 


707826 


707911 


707996 


708081 


708166 


708251 


708336 


85 


1 


8421 


8506 


8591 


8676 


8761 


8846 


8931 


0015 


9100 


9185 


85 


2 


9270 


9355 


9440 


9524 


9609 


9694 


9779 


9863 


9948 


710033 


85 


3 


710117 


710202 


710287 


710371 


710456 


710540 


710625 


710710 


710794 


0879 


85 


4 


0963 


1048 


1132 


1217 


1301 


1385 


1470 


1554 


1639 


1723 


84 


5 


1807 


1892 


1976 


2060 


2144 


2229 


2313 


2397 


2481 


2566 


84 


6 


2650 


2734 


2818 


2902 


2986 


3070 


3154 


3238 


3323 


3407 


84 


7 


3491 


3576 


3659 


3742 


3826 


3910 


3994 


4078 


4162 


4246 


84 


8 


4330 


4414 


4497 


4581 


4665 


4749 


4833 


4916 


5000 


6084 


84 


9 


5167 


6251 


5335 


6418 


5502 


6586 


5669 


5753 


5836 


5920 


84 


2; 





1 


2 13, 


i 


6 1 6 


7 


8 9 


157 



OF NUMBERb. 



353 



Tmsr 



3 I 4 II 6 I 6 



T 



T-pg: 



8 



520 
1 
2 
3 
4 
6 
6 
7 
8 
9 



716003 
6838 
7671 
8502 
9331 

720169 
0986 
1811 
2634 
3456 



716087 
6921 
7754 
8585 
9414 

720242 
1068 
1893 
2716 
3538 



716170 
7004 
7837 
8668 
9497 

720325 
1151 
1975 
2798 
3620 



716254 
7088 
7920 
8751 
9580 

720407 
1233 
2058 
2881 
3702 



716337 
7171 
8003 
8834 
9663 

720490 

1316 

.2140 

2963 

3784 



716421 
7254 
8086 
8917 
9745 

720573 
1398 
2222 
3045 
3866 



716504 
7338 
8169 
9000 
9828 

720655 
1481 
2305 
3127 
3948 



716588 
7421 
8253 
9083 
9911 

720738 
1563 
2387 
3209 
4030 



716671 
7504 
8336 
9165 
9994 

720821 
1646 
2469 
3291 
4112 



716754 
7587 
8419 
9248 

720077 
0903 
1728 
2552 
3374 
4194 



83 
83 
83 
83 
83 
83 
82 
82 
82 
82 



530 
1 
2 
3 
4 
5 
6 
7 
8 
9 



724276 
6095 
6912 
6727 
7541 
8354 
9165 
9974 

730782 
1689 



724358 
5176 
5993 
6809 
7623 
8435 
9246 

730055 
0863 
1669 



724440 
5258 
6075 
6890 
7704 
8516 
9327 

730136 
0944 
1750 



724522 
5340 
6156 
6972 
7785 
8597 
9408 

730217. 
1024 
1830 



724604 
5422 
6238 
7053 
7866 
8678 
9489 

730298 
1105 
1911 



724685 
5503 
6320 
7134 
7948 
8759 
9570 

730378 
1186 
1991 



724767 
6585 
€401 
7216 
8029 
8841 
9651 

730459 
1266 
2072 



724849 
5667 
6483 
7297 
8110 
8922 
9732 

730540 
1347 
2152 



724931 


725013 


82 


5748 


5830 


82 


6564 


6646 


82 


7379 


7460 


81 


8191 


8273 


81 


9003 


9084 


81 


9813 


9893 


81 


730621 


730702 


81 


1428 


1508 


81 


2233 


2313 


81 



540 
1 
2 
3 
4 
6 
6 
7 
8 



732394 


732474 


732555 


732635 


3197 


3278 


3358 


3438 
4240 


3999 


4079 


4160 


> 4800 


4880 


4960 


5040 


6599 


6679 


5759 


5838 


6397 


6476 


6566 


6635 


7193 


7272 


7352 


7431 


7987 


8067 


8146 


8225 


8781 


8860 


8939 


9018 


9572 


9651 


9731 


9810 



732715 
3518 
4320 
6120 
6918 
6715 
7511 
8305 
9097 
9889 



732796 


732876 


732956 


733037 


733117 


3598 


3679 


3759 


3839 


3919 


4400 


4480 


4560 


4640 


4720 


5200 


6279 


6359 


5^39 


5519 


6998 


6078 


6157 


6237 


6317 


6795 


6874 


6954 


7034 


7113 


7690 


7670 


7749 


7829 


7908 


8384 


8463 


8543 


8622 


8701 


9177 


9256 


9335 


9414 


9493 


9968 


740047 


740126 


740206 


740284 



80 
80 
80 
80 
80 
80 
79 
79 
79 
79 



550 


740363 


1 


1152 


2 


1939 


3 


2725 


4 


3510 


5 


4293 


6 


5075 


7 


5855 


8 


6634 


9 


7412 



740442 
1230 
2018 
2804 
3588 
4371 
5153 
5933 
6712 
7489 



:0521 


740600 


1309 


1388 


2096 


2175 


2882 


2961 


3667 


3745 


4449 


4528 


6231 


5309 


6011 


6089 


6790 


6868 


7567 


7645 



740678 
1467 
2264 
3039 
3823 
4606 
6387 
6167 
6945 
7722 



740757 
1646 
2332 
3118 
3902 
4684 
6465 
6246 
7023 
7800 



740836 
1624 
2411 
3196 
3980 
4762 
6543 
6323 
7101 
7878 



740916 


740994 


741073 


1703 


1782 


1860 


2489 


2568 


2647 


3276 


3353 


3431 


4058 


4136 


4215 


4840 


4919 


4997 


5621 


6699 


5777 


6401 


6479 


6556 


7179 


7256 


7334 


7955 


8033 


8110 



79 
79 
79 

78 
78 
78 
78 
78 
78 
78 



560 
1 
2 
3 
4 
5 
6 
7 
8 
9 



748188 
8963 
9736 

750508 
1279 
2048 
2816 
3583 
4348 
5112 



748266 
9040 
9814 

750586 
1356 
2125 
2893 
3660 
4425 
6189 



748343 
9118 
9891 

750663 
1433 
2202 
2970 
3736 
4501 
5265 



748421 
9195 
9968 

750740 
1510 
2279 
3047 
3813 
4578 
6341 



748498 
9272 

750045 
0817 
1587 
2356 
3123 
3889 
4654 
5417 



748576 
9350 

750123 
0894 
1664 
2433 
3200 
3966 
4730 
5494 



748653 
9427 

750200 
0971 
1741 
2509 
3277 
4042 
4807 
5570 



748731 


748808 


748885 


9504 


9582 


9659 


750277 


750354 


750431 


1048 


1125 


1202 


1818 


1895 


1972 


2686 


2663 


2740 


3353 


3430 


3506 


4119 


4195 


4272 


4883 


4960 


6036 


5646 


5722 


5799 



77 
77 
77 
77 
77 
77 
77 
77 
76 
76 



570 
1 
2 
3 
4 
5 
6 
7 
8 
9 

N. 



755875 
6636 
7396 
8155 
8912 
9668 

760422 

1176 

1928 

2679 





755951 
6712 
7472 
8230 
8988 
9743 

760498 
1251 
2003 
2754 



756027 
6788 
7548 
8306 
9063 
9819 

760573 
1326 
2078 
2829 



756103 
6864 
7624 
8382 
9139 
9894 

760649 
1402 
2153 
2904 



766180 
6940 
7700 
8458 
9214 
9970 

760724 
1477 
2228 
2978 



2 I 3 I 4 
30=i^ 



756256 
7016 
7775 
8533 
9290 

760045 
0799 
1562 
2303 
3053 



756332 
7092 
7851 
8609 
9366 

760121 
0875 
1627 
2378 
3128 



5 I 6 



756408 


756484 


756560 


7168 


7244 


7320 


7927 


8003 


8079 


8685 


8761 


8836 


9441 


9517 


9592 


760196 


760272 


760347 


0950 


1025 


1101 


1702 


1778 


1853 


2453 


2529 


2604 


3203 


3278 3353 


7 


8 


9 1 



76 
76 
76 
76 
76 
75 
75 
75 
75 
76 



854 



LOOARITHMS 



».|" 6'"' 


— T" 


rs" 


3 1 4 1 


rr- 


""^1 


-T" 


" n 


9 


TT 


680 


763428 


^63608 


'76367^ 


763653 


763727 


763802 


763877 


W962 


764027 


'7^4101 


l5 


1 


4176 


4261 


4326 


4400 


4476 


4650 


4624 


4699 


4774 


4848 


75 


2 


4923 


4998 


6072 


6147 


6221 


6296 


5370 


5445 


5620 


6594 


75 


1 3 


6669 


6743 


6818 


6892 


6966 


6041 


6116 


6190 


6264 


6338 


74 


I 


6413 


6487 


6662 


6636 


6710 


6786 


6869 


6933 


7007 


7082 


74 


6 


7166 


7230 


7304 


7379 


7453 


7527 


7601 


7676 


7749 


7823 


74 


6 


7898 


7972 


8046 


8120 


8194 


8268 


8342 


8416 


8490 


8664 


74 


7 


8638 


8712 


8786 


8860 


8984 


9008 


9082 


9166 


9230 


9303 


74 


8 


9377 


9461 


9626 


9699 


9673 


9746 


9820 


9894 


9968 


770042 


74 


9 


770116 


770189 


770263 


770336 


770410 


770484 


770667 


770631 


770705 


0778 


74 


^90 


770862 


770926 


770999 


771073 


771146 


771220 


771293 


771367 


771440 


771514 


74 


1 


1687 


1661 


1734 


1808 


1881 


1966 


2028 


2102 


2176 


2248 


73 


2 


2322 


2396 


2468 


2542 


2616 


2688 


2762 


2836 


2908 


2981 


73 


3 


3066 


3128 


3201 


3274 


3348 


3421 


3494 


3667 


3640 


3713 


73 


4 


3786 


3860 


3933 


4006 


4079 


4152 


4225 


4298 


4371 


4444 


73 


6 


4617 


4690 


4663 


4736 


4809 


4882 


4966 


6028 


6100 


5173 


73 


6 


6246 


6319 


5392 


6465 


6538 


661Q 


6683 


5766 


6829 


5902 


73 


7 


6974 


6047 


6120 


6193 


6266 


6338 


6411 


6483 


6666 


6629 


73 


8 


6701 


6774 


6846 


6919 


6992 


7064 


7137 


7209 


7282 


7354 


73 


9 


7427 


7499 


7572 


7644 


7717 


7789 


7862 


7934 


8006 


8079 


72 


600 


778161 


778224 


778296 


778368 


778441 


778513 


778686 


778668 


778730 


778802 


72 


1 


8874 


8947 


9019 


9091 


9163 


9236 


9308 


9380 


9462 


9624 


72 


2 


9696 


9669 


9741 


9813 


9885 


9967 


780029 


780101 


780173 


780245 


72 


3 


780317 


780389 


780461 


780633 


780605 


780677 


0749 


0821 


0893 


0966 


72 


4 


1037 


1109 


1181 


1263 


1324 


1396 


1468 


1640 


1&12 


1684 


72 


6 


1766 


1827 


1899 


1971 


2042 


2114 


2186 


2258 


2329 


2401 


72 


6 


2473 


2644 


2616 


2688 


2769 


2831 


2902 


2974 


3046 


3117 


72 


7 


3189 


3260 


3332 


3403 


3475 


3646 


3618 


3689 


3761 


3832 


71 


8 


3904 


3976 


4046 


4118 


4189 


4261 


4332 


4403 


4475 


4646 


71 


9 


4617 


4689 


4760 


4831 


4902 


4974 


6045 


5116 


6187 


6259 


71 


610 


786330 786401 


786472 


785543 


786616 


785686 


785757 


785828 


786899 


785970 


71 


1 


6041 


6112 


6183 


6254 


6325 


6396 


6467 


6538 


6609 


6680 


71 


2 


6761 


6822 


6893 


6964 


7035 


7106 


7177 


7248 


7319 


7390 


71 


3 


7460 


7631 


7602 


7673 


7744 


7815 


7886 


7956 


8027 


8098 


71 


4 


8168 


8239 


8310 


8381 


8451 


8522 


8693 


8663 


8734 


8804 


71 


6 


8876 


8946 


9016 


9087 


9167 


9228 


9299 


9369 


9440 


9510 


71 


6 


9681 


9651 


9722 


9792 


9863 


9933 


790004 


790074 


790144 


790215 


70 


7 


790286 


790366 


790426 


790496 


790667 


790637 


0707 


0778 


0848 


0918 


70 


8 


0988 


1069 


1129 


1199 


1269 


1340 


1410 


1480 


1650 


1620 


70 


9 


1691 


1761 


1831 


1901 


1971 


2041 


2111 


2181 


2262 


2322 


70 


620 


792392 


792462 


792632 


792602 


792672 


792742 


792812 


792882 


792952 


793022 


70 


1 


3092 


3162 


3231 


3301 


3371 


3441 


3611 


3681 


3651 


3721 


70 


2 


3790 


3860 


3930 


4000 


4070 


4139 


4209 


4279 


4349 


4418 


70 


3 


4488 


4568 


4627 


4697 


4767 


4836 


4906 


4976 


&045 


6116 


70 


4 


6186 


5264 


5324 


6393 


5463 


6532 


6602 


6672 


6741 


5811 


70 


5 


6880 


6949 


6019 


6088 


6158 


6227 


6297 


6366 


6436 


6505 


69 


6 


6674 


6644 


6713 


6782 


6852 


69'21 


6990 


7060 


7129 


7198 


69 


7 


7268 


7337 


7406 


7476 


7546 


7614 


7683 


7762 


7821 


7890 


69 


8 


7960 


8029 


8098 


8167 


8236 


8305 


8374 


8443 


8513 


8582 


69 


9 


8661 


8720 


8789 


8858 


8927 


8996 


9066 


9134 


9203 


9272 


69 


630 


799341 


799409 


799478 


799647 


799616 


799686 


799764 


799823 


799892 


799961 


69 


1 


800029 


800098 


800167 


800236 


800305 


800373 


800442 


800511 


800580 


800648 


69 


2 


0717 


0786 


0854 


0923 


0992 


1061 


1129 


1198 


1266 


1336 


69 


3 


1404 


1472 


1641 


1609 


1678 


1747 


1815 


1884 


1962 


2021 


69 


4 


2089 


2168 


2226 


2296 


2363 


2432 


2500 


2568 


2637 


2706 


63 


5 


2774 


2842 


2910 


2979 


3047 


3116 


3184 


3262 


3321 


3389 


68 


6 


3457 


3525 


3694 


3662 


3730 


3798 


3867 


3935 


4003 


4071 


68 


7 


4139 


4208 


4276 


4344 


4412 


4480 


4648 


4616 


4685 


4753 


68 


8 


4821 


4889 


4957 


5026 


5093 


6161 


6229 


5297 


5365 


6433 


68 


9 


6601 


5569 


5637 


6706 


5773 


6841 


6908 


6976 


6044 


6112 


68 


ZI 





1 


2 


3 


i 


5 


6 


i 


8 


9 


d: 



OF NUMBERS. 



355 



^ 


b 


"HT" 


2 


3 


4 


6 


6 


7 


8 9 1 


Id: 


640 


806180 


806248 


806316 


806384 


806451 


806519 


806687 


806666 


806723 


80B790 


68 


1 


6858 


6926 


6994 


. 7061 


7129 


7197 


7264 


7332 


7400 


7467 


68 


2 


7535 


7603 


7670 


7738 


7806 


'7873 


7941 


8008 


8076 


8143 


68 


3 


8211 


8279 


8346 


8414 


8481 


8549 


8616 


8684 


8751 


8818 


67 


4 


8886 


8953 


9021 


9088 


9166 


9223 


9290 


9358 


0425 


9492 


67 


6 


9560 


9627 


9694 


9762 


9829 


9896 


9964 


810031 


810098 


810165 


67 


6 


810233 


810300 


810367 


810434 


810501 


810569 


810636 


0703 


0770 


0837 


67 


7 


0904 


0971 


1039 


1106 


1173 


1240 


1307 


1374 


1441 


1608 


67 


8 


1676 


1642 


1709 


1776 


1843 


1910 


1977 


2044 


2111 


2178 


67 


9 


2245 


2312 


2379 


2445 


2512 


2679 


2646 


2713 


2780 


2847 


67 


660 


812913 


812980 


813047 


813114 


8131^1 


813247 


813314 


813381 


813448 


813514 


67 


1 


3581 


3648 


3714 


3781 


3848 


S914 


3981 


4048 


4114 


4181 


67 


2 


4248 


4314 


4381 


4447 


4614 


4681 


4647 


4714 


4780 


4847 


67 


8 


4913 


4980 


5046 


6113 


6179 


6246 


6312 


5378 


6445 


6511 


66 


i 


5678 


6644 


6711 


•6777 


6843 


5910 


6976 


6042 


6109 


6175 


66 


6 


6241 


6308 


6374 


6440 


6506 


6673 


6639 


6705 


6771 


6838 


66 


6 


6904 


6970 


7036 


7102 


7169 


7236 


7301 


7367 


7433 


7499 


66 


7 


7666 


7631 


7698 


7764 


7830 


7896 


7962 


8028 


8094 


8160 


66 


8 


8226 


8292 


8358 


8424 


8490 


8656 


8622 


8688 


8754 


8820 


66 


9 


8886 


8961 


90X7 


9083 


9149 


9215 


9281 


9346 


9412 


9478 


66 


660 


819644 


819610 


819676 


819741 


819807 


819873 


819939 


820004 


820070 


820136 


66 


1 


820201 


820267 


820333 


820399 


820464 


820530 


820595 


0661 


0727 


0792 


66 


2 


0858 


0924 


0989 


1065 


1120 


1186 


1251 


1317 


1382 


1448 


66 


3 


1614 


1679 


1645 


1710 


1776 


1841 


1906 


1972 


2037 


2103 


65 


4 


2168 


2233 


2299 


^64 


2430 


2495 


2560 


2626 


2691 


2756 


65 


5 


2822 


2887 


2962 


3018 


3083 


3148 


3213 


3279 


3344 


3409 


65 


6 


3474 


3539 


3605 


3670 


3735 


3800 


3865 


3930 


3996 


4061 


65 


7 


4126 


4191 


4256 


4321 


4386 


4461 


4516 


4581 


4646 


4711 


65 


8 


4776 


4841 


4906 


4971 


6036 


6101 


6166 


6231 


5296 


5361 


65 


9 


6426 


6491 


5556 


6621 


6686 


6761 


5815 


5880 


6945 


6010 


65 


670 


826075 


826140 


826204 


826269 


826334 


826399 


826464 


826528 


826593 


826668 


65 


1 


6723 


6787 


6852 


6917 


6981 


7046 


7111 


7175 


7240 


7305 


65 


2 


7369 


7434 


7499 


7563 


7628 


7692 


7767 


7821 


7886 


7951 


65 


3 


8015 


8080 


8144 


8209 


8273 


8338 


8402 


8467 


8631 


8595 


64 


4 


8660 


8724 


8789 


8853 


8918 


8982 


9046 


9111 


9175 


9239 


64 


6 


9304 


9368 


9432 


9497 


9561 


9625 


9690 


9764 


9818 


9882 


64 


6 


9947 


830011 


830075 


830139 


830204 


830268 


830332 


830396 


830460 


830525 


64 


7 


830589 


0653 


0717 


0781 


0845 


0909 


0973 


1037 


1102 


1166 


64 


8 


1230 


1294 


1368 


1422 


1486 


1560 


1614 


1678 


1742 


1806 


64 


9 


1870 


1934 


1998 


2062 


2126 


2189 


2263 


2317 


2381 


2445 


64 


680 


832509 


832573 


832637 


832700 


832764 


832828 


832892 


832966 


833020 


833083 


64 


1 


3147 


3211 


3276 


3338 


3402 


3466 


3630 


3693 


3657 


3721 


64 


2 


3784 


3848 


3912 


3975 


4039 


4103 


4166 


4230 


4294 


4357 


64 


3 


4421 


4484 


4548 


4611 


4675 


4739 


4802 


4866 


4929 


4993 


64 


4 


5056 


6120 


6183 


6247 


6310 


6373 


6437 


5500 


6564 


6627 


63 


5 


5691 


6754 


6817 


6881 


6944 


6007 


6071 


6134 


6197 


6261 


63 


6 


6324 


6387 


6461 


6514 


6677 


6641 


6704 


6767 


6830 


6894 


63 


7 


6957 


7020 


7083 


7146 


7210 


7273 


7336 


7399 


7462 


7525 


63 


8 


7588 


7662 


7716 


7778 


7841 


7904 


7967 


8030 


8093 


8156 


63 


9 


8219 


8282 


8345 


8408 


8471 


8534 


8597 


8660 


8723 


8786 


63 


690 


838849 


838912 


838975 


839038 


839101 


839164 


839227 


839289 


839352 


839415 


63 


1 


9478 


9541 


9604 


9667 


9729 


9792 


9865 


9918 


9981 


840043 


63 


2 


840106 


840169 


840232 


840294 


840357 


840420 


840482 


840545 


840608 


0671 


63 


3 


0733 


0796 


0869 


0921 


0984 


1046 


1109 


1172 


1234 


1297 


63 


4 


1359 


1422 


1485 


1547 


1610 


1672 


1735 


1797 


1860 


1922 


63 


5 


1985 


2047 


2110 


2172 


2235 


2297 


2360 


2422 


2484 


2547 


62 


6 


2609 


2672 


2734 


2796 


2859 


2921 


2983 


3046 


3108 


3170 


62 


7 


3233 


3295 


3357 


3420 


3482 


3544 


3606 


3669 


3731 


3793 


62 


8 


3855 


3918 


3980 


4042 


4104 


4166 


4229 


4291 


4353 


4415 


62 


9 


4477 


4539 


4601 


4664 


4726 


4788 


4850 


4912 


4974 


5036 


62 


"sr 





1 


2 


3 


4 


6 


6 


i 


8 


9 D.| 



856 



LOSARITHMS 



TT 





1 


2 


3 


4 


6 


6 


1- 


8 


9 


^ 


700 


846098 


846160 


846222 


845284 


845346 


846408 


845470 


845632 


845694 


845656 


62 


1 


6718 


6780 


6842 


6904 


5966 


6028 


6090 


6161 


6213 


6275 


62 


2 


6337 


6399 


6461 


6623 


6585 


6646 


6708 


6770 


6832 


6894 


62 


3 


6965 


7017 


7079 


7141 


7202 


7264 


7326 


7388 


7449 


7511 


62 


4 


7573 


7634 


7696 


7758 


7819 


7881 


7943 


8004 


8066 


8128 


62 


6 


8189 


8261 


8312 


8374 


8435 


8497 


8659 


8620 


8682 


8743 


62 


6 


8806 


8866 


8928 


8989 


9051 


9112 


9174 


9235 


9297 


9358 


61 


7 


9419 


9481 


9642 


9604 


9665 


9726 


9788 


9849 


9911 


9972 


61 


8 


850033 


850095 


860156 


850217 


860279 


860340 


860401 


850462 


850624 


850585 


61 


9 


0646 


0707 


0769 


0830 


0891 


0962 


1014 


1075 


1136 


1197 


61 


•no 


851268 


861320 


861381 


851442 


861603 


851664 


851626 


861686 


851747 


861809 


61 


1 


1870 


1931 


1992 


2053 


2114 


2175 


2236 


2297 


2358 


2419 


61 


2 


2480 


2541 


2602 


2663 


2724 


2785 


2846 


2907 


2968 


3029 


61 


3 


3090 


3150 


3211 


3272 


3333 


3394 


3455 


3516 


3577 


3637 


61 


i 


3698 


3759 


3820 


3881 


3941 


4002 


4063 


4124 


4185 


4245 


61 


6 


4306 


4367 


4428 


4488 


4649 


4610 


4670 


4731 


4792 


4852 


61 


6 


4913 


4974 


6034 


6095 


5156 


6216 


6277 


5337 


6398 


6459 


61 


7 


6519 


6580 


6640 


6701 


6761 


6822 


6882 


6943 


6003 


6064 


61 


8 


6124 


6185 


6245 


6306 


6366 


6427 


6487 


6548 


6608 


6668 


60 


9 


6729 


6789 


6850 


6910 


6970 


7031 


7091 


7152 


7212 


7272 


60 


720 


857332 


867393 


857453 


857513 


867674 


867634 


857694 


857756 


867815 


857875 


60 


1 


7936 


7996 


8056 


8U6 


8176 


8236 


8297 


8357 


8417 


8477 


60 


2 


8637 


8597 


8657 


8718 


8778 


8838 


8898 


8958 


^ 9018 


9078 


60 


3 


9138 


9198 


9258 


9318 


9379 


9439 


9499 


9559 


9619 


9679 


60 


4 


9739 


9799 


9859 


9918 


9978 


860038 


860098 


860158 


860218 


860278 


60 


6 


860338 


860398 


860458 


860518 


860678 


0637 


0697 


0757 


0817 


0877 


60 


6 


0937 


0996 


1056 


1116 


1176 


1236 


1295 


1356 


1415 


1475 


60 


7 


1534 


1594 


1654 


1714 


1773 


1833 


1893 


1952 


2012 


2072 


60 


8 


2131 


2191 


2251 


2310 


2370 


2430 


2489 


2549 


2608 


2668 


60 


9 
730 


2728 


2787 


2847 


2906 


2966 


3026 


3085 


3144 


3204 


3263 


60 


863323 


863382 


1863442 


863601 


863561 


868620 


863680 


863739 


863799 


863858 


59 


1 


3917 


3977 


4036 


4096 


4165 


4214 


4274 


4333 


4392 


4452 


59 


2 


4511 


4670 


4630 


4689 


4748 


4808 


4867 


4926 


4985 


6046 


69 


3 


6104 


5163 


6222 


6282 


6341 


6400 


6469 


6619 


6678 


6637 


59 


4 


6696 


6755 


6814 


6874 


6933 


6992 


6051 


6110 


6169 


6228 


69 


5 


6287 


6346 


6406 


6465 


6524 


6583 


6642 


6701 


6760 


6819 


59 


6 


6878 


6937 


6996 


7055 


7114 


7173 


7232 


7291 


7350 


7409 


69 


7 


7467 


7626 


7685 


7644 


7703 


7762 


7821 


7880 


7939 


7998 


69 


8 


8066 


8115 


8174 


8233 


8292 


8360 


8409 


8468 


8627 


8586 


69 


9 


8644 


8703 


8762 


8821 


8879 


8938 


8997 


9056 


9114 


9173 


59 


740 


869232 


869290 


869349 


869408 


869466 


869525 


869584 


869642 


869701 


869760 


69 


1 


9818 


9877 


9935 


9994 


870053 


870111 


870170 


870228 


870287 


870346 


59 


2 


870404 


870462 


870521 


870679 


0638 


0696 


0755 


0813 


0872 


0930 


58 


3 


0989 


1047 


1106 


1164 


1223 


1281 


1339 


1398 


1456 


1516 


58 


4 


1673 


1631 


1690 


1748 


1806 


1865 


1923 


1981 


2040 


2098 


58 


6 


2156 


2215 


2273 


2331 


2389 


2448 


2506 


2664 


2622 


2681 


68 


6 


2739 


2797 


2855 


2913 


2972 


8030 


3088 


'3146 


3204 


3262 


68 


7 


3321 


3379 


3437 


3495 


3553 


3611 


3669 


3727 


3785 


3844 


58 


8 


3902 


3960 


4018 


4076 


4134 


4192 


4250 


4308 


4366 


4424 


68 


9 


4482 


4540 


4598 


4656 


4714 


4772 


4830 


4888 


4945 


5003 


68 


750 


875061 


875119 


875177 


875235 


875293 


875351 


875409 


876466 


875524 


875582 


58 


1 


6640 


6698 


6756 


6813 


6871 


6929 


6987 


6046 


6102 


6160 


58 


2 


6218 


6276 


6333 


6391 


6449 


6507 


6564 


6622 


6680 


6737 


68 


3 


6795 


6853 


6910 


6968 


7026 


7083 


7141 


7199 


7256 


7314 


58 


4 


7371 


7429 


7487 


7544 


7602 


7659 


7717 


7774 


7832 


7889 


58 


6 


7947 


8004 


8062 


8119 


8177 


8234 


8292 


8349 


8407 


8464 


67 


6 


8522 


8579 


8637 


8694 


8762 


8809 


8866 


8924 


8981 


9039 


67 


7 


9096 


9153 


9211 


9268 


9326 


9383 


9440 


9497 


9655 


9612 


67 


8 


9669 


9726 


9784 


9841 


9898 


9956 


880013 


880070 


880127 


880185 


67 


9 


880242 


880299 


880356 


880413 


880471 


880528 


0585 


0642 


0699 


0766 


67 





1 


2 


3 


4 


5 


6 


i 7 


8 


9 D.| 



OP NUMBERS. 



"^ 



857 



J^ • 





"T^ 


2 


3 


i 1 6 


6 


"T- 


S^ 


9 


in 


760 


880814 


880871 


880928 


88698^ 


88i042 


881099 


881166 


^dl2i3 


^IM 


d&l3^ 


If 


1 


1385 


1442 


1499 


1556 


1613 


1670 


1727 


1784 


1841 


1898 


67 


2 


1955 


2012 


2069 


2126 


2183 


2240 


2297 


2354 


2411 


2468 


57 


3 


2525 


2581 


2638 


2695 


2752 


2809 


2866 


2923 


2980 


3037 


57 


4 


3093 


3150 


3207 


3264 


3321 


3377 


3434 


S491 


3548 


3605 


57 


5 


3661 


3718 


3775 


3832 


3888 


3945 


4002 


4059 


4115 


4172 


57 


6 


4229 


4285 


4342 


4399 


4455 


4512 


4569 


4626 


4682 


4739 


57 


7 


4795 


4852 


4909 


4966 


5022 


8078 


6135 


6192 


5248 


5305 


57 


8 


5361 


5418 


5474 


6531 


5587 


6644 


6700 


5757 


5813 


6870 


57 


9 


5926 


6983 


6039 


6096 


6152 


6209 


6266 


6321 


6378 


6434 


56 


770 


886491 


886647 


886604 


886660 


886716 


886773 


886829 


886885 


886942 


886998 


56 


1 


7054 


7111 


7167 


7223 


7280 


7336 


7392 


7449 


7505 


7561 


66 


2 


7617 


7674 


7730 


7786 


7842 


7898 


7955 


8011 


8067 


8123 


56 


3 


8179 


8236 


8292 


6348 


8404 


8460 


8516 


8573 


8629 


8685 


56 


4 


8741 


8797 


8853 


8909 


8965 


9021 


9077 


9134 


9190 


9246 


56 


6 


9302 


9358 


9414 


9470 


9526 


9582 


9638 


9694 


9750 


9806 


56 


6 


9862 


9918 


9974 


890030 


890086 


890141 


890197 


890253 


890309 


890365 


56 


7 


890421 


890477 


890533 


0589 


0645 


0700 


0756 


0812 


0868 


0924 


56 


8 


0980 


1035 


1091 


1147 


1203 


1259 


1314 


1370 


1426 


1482 


66 


9 


1637 


1593 


1649 


1^05 


1760 


1816 


1872 


1928 


1983 


2039 


56 


780 


892095 


892160 


892206 


892262 


892317 


892373 


892429 


892484 


892640 


892595 


56 


1 


2651 


2707 


2762 


2818 


2873 


2929 


2985 


3040 


3096 


3151 


56 


2 


3207 


3262 


3318 


3373 


3429 


3484 


3540 


3595 


3651 


3706 


56 


3 


3762 


3817 


3873 


3928 


3984 


4039 


4094 


4150 


4205 


4261 


55 


4 


4316 


4371 


4427 


4482 


4638 


4693 


4648 


4704 


4759 


4814 


55 


6 


4870 


4925 


4980 


6036 


6091 


6146 


5201 


6257 


6312 


5367 


55 


6 


5423 


6478 


6533 


6688 


6644 


5699 


6754 


6809 


5864 


6920 


55 


7 


^5975 


6030 


6085 


6140 


6195 


6251 


6306 


6361 


6416 


6471 


55 


8 


6526 


6681 


6636 


6692 


6747 


6802 


6857 


6912 


6967 


7022 


55 


9 


7077 


7132 


7187 


7242 


7297 


7362 


7407 


7462 


7517 


7672 


55 


790 


897627 


897682 


897737 


897792 


897847 


897902 


897959 


898012 


898067 


898122 


56 


1 


8176 


8231 


8286 


8341 


8396 


8461 


8506 


8561 


8615 


8670 


55 


2 


8725 


8780 


8835 


8890 


8944 


8999 


9054 


9109 


9164 


9218 


55 


3 


9273 


9328 


9383 


0437 


9492 


9647 


9602 


9656 


9711 


9766 


55 


4 


9821 


9875 


9930 


9985 


900039 


900094 


900149 


900203 


900258 


900312 


55 
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900367 


900422 


900476 


900531 


0586 


0640 


0695 


0749 


0804 


0859 


55 
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0913 


0968 


1022 


1077 


1131 


1186 


1240 


1295 


1349 


1404 


55 


7 


1458 


1513 


1667 


1622 


1676 


1731 


1785 


1840 


1894 


1948 
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8 


2003 


2057 


2112 


2166 


2221 


2275 


2329 


2384 


2438 


2492 


54 


9 


2547 


2601 


2655 


2710 


2764 


2818 


2873 


2927 


2981 


3036 


54 


800 


903090 


903144 


903199 


903253 


903307 


903361 


903416 


903470 


903524 


903578 


54 


1 


3633 


3687 


3741 


3795 


3849 


3904 


3958 


4012 


4066 


4120 


54 


2 


4174 


4229 


4283 


4337 


4391 


4445 


4499 


4553 


4607 


4661 


54 


3 


4716 


4770 


4824 


4878 


4932 


4986 


6040 


6094 


6148 


5202 


54 


4 


5256 


6310 


6364 


6418 


5472 


6526 


5580 


6634 


6688 


5742 


54 


5 


6796 


6850 


5904 


6958 


6012 


6066 


6119 


6173 


6227 


6281 


54 


6 


6335 


6389 


6443 


6497 


6551 


6604 


6668 


6712 


6766 


6820 


54 


7 


6874 


6927 


6981 


7035 


7089 


7143 


7196 


7250 


7304 


7358 


54 


8 


7411 


7465 


7519 


7573 


7626 


7680 


7734 


7787 


7841 


7895 


54 


9 


7949 


8002 


8056 


8110 


8163 


8217 


8270 


8324 


8378 


8431 


54 
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908485 


908539 


908592 


908646 


908699 


908763 


908807 


908860 


908914 


908967 


54 


1 


9021 


9074 


9128 


9181 


9235 


9289 


9342 


9396 


9449 


9503 


54 


2 


9556 


9610 


9663 


9716 


9770 


9823 


9877 


9930 


9984 


910037 


53 


3 


910091 


910144 


910197 


910251 


910304 


910358 


910411 


910464 


910518 


0571 


53 


4 


0624 


0678 


0731 


0784 


0838 


0891 


0944 


0998 


1051 


1104 


53 


6 


1158 


1211 


1264 


1317 


1371 


1424 


1477 


1530 


1584 


1637 


53 


6 
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1743 


1797 


1850 


1903 


1956 


2009 


2063 


2116 


2169 


53 


7 


2222 


2275 


2328 


2381 


2435 


2488 


2541 


2594 


2647 


2700 


53 


8 


2753 


2806 
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2913 


2966 


3019 


3072 
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3178 
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5241 
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5769 
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53 


4 


6927 


6980 


6033 


6085 
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6191 


6243 


6296 


6349 
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53 


6 


6454 


6507 


6559 


6612 


6664 


6717 
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6875 


6927 


53 


6 
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7033 


7085 
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7243 
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7453 


53 
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7506 


7558 


7611 


7663 


7716 


7768 
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7873 


7925 


7978 


52 


8 


8030 


8083 


6135 


8188 


8240 


8293 


8345 


8397 


8450 


8502 


52 


9 


8555 


8607 


8659 


8712 


8764 


8816 


8869 


8921 


8973 


9026 


62 
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919078 


919130 


919183 


919235 


919287 


919340 


919392 


919444 


919496 


919549 


62 


1 


9601 


9653 


9706 


9758 


9810 


9862 


9914 


9967 


920019 


920071 


52 


2 


920123 


920176 


920228 


920280 


920332 


920384 


920436 


920489 


0541 


0593 


52 
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0697 


0749 


0801 


0853 


0906 


0958 


1010 


1062 


1114 


52 


4 


1166 


1218 


1270 


1322 


1374 


1426 


1478 


1530 


1582 


1634 


52 


6 


1686 


1738 


1790 


1842 


1894 
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1998 


2050 


2102 


2154 


52 


6 


2206 


2258 


2310 


2362 


2414 


2466 


2518 


2670 


2622 


2674 


52 


7 


2725 


2777 


2829 


2881 


2933 


2985 


3037 


3089 


3140 
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52 


8 


3244 


3296 


3348 


3399 


3451 


3603 


3555 


3607 


3658 


3710 


52 


9 
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3865 


3917 
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4021 


4072 


4124 
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52 
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924331 


924383 


924434 


924486 


924538 
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924641 


924693 


924744 
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4951 


6003 
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6106 


6157 


6209 


5261 


52 


2 


5312 


5364 


5415 


6467 


6518 


6570 


6621 


6673 


5725 


6776 


52 


3 


5828 


6879 


6931 


5982 


6034 


6085 


6137 


6188 


6240 


6291 


51 
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6342 


6394 


6445 


6497 


6548 


6600 


6661 


6702 


6754 
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6857 
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8242 
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8447 
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8549 


8601 
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8805 


8857 
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9 
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9061 


9112 
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930134 


930185 
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0542 
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0898 


51 


3 


0949 
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61 
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1509 
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1712 
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2778 


2829 


2879 


2930 
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61 


8 


3487 
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3943 


51 


9 
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4044 


4094 


4145 


4195 


4246 


4296 


4347 
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4448 


61 
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934549 
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934650 
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934751 


934801 


934852 


934902 
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60 


1 


5003 


5054 


5104 


5154 


5205 


5255 


5306 


6356 


6406 


5467 


50 


2 


5507 


5558 


5608 


5658 


6709 


5759 


6809 


6860 


6910 


6960 


50 


3 


6011 


6061 


6111 


6162 


6212 


6262 


6313 


6363 


6413 


6463 


50 


4 


6514 


6564 


6614 


6665 


6715 


6765 


6816 


6865 
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6966 


60 


6 


7016 


7066 


7117 


7167 


7217 


7267 


7317 


7367 


7418 


7468 


60 


6 


7518 


7568 


7618 
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7718 


7769 


7819 


7869 


7919 


7969 


50 


7 


8019 


8069 


8119 


8169 


8219 


8269 


8320 


8370 
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8470 


60 


8 
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8570 
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8770 


8820 


8870 


8920 


8970 


60 


9 


9020 


9070 


9120 


9170 


9220 


9270 


9320 


9369 


9419 


9469 


60 


870 


939519 


969569 


939619 


939669 


939719 


939769 


939819 


939869 


939918 


939968 


60 


1 


940018 


940068 


940118 


940168 


940218 


940267 


940317 


940367 


940417 


940467 


60 


2 


0516 


0566 


0616 


0666 


0716 


0765 


0815 


0865 


0915 


0964 
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1064 


1114 


1163 


1213 


1263 
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1412 
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1511 


1561 


1611 
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1710 


1760 
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6 
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2058 


2107 


2157 


2207 


2256 


2306 


2355 


2405 


2455 


50 


G 


2504 


2554 


2603 


2653 


2702 


2752 


2801 


2851 
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2950 


50 


7 
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3049 


3099 


3148 


3198 


3247 


3297 


3346 


3396 
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3544 


3593 


3643 


3692 
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4976 


6026 


6074 


5124 


5173 


5222 


5272 
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5370 


5419 


49 


2 


6469 


6618 


6667 


6616 


6665 


6716 


6764 


5813 


6862 


5912 


49 


3 


6961 


6010 


6059 


6108 


6167 


6207 


6256 


6305 


6354 


6403 


49 


4 


6462 


6601 


6661 


6600 


6649 


6698 


6747 


6796 


6846 


6894 


49 


6 


6943 


6992 


7041 


7090 


7140 


7189 


7238 


7287 


7336 


7386 


49 


6 


7434 


7483 


7632 


7581 


7630 


7679 


7728 


7777 


7826 


7876 


49 


7 


7924 


7973 


8022 


8070 


8119 


8168 


8217 


8266 


8315 


8364 


49 


8 


8413 


8462 


8611 


8560 


8609 


8657 


8706 


8766 


8804 


8853 


49 


9 


8902 


-8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 


49 


890 


949390 


949439 


949488 


949536 


949586 


949634 


949683 


949731 


949780 


94982S 


49 


1 


9878 


9926 


9975 


950024 


960073 


950121 


960170 


950219 


960267 


960316 


49 


2 


960366 


950414 


950462 


0611 


0560 


0608 


06^7 


0706 


0754 


0803 


49 


3 


0861 


0900 


0949 


0997 


1046 


1095 


1143 


1192 


1240 


1289 


49 


4 


1338 


1386 


1435 


1483 


1532 


1580 


1629 


1677 


1726 


1776 


49 


5 


1823 


1872 


1920 


1969 


2017 


2066 


2114 


2163 


2211 


2260 


48 


6 


2308 


2366 


2406 


2453 


2502 


2650 


2599 


2647 


2696 


2744 


48 


7 


2792 


2841 


2889 


2938 


2986 


3034 


8083 


3131 


"3180 


3228 


48 


8 


3276 


3326 


3373 


3421 


3470 


8518 


3566 


3615 


3663 


3711 
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3760 


3808 


3866 


3905 
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4001 


4049 


4098 


4146 


4194 


48 
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954339 


954387 


954435 


954484 


954632 


954580 


954628 


954677 


48 


1 


4726 


4773 


4821 


4869 


4918 


4966 


5014 


5062 


5110 


6158 


48 


2 


6207 


5266 


6303 


5351 


5399 


5447 


5495 


5543 


5692 


6640 


48 


3 


6688 


6736 


5784 


6832 


5880 


5928 


5976 


6024 


6072 


6120 


48 


4 


6168 


6216 


6265 


6313 


6361 


6409 


6457 


6506 


6553 


6601 


48 


6 


6649 


6697 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7080 


48 


6 


7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7612 


7569 


48 


7 


7607 


7656 


7703 


7761 


7799 


.7847 


7894 


7942 


7990 


8038 


48 


8 


8086 


8134 


8181 


8229 


8277 


8326 


8373 


8421 


8468 


8516 


48 


9 


8664 


8612 


8659 


8707 


8756 


8803 


8850 


8898 


8946 


8994 


48 
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969041 


959089 


959137 


959186 


959232 


959280 


969328 


959376 


959423 


969471 


48 


1 


9618 


9666 


9614 


9661 


9709 


9767 


9804 


9852 


9900 


9947 
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2 
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960138 


960185 


960233 


960281 


960328 


960376 


960423 


48 
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960471 


0618 


0566 


0613 


0661 


0709 


0766 


0804 


0861 


0899 


48 


4 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


48 


5 


1421 


1469 


1616 


1563 


1611 


1658 


1706 


1763 


1801 


1848 


47 


6 


1896 
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1990 


2038 


2086 


2132 


2180 


2227 


2276 


2322 


47 


7 


2369 


2417 


2464 


2511 


2569 


2606 


2653 


2701 


2748 


2795 


47 


8 


2843 


2890 


2937 


2986 


3032 


3079 


3126 


3174 


3221 


3268 
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3363 


3410 


3457 
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3652 


3699 


3646 


3693 
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4260 


4307 


4364 


4401 


4448 


4496 


4642 


4590 


4637 


4684 


47 


2 
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4778 


4826 


4872 


4919 


4966 


5013 


5061 


5108 


6155 
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5249 


5296 


5343 


5390 


5437 


5484 


5531 


5678 


5626 


47 


4 


6672 


5719 


5766 


5813 


5860 


5907 


5964 


6001 


6048 


6095 


47 


6 


6142 


6189 


6236 


6283 


6329 


6376 


6423 


6470 


6517 


6664 


47 


6 


6611 


6658 


6705 


6762 


6799 


6845 


6892 


6939 


6986 


7033 


47 


7 


7080 


7127 


7173 


7220 


7267 


7314 


7361 


7408 


7464 


7501 


47 


8 


7648 


7596 


7642 


7688 


7735 


7782 


7829 
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7922 


7969 


47 


9 


8016 


8062 


8109 


8156 
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8249 


8296 


8343 


8390 
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47 
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968483 


968630 


968576 


968623 


968670 
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968763 


968810 


968866 
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47 
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8960 


8996 


9043 


9090 


9136 


9183 


9229 
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9369 


47 
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9416 


9463 


9509 


9666 


9602 


9649 


9696 
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9835 


47 


3 


9882 


9928 


9975 


970021 


970068 


970114 
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46 
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0997 
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1090 
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1229 


46 
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1461 


1508 
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46 
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1971 
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2064 


2110 
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46 
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2249 
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2481 


2527 


2573 


2619 


46 


9 


2666 


2712 


2768 


2804 


2861 


2897 


2943 


2989 


3035 


3082 


46 


m 





1 


2 


3 


4 


5 


6 


7 


8 9 1 


i). 



360 



LOGARITHMS OF NUMBERS. 



if. a ' 


1 1 2 


-s- 


"in 


-T" 


— T" 


"T" 


"m 


?rT^ 


940 


973128 


97^31^4 


973220 


973266 


973313 


973359 


973405 


973451 


9bi^V 


973543 461 


i 


3590 


3636 


8682 


3728 


8774 


3820 


8866 


8913 


8969 


4005 


46 


2 


4051 


4097 


4143 


4189 


4235 


4281 


4327 


4374 


4420 


4466 


46 


3 


4512 


4658 


4604 


4660 


4696 


4742 


4788 


4834 


4880 


4926 


46 


4 
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5570 


6616 
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6707 
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6167 
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6304 


46 
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7312 


7368 


7403 


7449 


7495 


7541 


7586 


7682 


7678 


46 


950 


977724 


977769 


977816 


977861 


977906 


977962 


977998 


978043 


978089 


978136 


46 


1 


8181 


8226 


8272 


8317 


8368 


8409 


8464 


8500 


8546 


8591 


46 


2 


8637 


8683 


8728 


8774 


8819 


8866 


8911 


8966 


9002 


9047 


46 


3 


9093 


9138 


9184 


9230 


9276 


9321 


9366 


9412 


9457 


9503 


46 


4 


9648 


9594 


9639 


9685 


9730 


9776 


9821 


9867 


9912 


9968 


46 


6 


980003 


980049 


980094 


980140 


980186 


980231 


980276 


980322 


980367 


980412 


46 


6 


0458 


0503 


0^49 


t)594 


0640 


0685 


0730 


0776 


0821 


0867 


45 


7 


0912 


0957 


1003 


1048 


1093 


1139 


1184 


1229 


1276 


1320 


45 


8 


1366 


1411 


1456 


1501 


1647 


1692 


1637 


1683 


1728 


1773 


46 


9 


1819 


1864 


1909 


1954 


2000 


2046 


2090 


2136 


2181 


2226 


45 


960 


982271 


982316 


982362 


982407 


982462 


982497 


982543 


98268d 


982633 


982678 


46 


1 


2723 


2769 


2814 


2859 


2904 


2949 


2994 


3040 


3085 


3130 


46 


2 


3175 


3220 


3266 


8310 


3356 


8401 


3446 


3491 


3536 


3581 


45 


3 


3626 


8671 


3716 


3762 


3807 


3862 


3897 


8942 


3987 


4032 


.46 


4 


4077 


4122 


4167 


4212 


4257 


4302 


4347 


4392 


4437 


4482 


45 


6 


4627 


4572 


4617 


4662 


4707 


4752 


4797 


4842 


4887 


4932 


45 


6 


4977 


6022 


6067 


6112 


6157 


5202 


6247 


6292 


6337 


5382 


46 


1 


6426 


5471 


5516 


5561 


5606 


6661 


6696 


5741 


•6786 


6830 


46 


8 


5876 


5920 


6965 


6010 


6065 


6100 


6144 


6189 


6234 


, 6279 


45 


9 


6324 


6369 


6413 


6468 


6503 


6648 


6593 


6637 


6682 


6727 


46 


9'ro 


986772 


[986817 


986861 


986906 


986951 


986996 


987040 


987086 


987130 


987176 


45 


1 


7219 


7264 


7309 


7363 


7398 


7443 


7488 


7532 


7677 


7622 


46 


2 


7666 


7711 


7756 


7800 


7845 


7890 


7934 


7979 


8024 


8068 


45 


3 


8113 


8157 


8202 


8247 


8291 


8336 


«8381 


8425 


8470 


8514 


46 


4 


8559 


8604 


8648 


8693 


8737 


8782 


8826 


8871 


8916 


8960 


45 


6 


9006 


9049 


9094 


0138 


9183 


9227 


9272 


9316 


9361 


9406 


46 


6 


9450 


9494 


9539 


9583 


9628 


9672 


9717 


9761 


9806 


9850 


44 


1 


9895 


9939 


9983 


990028 


990072 


990117 


990161 


990206 


990250 


990294 


44 


8 


990339 


990383 


990428 


0472 


0616 


0661 


0606 


0650 


0694 


0738 


44 


9 


0783 


0827 


0871 


0916 


0960 


1004 


1049 


1093 


1137 


1182 


44 


980 


991226 


991270 


991315 


991369 


991403 


991448 


991492 


991636 


991580 


991626 


44 


1 


1669 


1713 


1758 


• 1802 


1846 


1890 


1935 


1979 


2023 


2067 


44 


2 


2111 


2156 


2200 


2244 


2288 


2333 


2377 


■ 2421 


2466 


2509 


44 


3 


2654 


2698 


2642 


2686 


2730 


2774 


2819 


2863 


2907 


2961 


44 


4 


2995 


3039 


3083 


3127 


3172 


3216 


3260 


3304 


3348 


3392 


44 


6 


3436 


3480 


3624 


3668 


3613 


3667 


3701 


3745 


3789 


3833 


44 


6 


■ 3877 


3921 


3965 


4009 


4053 


4097 


4141 


4185 


4229 


4273 


44 


7 


4317 


4361 


4405 


4449 


4493 


4537 


4581 


4625 


4669 


4713 


44 


8 


4767 


4801 


4846 


4889 


4933 


4977 


6021 


6065 


6108 


6152 


44 


9 


5196 


5240 


5284 


6328 


5372 


6416 


6460 


5504 


6647 


5591 


44 


990 


996636 


995679 


995723 


996767 


995811 


995854 


996898 


995942 


995986 


996030 


44 


1 


6074 


6117 


6161 


6205 


6249 


6293 


6337 


6380 


6424 


6468 


44 


2 


6612 


6555 


6699 


6643 


6687 


6731 


6774 


6818 


6862 


6906 


44 


3 


6949 


6993 


7037 


7080 


7124 


7168 


7212 


7255 


7299 


7343 


44 


4 


7386 


7430 


7474 


7517 


7561 


7605 


7648 


7692 


7736 


7779 


44 


6 


7823 


7867 


7910 


7954 


7998 


8041 


8085 


8129 


8172 


8216 


44 


6 


8269 


8303 


8347 


8390 


8434 


8477 


8521 


8664 


8608 


8652 


44 


7 


8695 


8739 


8782 


8826 


8869 


8913 


8956 


9000 


9043 


9087 


44 


8 


9131 


9174 


9218 


9261 


9305 


9348 


9392 


9435 


9479 


9622 


44 


9 


9665 


9609 


9662 


9696 


9739 


9783 


9826 


9870 


9913 


9967 


43 


n: 
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APPEOVED 



SCHOOL BOOKS. 



GREENLEAF'S MATHEMATICS. 

PBIKABT ABITEKETIC, 
COXKON SCHOOL ABITHX^TIC. 
NATIONAL ABITHXETIC. 
FBACTIGAL ALGEBBA. 
PBAGTIGAL GEOKETBY. 
KEYS TO ABITHKETldB AND ALGEBBA. 



RICKARD & ORCUTT'S PARSING BOOK. 

MAGLATHLIN'S NATIONAL SPEAKER. 
PARKER'S EXERCISES IN COMPOSITION. 



FISE'S GBSKE GBAJOCAB. 

FISK'S &KEEK XIXXIBGISBS. 

XiEV£B£TT'S GiESAB'S COMMUNTABIBS. 

FOIiSOM'S GIOEBO'S OBATIONSw 



BOSTON: 
PUBLISHED BY ROBERT S. DAVIS & CO., 

No. 118 Washihotoh Stbbbt, 

And sold by ftll t!# principal Bocdstileri In New York, 
Philadelphia, Baltimore, Pittsburg, Bocbester, BtdEalo, 
Detroit, Cleveland, Gindnnati, Chicago, St. Louis, 
LouisTllle, New Orleans, San Vranciaco, . 
and by BodueUers generally. 
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GREENLEAF'S 



SERIES OF MATHEMATICS, 



ADAPTED TO 



ALL CLASSES OF PUPILS. 

tH PIVE BOOKS. 

BY BENJAMIN GREENIEAF, L M., 

LATS PBIHOZPAL OV BRADFORD (MASS.) TXAOHKRS' 8BXIHABT. 



IMPBOVED STEBEOTYPE EDITIONS. 



i#« ♦ >•»■ 



L FBIMABY ASITHHEnC. 

Or a System of Mental Arithmetic, with sufficient Slate Exercises added, to 
familiarize with written operations in the fiindamental rules of the science, 
upon the InductiYe Plan, jfor Primary and Intermediate Schools. Reyised and 
enlarged edition, 144 pages, 18mo. Price 20 cts. 

n. COMMOlff SCHOOL AEITHMETia 

Or Introduction to the National Arithmetic, combining the Analytic and 
Synthetic methods, and forming a complete treatise far Common Schools. 
Improved stereotype edition, 824 pages, 12mo. Price 50 cts. 

m TXATIOSAL ARITHMETIC, 

Being a thorough advanced course, intended particularly for Academies, 
High and Normal Schools. Improved edition, 860 pages, 12mo. Price 75 cts. 

IV. FEACTICAL TREATISE OK ALOEBEA, 

Befflgned for High Schools and Academies, and also for advanced students 
in Common Schoola. Improv^ stereotype edition, 860 pages. Price 87^ cts. 

V. PRACTICAL GEOMETRY, 

Designed &r High Schools and Academies, and for advanced classes in 
Common Schools. In preparation, and will soon be published. 

OOMPIiETE xtnTB 

To tne Common School, National Arithmetic, and Algsboa, ociitaiiung 
Solutions and Explanations, for Teachers only, (in three books.) 

The above series has many important distinctive characteristics, whioh par- 
ticularly recommend it to the attention of Teachers, School Directors, and 
others interested. 

Sg4' ■ '• tA 
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GBEENLBAF'S mathematical fflSRZB?. 



3 r 



The ARRANGEMENT of lU several parts and subjects is lucid, progressive, 
and strictly philosophical. 

The RULES, DEFINITIONS, and ILLUSIXATIONS, are expressed in language, 
simple, clear, concise, and accurate. 

The PROBLEMS are of a practical nature, tending to interest the pupil, exer 
cise his ingenuity, and secure useful mental discipline. 

It is a CONSECUTIVE SERIES, graded to (he wants of Primary, Intermediate, 
Qrammar, and High 8eho(d8, Academies, and JVottooI Schools. 

The HBOBANiOAi. KXECTTncTN is neot and durable, an important considera- 
tion, too cften disregarded* 

3^~ The wlude is the result of the ripe scholarship of a distinguished 
PRACTICAL MATHEMATICIAN, who has had more than thirty years* experience 
in teaching pupils of all ages, grades, and capacities. 

The PRpfART Arithmetic constitutes, it is believed, the best First Lessons 
in numbers, now before the public. Being sufficiently comprehensive in its 
character, it is all the pupil needs, as a preparation for the next book in the 
series. 

The Common School Arithmetic contains aU the important rules of com- 
mon Arithmetic with their practical applications, and is ample to prepare the' 
student for aU ordinary business transactions. In its manner of treating fraC" 
tions, and the prominence given through the entire book to analysis, and in its 
geo^eral adaptedness to the wants of the majority of schools, it is unsun)assed. 
It is a complete system in itself, though not so extensive as the I^tional 
Arithmetic. 

The National Arithmetio contains a greater amount and variety of mat- 
ter, strictly connected with the science, than will be found in any other trea- 
tise of the kind. It embraces a large amount of mercantile information, not 
usuiJly included in works of this nature, but important to be possessed by all 
who are destined for the warehouse or counting-room. As a text-book for 
advanced and normal classes it has no equal. 

The Algebra furnishes what has been hitherto much desired, a thorough 
practical and theoretical text-book, suited to the wants of elementary schools, 
as well as academies, in a single volume of a portable Ibrm. Very compirehen- 
sive in its plan and details, and progressive in its gradation of problems, to 
the great satis&ction of teachers using it, it occupies the ground commonly 
^ven very inconveniently to two different books. Its several demonstrations, 
especially those connected with the roots, the method of solving cubic eqtui- 
tions by completing the square, and the very complete Table of Zsogarithms 
at the end of the volume, ore among its use^ distinctive features. 

The book has now been fblly tested in the school-room, and the uniform 
testimony of teachers, who have made the trial, is, that its merit is fully equal 
to that of the arithmetics by the same author, and to which it proves the best 
and most appropriate sequeL 

The Practical Geometry, and other works, by Mr. Greenleaf, in his series, 
which are being prepared with great care, it is believed, wUl fully meet expec- 
tation, when published, and add stiUmcre to his high reputation as an author. 

J^" Greenleafs Arithmetics and Algebra are no untried books, or of 
doubtful reputation. No other works of the kind have, in the same time, 
secured so general an introduction, or been as highly commended by eminent 
;; mathematicians. 
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ORHBNLBajr'B HATBXMATIOAL SERIES. 



The series, whole or in part, is used in nearly all- the Seminaries and Acad- 
emies in the Easteak States, including, among others, in Massachusetts : 



<« 



<< 



«c 



Partridge Academy, 
Day^s Academy t 
Academy y 
Academy, 
Drury Academy ^ 
Academy, 
Dummer Academy f 



DUXBUBT. 

Wrentham. 
Amhebst. 

DEEBJTEIiD. 

KoBTH Adams. 

Chatham. 

Nbwbubt. 



State JVorrnal School, Westfield. 
State JVoTTTUil School, B&idgewater. 
State JVormal School, Salem. 

State JVbrmaX School, Fbamingham. 
State Reform School, Westbobo'. 
City ^/brnuU Sc?u)ol, Bostor. 

Chauncey Hall School, 
D, JB. Tower^s Select School, 
Rev, G. D. Wilde*8 Seminary, 
Mrs, LowelVs Y. Ladies* Sem,, " 
R, G, Parker's Select School, «« 
Fran, S, Williams' Y, L. Sch., *« 
Wm, J. Adams* Select School, " 
Mrs. Hodge^s Y. L, School, " 
Mrs, BurriWs Y, L, Seminary, •* 
Rev, R. W, Cushman's do., " 
Chapman Hall School, for Boys, " 
JVew Eng. J\rormM Ins,, Lai^oasteb. 
Phillips' Academy, Andoveb. 

Wesleyan Seminary, Wubbaham. 
Mt, Holyoke Fern. Sem,, S. Ha]>ley. 
Female Seminary, Pittsfibld. 

Lawrence Academy, Gboton. 

Friends Academy, New Bedfobd. 
Oread Female Institute, Wobcesteb. 
Female Seminary, Chablestown. 
Howe School, Billebica. 

Academy, Leicesteb. 

College of the Holy Cross, Wobcesteb. 
Academy, Westfield. 

Bristol County Academy, > Taunton 
Myrickville Academy, > 
Putnam Free School, Nbwbubtpobt. 
Female Seminary, Bbadfobd. 

Academy, Bbidgewateb. 

And in the Public Schools of 
hundbed and fifty cities and towns, 
being about three hundred. 

The series, whole or in part, is used in a great majority of the Academies 
and best Public Schools in Maine, and very extensively in New Hamfshibe ; 
including the celebrated Phillips Academy at Exbteb, N. H. ; and the Maine 
Wesleyan Seminary, Kent's Hill ; Maine Female Seminary, and Male 
Academy, Qobham ; Westbrook Seminary, and JVorth Yarmouth Academy, 

Also in the Academies, or Public Schools in the following Cities and 
Towns, among others, in Maine : 



Academy, £a8T Bbidgewateb. 

Greenumd Sem., South Beading. 

McUe Academy, Wobcesteb. 

Goodale Academy, Bebnabdstowk. 

Academy, Gbeat Babbinoton. 

Hollis Institute, South Bbaintreb. 

Academy, New Salem. 

High School, . Gbafton. 

Latin, and E, High Schools, Roxbtjky. 

Pierce Academy, Middlebobo'. 

Coffin High School, Nantucket. 

Academy, Milton. 

Mt, Hollis Seminary, Holliston. 

Academy, 

Lawrence Academy, 

Sanderson Academy, 

Academy, 

Academy, 

Academy, 

Female Seminary, 

Quaboag Seminary, 

Williams' Academy, Stocebbidqe. 

Eng, and Class. School, W. Newton. 

AuJburndale Female Seminary, *' 

Yarmouth Academy, S. Yarmouth. 

Warren Academy, 

Academy, 

Oakland Institute, 

Massachusetts in upwabds of two 
the whole number in the State 



Peppebell. 
Falmouth, 
ashfield. 
Sandwich, 
topsfield. 
Westfobd. 
townsend. 
Wabben. 



Wobubn. 
Westfield. 
Needham. 



Portland, 
Augusta. 
Bangob, 
Watervillb, 
Hallo well, 
' Bath, 



Bbunswick. 

Bbidoton, 

Danville, 

Gorham, 

Yarmouth, 

Westbbook, 



Saco, 

BiDDEFOBD, 

Fabmington, 
Beadfield, 
Monmouth, 
Vassalbobo', 



Lbwiston, 

Thomastown, 

Waldobobo', 

WiSCASSET, 

Bethel, 

NOBWAT, 
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QREENUSAV'S MATHEMATICAL SERIES. 
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Pabis, 

F&TBXTBO, 

Blooufiblp, 
Skowheqan, 



NOBEIDGEWOCK, MaCHIAS, 

Belfast, Calais, 

Frankfort, EBNincBUKK, 

Eastpobt, South Berwick, 



Wells, 
York, 
Castine, 
buoksport. 



The series, whxAe or in pari, has been introduced into the following Cities 
and Towns, among others, in New Hampshire : 



pobtsmoxtth, 
Makokebter, 
Nashua, 

COXOORO, 

Bzeter, 

BOTER, 

Atkinson, 



Strafford, 
Great Falls, 
Sanrorhton, 
New Hampton, 

QnJCABTONy 
OSSIPPE, 

Conway, 



Hampton Falls, Wolfboro', 



Franklin, 
bosoawbn, 
New London, 
New Ipswich* 
Merrimaok, 
Pembroke, 
Andoter, 
Fbanoestown, 



Wbntworth, 

Plymouth, 

Lebanon* 

KSENE, 

Orford, 

SWANZEY, 

Walpole, 
Amherst. 



Also in the Public Schools in Chittenden, Windham, Oranqe, and other 
•Counties, and in the following Aoademies, among others, in Vermont : 



Barre Academy, Franklin Academy, 

Thetford Academy, Essex Academy, 

Randolph Academy, Ludlow Academy, 

W. Brattleboro* Acad,, Fair/ax Academy, 

Stoanton Academy, Manchester Academy, 

Chelsea Academy, Middlesex Academy, 

Bakersfield Academy, Bradford Academy, 



St, Johnsbury Academy, 
McIndoe*s Falls Acad,, 
Orford Academy, 
JVetobury Seminary, 
Springfield Con. Acad., 
Danville Academy, 
Middlebury Academy. 



Also, Friends* College, University Grammar School, Stngsbury*s Young 
Ladies* Seminary, Austin's Select School, and others in Proyidenoe ; 
Providence Conference Semnary, East Greenwich ; Smithville Seminary, 
North Scituate ; Gamm£l*s Young Ladies* Seminary, Public High School, 
Warren ; Adams* Young Ladies* Seminary, Newport ; and in the Public 
Schools in the following, among other places, in Rhode Island : 



protidbnce, 
Newport, 
Bristol, 
Warren, 



N. Providence, East Greenwich, South Kingston, 

Smithfield, Westerly, Foster, 

Cumberland, Cranston, Warwick, 

Tiverton, Coventry, North Scituate. 



Also State JVorm^al School, New Britain; RusselVs Collegiate Institute, 
French's Academy, York Square Female Seminary, and others in New Ha- 
ven ; Rev. Mr. Everersfs School, Hamden ; Academy, Essex ; Academy, 
Durham : Academy, Woodstock ; Academy, East Hartford ; Connecticut 
Literary Institution, Sufvisld ; Academy, Southington ; Collegiate Institute, 
MiDDLETOWN ; and other similar institutions ; and in Seleet,Gt PubUc^chools, 
in the fbllowing, among other places, in Connecticut : 



Hartford, 
New Haven, 
Norwich. 
New London, 
Bridgeport, 



MiDDLETOWN, 

Bristol, 
Enfield, 

SUFFIELD, 

Woodstock, 



Thompson, 
East Windsor, 
Plainfield, - 

MiLFORD, 

Essex, 



Banbury, 
Birmingham, 

KiLUNGLY, 
NORWALK, 

Brooklyn. 



The books are, also, widely used in Seminaries and Ward Schools in New 
Tobk city ; and in prominent Institutions in the state of New York, and in the 
Western States; including, among others. Packer Female Seminary, Brook- 
lyn ; Seminary of Sacred Heart, Buffalo ; Hulin*s Seminary, Cincin- 
; ; NATi ; Albion Wesley an Seminary, Michigan ; Garden City Inst,, Chicago ; ; ; 
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BEGOMMENDATIONS OF GKEENLBAV'S AKITHUETICS. 



And have been adopted for the schools of many towns, and approyed for 
SEVE&AL COUNTIES, in some of those states ; and are used in the Select or 
Public Schools in the following cities : 

TbOT, BlVFALO, C&IOAQO, St. Lo17IS» 

Stsacuse, Cincinnati, Milwaueie, New Orleans, 

BooHESTBB, Detboit, Galena, San Fbancisco. 

Also, have been adopted for the Public Schools under the supervision 
of the FriendSy in Philadelphia, and are used in the schools generally in 
most of the cities and lasqeb boboughs of Pennsylvania, and have been 
approved ibr the Public Schools of several ComvTiBS in the State. 

The following Seminaries of a high grade, among others, in the state of 
Pennsylvania, are using, in part, or whole, Gbeenleat's BIatbbhatical 



^^fP^If^y/^^' ^ { PHILADmHIA. 

the Untv, of Penn., > 
JFriends* Academy, 






Episcopal Female Seminary, 

Spring Garden Institute, 

Logan Square Fern. Institute, 

St JosejA,*s College, 

mttenhov^se Academy, 

Bev. Mr. Helm*s F. L, Sem., 

Wm. Osgood's Select School, 

English and Classical School, 

Maihemai, and Com. Institute, '* 

Prof. McKinley's Boys* Sem.^ «• 

Central InstitvJ^, 

Prof. ShorVs E. ^ Clas. Sch., 

Franltford Clasncal Intiitute, 

Oermantown Academy, 

Prof. Gregory's Clas, ^ E. Sch.** 

Penn, Female College, Habbisbubg. 

Prof. Kernble^s Academy ^ " 

Mrs. Le Conte*s Fem. Sem., ** 

Duff's Mercantile Col., Pitisbubg. 

Iron City Com. College, 

English and Classical School, 

Prof. IViompson's Fem. Sem., 

Prof. Kennedy's Fem^ Sem., 

WestmineUr Col- ) aij^„he»t Citt 
legiate InsHtuU, 5 ^^^^^heny 1.1TY. 

aty J>rormal School, Lanoasteb. 
Institute, Beading. 

Wyoming Seminary, Kingston. 

School for Young Ladies,LvwjSBirRa. 
Academy, Erie. 

Tremont Seminary, Nobbistown. 
Oakland Female Institute, 
Keswick Institute, 

Academy f Danville. 

Lafayette Academy, Easton. 

Prof, sum's Clas. ^ Math. Sc. 
Opheleton Female Seminary, 
1 Academy, Westcbbstkb. 

Sm 
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College, New WnjaNGTOH. 

Villahova Col., Delawabe County. 



WnJESBABBE. 

honesdale. 
Pottsville. 



cc 



Female Institute, 

Academy, 

Academy, 

Female Seminary, 

Arcadian Institute, 

Boarding and Day Sch., Allentowv. 

Freeland Sem., Pebkiomen Bbidgb. 

Aston Bidge Sem., Village Gbeen. 

Board. School for Boys, Pottstowh. 



Obwigsbubg. 



Central Academy, 
Academy, 

Greenwood Dell } 
hoarding School, ) 
Collegiate Institute, 
Academy, 

Mountain Academy, 
Academy, 
Academy, 



PoBT Boyal. 
Unionvillb. 

Mabhhalt.ton. 

Cassvilul 
Shade Gap. 

BiBMINOHAK. 

Sewickley. 
Williamsburg. 
Beaveb. 

WiLKINSBUBGw 

Meadville. 
acadbmia. 
Allegheny. 



Acad, and Fem. Sem,, 

Academy, 

Academy, 

Tuscarora Fem. Sem., 

Institute, 

Lehigh County High School, Ehmatts. 

Female Seminary, Linz. 

Acad, and Boarding Sch., Strasburq. 

Academy, Mt. Joy. 

Cedar HiU Seminary^ ** 

Academy, Bloomtibld. 

Cottage bill College, Yobk. 

Whitehall Academy, 

College, 

Collegiate Institute, 

Union Seminary, 

Female Seminary, 

Academy, 

Marshall Col. Ins,, MEBOEBSBusa. 



Harbisburg. 

Washington 

Mt. Pleasant. 

New Berlin. 

Carlisle. 

Chambebsburo. 
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These books are meeting with marked fayor in Nkw Jsbset, Mabyland, 
District of Columbia, and in Viboinia and other Southern States ; the se- 
ries, in whole or part, being text-books approved for the Public Schools of 
Newark, Trenton, Bordentown, Burlington, Bridoeton, Wilmington, 
New Castle, Washington, Georgetown, &c.; and is used in the Ch-am- 
mar School of Rutgers College, Prof, Mack's Select School for Boys, 
Female Seminary, New Brunswick ; Female Seminary, Trenton ; Female 
College, Borden town ; Academy, Newton; Academy, Camden ; Academy, 
Salem ; College, Burlington ; and other Seminaries in New Jersey ; Dela- 
ware University, Newark ; several Academies and Boarding Schools, 
WnjfiNOTON ; and other important Schools in Delaware. 

And in the following Institations, among others, in Baltimobjb, yiz : 

Saltimx)re Collegiate Institute, Principal, B«v. J. R. Jarbob. 

Maryland Inst for Young GtTdUmen^ 
Prep, Dept. of Maryland University^ 
JVheton University, 
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St Timothy's Hall, 

St. Mary's Hall, 

Seminary for Young Ladies^ 

Academy, 

Commercial and Collegiate Institute, 

Young Ladies' Seminary, 

Light St Institute, 

8t, Patrick Schools, 

Trinity School, 

Young Ladies' School, 

Young Ladies' Institute, 

Soys* Select School, 

Union Academy, 

PkilomMhic Hall, 

AthentBurn Place School, 

Calvert Hall, 

Also, in St John's College, Annapolis ; College, Female Seminary, 
Sawtell and French's Seminary, Academy of Visitation, Frederick Citt ; 
Academy, Emmettsburo ; Academy, High School, Westminster ; Academy, 
Female Seminary, High School, Frostburg ; and other Institutions In 
Maryland ; Wight's Rittenhouse Academy, Prof. Myrick's Female Semi- 
nary, Prof. Butler's Female Seminary, Washington ; Rev. Mr. Clark's Fe- 
tmU Seminary, Georgetown ; Hallowell's, and other important schools in 
Alexandria ; and other Seminaries in the Bisxbict or Columbia ; David 
ISirner's Academy, Mrs. Pellet's Young Ladies' Seminary, and other 
important schools in Richmond ; Miss Robinson's Young Lcidies' Sem- 
inary, Norfolk, Va. ; Mrs. Lincoln Phelps* Female Ins., Ellicott's Mills, 
Md.; Iowa College, Davenport ; Mrs. Crowell's Female Sem., St. Louis. 

This Series being now so widely known, and it9 several parts so well calcu- 
lated to recommend themselves, it is deemed unnecessary to present many tes- 
timonials. From the great numbers received from eminent practical teachers 
and other competent ju^i^, in different parts of the country, a few only are 
offered, which will indicate the opinions generally entertained of the books. 
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Prof. J. H. Clarke. 

" £. Dalrympub. 

Dr. H. W. Heath. 

Bet. L. Van Bokeelen. 

** S. K. Sargeant. 

Prof. S. F. Streeter. 

" E. Topping. 

BiPPARD & Newell. 

pRor. R. H. Archer. 

«* J. A. Morgan. 

Rev. J. DoLAN. 

** s. h. worcestesl 

Prof. N. H. Morrison. 

** H. B. Mc. Clenahan. 

** Geo. H. Fillmore. 

Messrs. Waugh & Magers. 

** Waterman & Griswold. 

" Clarke & Taylor. 

The Christian Brothers. 
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7 8 EBOOHMBICDATIONS OT GBEENLEAV'S ARITHMKCICS. 

BEOOiaOBHDAIIOHB OF OBEEHLEAPS ABITHMETICS. 

Pbotiobvcb, July 28, 1855. 
About fire yeiuv ftgo, Greenleaf' 8 ** Common School Aritiimetio^' was placed in 
the hands of the pnpils of one class In each of our Grammar Schools, and, after a 
preliminary trial of nine months, we were so much pleased with it, that we 
nnanimously reoommended it as a suitable text-book. Our School Committee 
approTed the choice, by then prescribing its general use, and since that time we 
have had Uie amplest means of testing its merits. Our experience has confirmed 
the wisdom of our selection, and now we can truly say, that, among all the books 
yet published, we know of no one which we would willingly adopt as its substi- 
tute. 

Greenleaf *s Primary Arithmetic was put into our Primary and Intermediate 
Schools three yeers sLmm, and from what we learn from the teaehers of those 
schools, as well as from what we ourselves hare seen of its influence, we are of the 
opinion that it is eminently fitted for the place which it occupies. 

Of the ** National Arithmetic'* it does not become us to speak with so much 
eonfidenoe, baring never tested it as a text-book. We can only say that its mer- 
its are of so high an order as to have authorbed its use in our High School, for 
six or seven years past. 
(Signed), 

ZUmGLIUS GROVER, Princ^ of Prospect-tt. Grammar School, 
ALBERT A. GAMWELL, " ** Fountain^. Grammar School, 
LUCIUS A. WHEELOCE, «< « Elmst. Grammar School, 
ALVAH W. GODDING, « « Arnold-^. Grammar School, 
JAMBS L. STONE, «« « Summer^. Grammar SehooL 

CHARLES HUTCUINS, « « BenefU-M, Grammar School, 

PROTiDBircs, August 20, 1855. 
Having used several of the Arithmetics now before the public as text-books, in 
Grammar Schools, I have found none better fitted to accomplish the desired end 
than GreenleaTs Common School Arithmetic 

WILLIAM G. CROSBY, Teacharof Providence High School, 



From John D. Philbrich, A. M., State Superintendent of SchooU, and late Principal ^ 

the State Normal School, CoirNSCncuT. 

I have examined a copy of the improved edition of GreenleaTs School Arith- 
metic, which you had the kindness to send me, and I do not hesitate to assure 
you that I consider it an excellent arithmetic. Its work shows plainly the hand 
of experience. I think it now stands in the front rank of common school arith- 
metics. In explanations it has hit the true medium, being neither too abstruse 
nor too simple, doing enough for the learner, and yet leaving as much to him as 
is reasonable to expect him to do. It is neither too large nor too small, neither 
formidable nor deficient. It contains all that is necessary for all practical pur- 
poses. Among other good points, I was particularly pleased with its oral exercises, 
its progressive arrangement, the easy gradation and great diversity and 
ingenuity of its problems, and the perspicuity and precision of its rules and 
illustrations. . JOHN B. PHILBRICK. 

QuiNCT School, Boston, March 5, 1849. 

UmvEBSiTT GnunULB School, Proyidbncb, Sept 19, 1855. 
Bbn JAKiK Gbebnlbaf, Esq. : Bbab Sib, — We have used your National Arith- 
metic in our school during the last ten years, and now have no disposition 
to exchange it for any Arithmetic witii which we are acquainted. It coven 
the whole ground of written Arithmetic, and it is so arranged that the pupil 
passes, by easy gradations, from simple exercises to the most complicated analysis. 
The principles are well stated the demonstrations clear and satisfiBMStory, and the 
examples numerous and practical. 

RespeotfuUy yours, MBRRIOK: LYON, > fi,..,.^^!. 

EMORY LYON, $ -^'**^9'^" 
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Extract from a ItUer from N. TMlinghast, A. M., Principal of the State Normal School, 

£bidgewateb, Mass. 

I have used Mr. Greenlears National Arithmetio for several years in my 
sohool, and have seen no book that in the number and exoellenoe bf its examples 
has pleased me so well ; and, so far as I have examined it, the revised edition 
seems superior in this respect, as in several others, to the former editions. 



From Rev. H, S, RanudeUf Chairman of the School Committeef Thompson, Conn. 

Thompson, Ct., February 22, 1856. 
The Board of School Visitors of this town, after a careful examination o^'Bev- 
eral arithmetics, adopted GreenleaTs Series, and put them into the eighteen 
schools under their supervision, more than a year since, to the exclusion of all 
others. Their uso has more than realised their expectations. We not only find 
each book happily adapted to the place it was destined to fill, but so strictly pro* 
greenve, so clear and precise in the statement Of rules and principles, and in their 
illustration, and so ingenious and practical in the character of the examples, as 
exceedingly to interest the scholar, and to secure rapid progress in the science. 
After more than a year's experience in the use of the series, both teachers and 
scholars as well as the Board of Visitors, are free to express not only their satisfac- 
tion with the same, but their strong preference for them over any other series of 
the kind of which they have knowledge. We believe that their introduction into 
all the public schools of our state would be highly beneficial. . 

By Older of the Board, H. S. RAMSDELL, Chairman, 



Drom the Principal of HttUti'e Semnary, Cincinnati, Ohio. 

CiNCiNNtt.Ti, March 18, 1853. 
My experience ntisfies me that Greenleafs Arithmetio is fully deserving of the 
high reputation it has attained. Nearly two years' use of the book in my Semi- 
nary, has demonstrated to my mind its great superiority over any other book of the 
kind, in oombining desirable mental disoiplme with a thorough practical knowl- 
edge of numbers. I regard it, in every respect, a strong book, and one likely to 
meet the wants of good teachers, generally. A. HULIN. 



Cambbidge, Ms., February 3, 1854. 
Having made a thorough trial of Greenleafs Common School Arithmetic, by 
carrying several classes through it, I am most happy to say that it has more than 
answered my highest expectations. In its arriuigement, its illustrations, the 
clearness and conciseness of its rules, and, above all, in the fulness and variety of 
its examples, it is all that can be desired. With more than twenty years' experi- 
ence in teaching Arithmetic from nearly all the treatises that have been in use du- 
ring this period, I have found nothing that can compare with it. I have never 
been able to instruct from any book with so much ease and satisfaction to myself, 
or advantage to my pupils. It should supersede all other books upon the subject 
now in use. E. B. WHITMAN, Princq>al of Hopkins' Grammar School. 



Dayknpobt, Iowa, September, 1855.^ 
I have used Greenleafs Series of Arithmetics, for several years, both in 
Massachusetts and in Iowa, with increasing confidence in their adaptation to con- 
vey a knowledge of numbers, and to produce energy and elasticity of intellect in 
those who stndy them. 

So varied and numerous are tho examples that it is impossible for the student. to 
go through the series with any degree of thoroughness without having such a 
readiness in the use of numbers as to fit him to meet successfully all the ordinary 
demands of mathematical calculation. 

The Algebra, by the same author, I have examined, and feel satisfied that it is 
well worthy of the reputation it has gained. 

H. L. BULLEN, Professor of Mathematics and Nat. Phil., in Jotoa College. 
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jProm R. W. Swan, M. A., Principal Collegiate InstittUe. 

WiLLiAMSTOWN, MASS., June 1st, 1855. 
It gives me pleasure to testify to the excellence of Greenleaf' s Mathematical 
Series, from actual experience. 

I consider the Arithmetics superior to all others, both in arrangement and in 
illustration of principles; and, since ''practice makes perfect,'' the multiplicitj of 
examples for solution renders these books eminently worthy of adoption in all 
schools. I introduced the Algebra into my school soon after it was first published, 
and consider it in all respects fully equal to the rest of the series. 

B. W. SWAN. 



Nantdokbt, Mass., July ITth, 1855. 
Haying used Oreenleafs Arithmetios for about three years, and carefully com- 
pared them with other works of great merit, I am^repared to give my testimony to 
theit great superiority oyer all others which have come under my obserratimi. The 
Algebra, by the same author, I have used for two years, and every day's experience 
confirms my opinion that its merits need only to be known to secure its introduction 
into a large portion of the schools in which Algebra is taught. 

ALFKBD MACY, Principal of Coffin School. 

GERVANTOWlf ACADEMT, PHILADELPHIA, Sept. 17th, 1855. 

Having used Greenleaf 's National and Common School Aritiimetics for many 
years, and his Afgebra .during the last year, it gives me pleasure to state, that, in 
my opinion, they are most admirably adapted to meet the wants of our public and 
private schools. From a practical baowledge of the merits of these books, I would 
most cheerfully recommend them to Uie attention of teachers and others interested 
in the cause of educationr 

JAMBS H. WITHINGTON, A. M., Principal, 

WiLBRAHAM, Masb., July 17, 1854. 
It gives us pleasure to state we shaJI continue to use Greenleaf s National Arith- 
metic; and shall, next term, introduce as text-books tJie Common School Arithmetic, 
and the Algebra, by the same author. 

S. P. CHESTER, Prof, of Mathematics in Wesley an Academy. 

West Newton, Mass., June 6th,' 1853. 
I have used Greenlears National and Common School Arithmetics in my school, 
constantly, the lasLthree years, and am free to say, that, among the multitude of 
works on this subject, examined, I prefer these. Their practical examples — a 
peculiar merit — are excellent. 

N. T. ALLEN, Principal of Model Department of State Normal School. 

PiTTSPiELD, Mass., June 28, 1855. 
Having used Greenleaf 's Series of Arithmetics for a number of years, I am free 
to say that I prefer it to any othe r wi th which I am acquainted. 

CLARA WELLS, Principal of Young Ladies' Seminary. 

Drom Pkop. "Perry, formerly of Dartmouth Collie , 

I have examined Greenleaf 's Practical Treatise on Algebra, and find it to be 
precisely what might have been expected as one of the results of forty years' study 
and reflection in ti^e boundless field of mathematical investigation. It Will furnish 
an invaluable text-book for our High Schools and Academies, and camiot fail to 
meet the approbation of all who are capable of judging accurately of its merits. 
Greenleaf 's Mathematics, to wit, — 1. Primary Arithmetic; 2. Common School 
Arithmetic; 3. National Arithmetic; 4. Practical Treatise on Algebra, — are stan- 
dard and imperishable works of their kind, — ■ the richest and most comprehensive, 
as a series, that have appeared in the current nineteenth century. 

JOSEPH PERRY, A. M., Prof, of Mathematics. 

Kbbnb, N. H., October 27, 1854. 
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FVom Tbokaa Baaamit, A. M., Pnneipal of the English High School, Boston. 

I hare ezamined Greenleaf' a new " Common School Arithmetic," and am happy 
to render my testimony in its favor. The work is sufficiently oomprehensiye for 
most Bohools; it oontains an excellent series of examples, the explanations are 
cleaTf and the roles are well expressed. It introduces several shortening processes, 
which not only facilitate arithmetical operations, but are valnable as exercises in 
reasoning. I commend this treatise to tiie favor of teachers apd the public. The 
National Arithmetic is so extensively and so fkyocably known, as to need no 
commendation from me. 



Beloft, WiscoNsnr, January 17, 1854. 
I have examined with care Greenleaf 's Arithmetics, with reference to their in- 
troduction into this Institution. I think they excel in the conciseness and com- 
pleteness of their definitions and rules, and in the variety and fulness of the ex- 
amples. I feel p repared to r ecomm end them with entire confidence. 

WILLIAM PORTER, Acting Prof, of Mathematics, BehU CoUege, 

RocHi;STSR, N. T., September 22, 1854. 
After four years' experience in using Greenleaf 's Arithmetics, in the publio 
schools of this city, we are prepared to say that, in our opinion, there is no other 
work on the subject of Arithmetic, with which we are acquainted, so well adapted 
to make thinking pupils, and correct and expert calculators ; and we feel confident 
of its success wherever it may (all into the hands of intelligent and experienced 
teachers. 

J. W. ADAMS, 0. C. MESERVB, P. H. CX7RTIS, 

J. H. FRENCH, WM. D. ALUS, WILLIAMS BARNES, 

E. KNICKERBOCKER, M. DOUGLAS, E. R. ARMSTRONG, 

PrvndpaU of the PubUc Schoids. 

New York City, 4th Mo. 29, 1852. 
Greenleaf 's Common School Arithmetic I have used in my school for a period of 
about two years ; and I am free to acknowledge that I regard it as the best text- 
book on the subject extant. 

THOMAS FOULB[E, Princ^al of Ward School No. 14. 

JFVom Rev, W. H. ShaiLEB, D. D., formerly Principal of Connecticut Literary 

InstittUion, SurriELi). 

I have examined, with some care, the revised edition of the Common School 
Arithmetic by Mr. Greenleaf. As the result of such examination, it gives me 
pleasure to say, that it is greatly superior to any work of the kind which I have 
ever seen. , And I express this opinion, not from an examination of its method 
of arrangement merely, which I admit is strictly progressive and philosophical, or 
from the simple and precise manner in which its definitions are given and its prin- 
ciples evolved ; but from having seen it submitted to a practical test. Classes 
instructed in it, seem to understand better the reasonings of the operations per- 
formed, then any classes, at the same stage of advancement, which have come under 
my observation, in several years' experience as a teacher and member of the 
School Committee. I consider the series prepared by Mr. Ghreenleaf as ftimishing 
all that is necessary in this important department of science. 

W. H. 8HAILER, Chairman of the School Committee, 

Bbooelinb, Ha88., April 2, 1854. 

LA.-WBXSCE AcADKiCT, CfrotoH, Moee., April 9, 1854. 
Mr. Greenleaf 's Algebra seems to be the work of a practical teacher who not 
only knew the wants of pupils, but how to meet them. Having made use of it 
in our institution for the past two terms, I have no hesitation In giving it my pref- 
erence over every other I have ever used, especially for those commencing the study 
of Algebra. 

B. J. MARSH, Teacher of Mathematics, 
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STkw Bbsfosd, Sept. 17/ 1855. 

It is now more than six years sinoe Mr. Gk«enleaf' s Arithmetics were introduced 
into the schools of this city. They still hold their place in ail the public schools, 
and their use is also quite general in the private schools. They are especially 
Talned for the great variety and praotioal character of their examples. 
[Signed] JOHN F. BMEBSON, Prinapal of the IBgh School. 



EBEXBZER HERVSY, 
WM. A. CHAMBEBLIN, 
S. HUTC5HINS0N, 
J. S. BARBELL, 
N'. LINCOLN, JR. 
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Parker-St, Oram. Sehot^, 
Acuihnti «« " 

Boy»* Buth'St, « 

Mddle-St. " " 

Mueed School, 



Bradfosd, Ms., January 20, 1854. 

I regard the series of Arithmetics by Benjamin Greenleaf as decidedly the best 
in use for the purposes of practical instruction. They are, above all others that I 
have seen, adapted to give interest to the study, and to create a zeal and enthusi- 
asm in mastering the elementary principles of the Mathematics. The explanations 
are generally clear and satisfactory, and the questions framed with an ingenuity, and 
a reference to some practical application, which give to the work of solving them a 
peculiar charm. Nor should we overlook the well-placed wit and humor, and the 
harmless snares for the learner's heedless steps, with which these books are diver- 
sified; and greatly to their advantage as works to be used in the school-room, 
where a littie pleasantry, a sharp, angular thought, and a sudden appeal to the 
pupil's ingenuity and power of quick perception, may do so much to prevent dul- 
ness, and convert stupidity into vivacity. A dull boy in <^e study of these Arith- 
metics, would, we think, generally be doubly dull in the study of most other works 
of the kind. N. MUNROE, Chairman <f School Committee, 

Extract from a letter from J. W. P. Jeitks, A. M., Principal of Peirce Academy, 

MiDDLEBORO', MAB9. 

It would seem to be a superfluous work for me to recommend Greenleafs Nation- 
al Arithmetic, so extensively and so favorably is it already known. But still, hav- 
ing introduced it into my school more than six years ago, I am satisfied it possesses 
advantages over other Arithmetics I have ever made use of, and, indeed, all athart 
novo in uae. My reason for expressing this latter opinion is, that my receiving new 
pupils every quarter, and their coming from all sections of the country, I invariably 
find that those who have gone through jriih any other arithmetics, find it necessary 
to spend much time in the National; while, if they have studied the National only, 
I have always found them well prepared to sustain an examination in any other. 

The nature of my school does not require me to use the Oonmion School Aritiune- 
tic, but throagh my influence it was introduced into our town schools, three or four 
years ago, where it superseded Emerson's, and has worked to entire sati^action, so 
far as I have been able to learn. 

MiDDLEBOBo', Mass., July 5, 1850. 



From the Principals of the Public Schools in the Eleventh Ward, New York City, 

We have been using GreenleaTs Oommon School Arithmetic for several years 
in the Eleventh Ward Schools, and the scholars as well as teachers are very muoh 
pleased with it. It oontains more real instruction than any other work of the kind 
with which I am acquainted. . The examples are praotical and the questions are 
excellent ; these alone are worth the price of the book. I have found no book in 
the course of my teaching in which pupils were so much interested. I have often 
heard scholars say, and they do Almost daily in my sohoo} say, that in every step 
they take they feel that tihey have found out somei^ing new. If merit aione de- 
cided the question, no other Arithmetic except Greeideaf 's would be used. 

LS. DURAND, Principal of Ward Sohool, No, 5, Eleventh Ward, 
I fully concur in the above, as my experience. 
DAVID HAYNES, Princ^ of Ward School No. 21, Eleventh Ward. 
t »' — «- n| 
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After using Oreenleaf s Arithmetio for sereral jears, I can conscientiously rec- 
ommend it as the best work of the kind now in use, of which I have any knowledge. 
The illustrations preceding each mlcy and upon which the rate is made to depend, 
are clear and Blanking, without being diffuse. The numerous exercises in Frac- 
tions, and the extent to which Analysis and CSancellation are carried, certainly are 
features sufficient in themselyes to recommend the introduction of the book into 
aU our Pubtio Soho<ds. D. ECKELS, PrincgMl of FubUe High SebooL 

Oablxblb, Pa., Oct. 16, 1856. 

It affords me pleasure to state that I am using Greenleaf « Arithmetic, and find 
it a truly excellent work. It is now in general use in the schools throughout this 
nty, and is eminently adapted to the wants of Public Schocls, both on account of 
Uie conciseness and accuracy of its rules, and the variety and number of its exam- 
ples. I Uierefore most confidently reconmiend it to the notice of Teachers desiring 
a truly scieniific Arithmetic. 

H. SHELLBNBEBGER, Principal ^ South Ward Ktgh School, 

HARBiBBVBa, Pa., Oct 12, 1856. 

During the last winter I gaye Greenleaf s Common School and National Arith- 
metics a thorough examination. I was so well pleased with the works that I hes- 
itated not to recomm^id them to the School Board for adoption into the public schools 
of this place. They hare been admitted; and I think I exaggerate not when I 
say these works contain more intrinsic worth than any other of the kind now extant. 

The arrangement of the works is excellent; the style happy; the demonstrations 
clear and lucid; and the examples are chosen, not with a yiew to puzzle, but to 
instruct the pupil. I would recommend Uiese books to those who wish to obtain 
works of real merit. S. CULVER, Prtncgnd of the Public High SchooL 

West Chester, Pa., Oct. 8, 1855. 

I unite most fully and cordially with the aboye sentiments in relation to Qreen- 
leaf's Arithmetics. I hare been using ih&aa. in my isohool for some time, and am 
fully satisfied that they are unsurpas^ by any work I haye met with. 

JONA. GAUSB, Principal of Greenwood Dell Boarding-School, 

Marshallton, Chester Co., Pa., 10th month 10, 1855. 



Haying used in our school Greenleaf s Common School, National Arithmetic, and 
Practical Algebra, I can, with pleasure, bear testimony to their excellence. The 
numerous examples and the arrangement are such as to require the pupil to think, 
and a student cannot pass throueh the course without becoming an accomplished 
arithmetician. MILTON DURNAL, Principal of Unionville Academy, 

Chester Co., Pa., Oct. 12, 1855. 

From Dr, Pattereon, Principal of Public Scho<d No, 3, and Classical Teacher of 

the Normal Schooly New York City. 

The Common School and National Arithmetics, by Greenleaf, haye been used by 
me yery extensiyely for many years, both in my Grammar School and in the Nor- 
mal School of 'this city. The works are yery systematically arranged, the rules 
are concise and easily comprehended, and the examples are varied and numerous. 
Having carefully compared the Common School Ajrithmetic with other approved 
works on the subject, I think it is decidedly the best book at present before the 
public. It embraces all that is taught in our best Common Schools and Academies. 
I would, without hesitation, reconmiend these works to my fellow-teachers, in prefer- 
ence to any others, being well assured that they will give the utmost satisfaction. 

New York, Oct. 4th, 1855. DAVID PATTERSON, M. D. 

JFVom Mr, Hazeltine, Principal of Public School No. 13, New York. 

Greenleaf *8 National Arithmetic is used exclusively iu the Senior Department 
of the Female Normal School, under the direction of the Board of Education of 
this city. LEONARD HAZELTINE, Principal, 

New York, Oct. 3, 1855. 
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BEOOXMENDATIOIIB 07 GBEENLEAF8 AJJBiBBSUL 

PfliLLiPs' AcASBMT, ExETBB, N. H., Febmarj 26, 1855. 
I have used, for seTeral xnonthB, in thift Mathematical Department of the Acade- 
my, Greenleaf' 8 Algebra. It has stood, remarkably well, the teat of the Recitation 
Boom, -—a tesf much severer than a private examination. Its problems, especially 
those in Quadratic Equations, are very much superior to those of most text-books in 
Algebra, which have come under my notice. These and the Miscellaneous Ques- 
tions are well selected, and admirably suited to develop the ingenuity of the stu- 
dent, and familiarize him with the fundamental principles of the science. The dis- 
cussion of the subject of Logarithms is rendered more valuable by the introduction 
of Logadithmic Tables at the end of the volume. On the whole I take pleasure in 
commending the book to teachers in High Schools and Academies. 

J. Q. HOYT, Prof, of Mathematics. 



State Normal School, Nbw Britaut, Ot., April 25, 1855. 
Having carefully examined Greenleafs National Arithmetic and Algebra, and 
used them in classes, I am able to speak of them in tejms of high commenda- 
tion. DAVID N. CAMP, Prof, of Mathematics. 



Spriitgfield, Mass., June 4, 1855. 
During the year past, GreenleaTs Algebra has been in use in this school, 
and, as a mathematical text-book, has been found very satisfactory. In copious- 
ness and variety of problems, I do not know its superior; and they are so ar- 
ranged that while the youngest pupil may comprehend and perform a large pro- 
portion, the most advanced will find those that will fully tax his mathematical 
powers. The subjects are clearly stated, and some of them are more completely 
demonstrated than in any other work I have used. I esteem the work very 
I highly. A. PARISH, Principal of the High School. 

Oil" < 



New Enolakd NoBifAL Institttte, Lancaster, Mass., June 13, 1855. 

Greenleaf 's Arithmetic and Algebra have been in use in the MaUiematieal 
Department of this Seminary, as the best textrbooks, in the judgment of our in- 
structors, for the purpose of training the minds of teachers to their official duties in 
those branches. Our instructors in Mathematics have also regarded them as, on 
the whole, the best fitted of any of our class-books, in their department, for the 
general purposes of instruction in schools in which Arithmetic and Algebra are 
taught. 

In the temporary absence of Professor HER MAN N ERUSI, of the Mathemair- 
ical Department. WILLIAM RUSSELL, Director. 

Nbwburypobt, Mass., July, 10, 1853. 
After a careful examination of Greenleaf 's Algebra, we decided to introduce it 
into our school, and a trial of one term has fully confirmed the favorable impression 
we had received in regard to it We are particularly pleased with the fitness of the 
examples to illustrate the principles, and fix them in the mind of the learner. We 
find some new matter, and such a combination and arrangement of the old, as will, 
in our opinion, render the work a very desirable text-book for the use of schools. 

W. H. VTELLS, Principal of Putnam S^ool. 

New Haven, January 2d, 1854. 
I have used Greenleaf 's Practical Treatise on Algebra in my school the past eight 
mont^, and have found it very convenient and valuable both to the teacher and 
pupil. It unfolds the science concisely, though with clearness. The distinguish- 
ing characteristio of the work, however, is seen in the great variety of practical 
examples and problems under the rules. I would, with confidence, commend the 
book to the attention of teachers of elementary mathematics, as one of the best that 
have been published in this country. 

STILES FRENCH, Teacher of Mathematics, 
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Ltnn, Mass., March 13, 1855. 
During the past two years I have used Qreenleaf s Algebra in my scllbol, and I 
take pleasure in expressing my approval of its prominent features. The subject of 
Badioal Quantities is made clear to the pupil; that of Quadratic Equations is skil- 
fully treated; and the questions for exercise throughout the book are generally 
selected with good taste and sound judgment. The book is well adapted to the 
wants of our High Schools and Academies. With no other work of the kind have 
my classes made so good improTement. 

JACOB BAKMELDMR, Jb., Prmc^ of Public ISgh School, 

New London, September 29, 1854. 

I am much pleased with the recent edition of Greenleaf 's Algebra. Most trea- 
tises on Algebra are sufficiently theoretical, but fiEul to combine the practical with 
13ie theoretioal. This work happily combines the two. The arrangement is good, 
tiie rules concise, yet ccnnprehensiye, and the examples are numerous and well cal- 
culated to draw out the inrentiye faculties, aaid to impress the principles of the 
science on the mind of the student. 

I have used for some time the " National Arithmetic^ of Greenleaf 's series, and 
h&Te recently introduced his Algebra, and I am fully persuaded tiiat these two 
works are better calculated to make thorough mathematicians tiian any series of 
mathematical works with which I am acquainted. 

B. B. JENNINGS, Phncgwi of the High School, New London, Ct, 

'WoRCBSTER, Mass., Sept. 28, 1854. 
I have substituted Greenleafs Algebra for another work preyionsly used, in 
my school, and, after a trial of several months, am ready to commend it as an 
a^irable treatise. It is remarkably concise, lucid, and practical, and suffi- 
ciently comprehensive for classes in elementary mathematics. Without dis- 
paraging other works, I give this the preference over any which I have- nsed in 
my school. N. T. BENT, Principal of Salisbury Mansion SchooL 



From Mr, Orcuit, now Principal of the Female Seminary ^ North Granville, N. Y, 

Thetfobd AcADjacr, November 20, 1854. 

I have used Qreenleaf 's series of Arithmetics in my school for some years past. 
I regard this series as better adapted to the wants of our schools than any other 
which I hav9 examined. 

Greenleafs Algebra (revised stereotyped edition) I have used for more than a 
year, and regard the work as eminently practical, and adapted, not only to the 
more advanced, but to classes beginning the study of Algebra. It is better adapted 
to students in different stages of advancement, than any other one or two books 
which I have ever used ; — combining, as it does, the excellence of th e elementary 
and higher works of other authors. HIRAM ORGUTT, Principal, 

Having examined Greenleaf 's Algebra, I am pleased to say, that I regard it as 
a valuable contribution to the resources of the student. Its aim is to Impart prac- 
tical as well as theoretical knowledge; thus it avoids much of the dryness common 
to many treatises. The systematic order, so natural and plain, in which the princi- 
ples of the science are presented, and the absence of prolix and unsuccessful at- 
tempts at elucidation, give to t he w ork an importance that cannot be overrated. 

C. P. SAWYER, Principal of Strafford {N, H,) Academy, 






From J, F, Kdloffjf, A, M,, Professor of Mathematics in Providence Conference 

Seminary, 
East Greenwich, R. X., September 12, 1864. 
•I have examined Mr. Greenleaf 's new work on Algebra, and am highly pleased 
with it. It is sufficiently extensive for ordinary purposes, and is characterized by a 
happy combination of brevity and clearness, together with an excellent set of ex- 
amples, well calculated to call out the student's skill in Algebraic Analysis. 

J. F. KELLOGG. 
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Statb Nosxal Sohool, Wbstfixld, Mass., September 15, 1865. 
Ghreenldftf's, Algebra and National Arlthmetio are now used as tezt-b6oks in this 
institution. . W. H. WELLS, Princ^, 

QuiNCT, Mass., October 25, 1854. 
Haying carefully examined Greenleaf' ■ Algebra, and baying made a thorough 
trial of it as a text-book in my school, I can confidently say that I regard it as 
one of the yery best works of the kind now in use. It is peoniiariy adapted to the 

purpose for which it is intended. 

A. WELLINGTON, Princ^ of the Htffk School. 

Nobwioh; Or., Oot. 22, 1854. 
It is with pleasure I add my testimony to that of others in favor of Green- 
leaf's Algebra. The yery name of the author of the National Arithmetio is 
sufficient guaranty for its excellence. In almost eyery respect it may be pro- 
nounced the best Algebra yet published. The principles are elearly stated, and 
the examples to illustrate and impress them sufficient, and selected with the same 
regard to their practical bearing that mark those in the author's arithmetic. 
I most cheerfully recommend the work to those who are in search of a thorough 
work upon the science of Algebra. JAMBS LANE, 

PriiMpal of Norwich Orammar SchooL 

Walthav, Mass., Sept. 28, 1853. 
I think Greenlears Algebra, revised edition, better adapted to the present 
demand in our Hi^ Schools than any other work of the kind I have examined. 

L. P. fROST, Principal of J£gh SehooL 

Wbstvixld, Mass., Maroh 2, 1855. 

Greenlears Algebra has been in use in the Academy under my care for sev- 
eral terms. Wo displaced Robinson's Algebra to give it room, and think the 
change a good one. More and more acquaintance only confirms us in this idea. 

The book is simple, plain, and practical. It is not too bulky or too learned. 
Most pupils can complete it in one or two terms; and yet it contains Algebra 
enough for academical use. It is yery appropriate for the class of pupils that 
with us are passing from arithmetic into this field. We need only add, we 
like it. W. C. GOLDTHWAIT, Principal of the Academy, 

SiciTHYiLLE Sehinart, N. Scituate, B. I., February 12, 1855. 
In compUsAoe with your request, I npw express an opinion concerning Green- 
leaf's Algebra. I had long felt the necessity of a better text-book on the science 
of Algebra. The work is before me. I am using Greenleaf 's Algebra, and admire 
the ingenuity and correctness of its reasonings, and the tact of its operations. I 
would not exchange it for any other work of ^e kind with which I am acquainted. 

H. M. WALLACE, Prof , of Mathematics. 

Gbseitfield, Mass., September 18, 1854. 
Greonleaf 's Algebra was introduced into our school the last term. So far as 
our practical acquaintance with the work extends, we are much pleased with it: 
There seems to be a completeness without superfluity, or encumbrance from observa- 
tions, which may well be left to the judgment of the pupil. 

LUTHER B. LINCOLN, Principal of the PubUc High School, 

Thetfoud Academy, October 14, 1853. 

I have drilled a large class of students, during the term, in the new edition of 

Greenlcaf 's Algebra, as an experiment, and am happy to say, with great success. I 

recommend no book that has not stood the ordeal of my school-room. This book 

teaches well, and tiierefore has my approbation, and I shall continue to use it in 

, school. Greenleaf 's Algebra is eminently a practical book, and deserves the fayor 

of every friend of sound learning. 

HIRAM ORCUTT, Princ^ of Thaford ( F^) Academy 
H- • . 
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Dedhav, Mass., Jan. 14, 1854. 
The introduction of Greenleaf s Algebra into mj school has conyinoed me of 
its great excellence. It does not aim to remoye all difficalties from the student's 
path, but rather puts into his hands the best implements and mles for his work, 
and then confidently brings him in contact with all the obstacles with which he 
will be liable to meet in this branch of mathematics. I think it will be no easy 
matter to obstruct, with an algebraic difficulty, the path of one who has solyed 
all the problems in this wo]:k. Truly, both the author and publishers of this 
book deserre tihe thanks of the friends of mathematical learning. * 

0. SLAFTBR, PnncyMl of Public High School 

West Roxbitby, Mass., September 2d, 1854. 
A careful examination of the reyised edition of Greenleaf 's Algebra has pro- 
duced a yery fayorable impression on my mind, in regard to the merits of the work. 
Though not so extended and oomprehensiye as some more elaborate treatises on Al- 
gebra, it embraces as much matter as can well reoeiye attention in the majority of 
our High Schools and Academies; and it seems to me remarkably well adapted to 
the purposes for which it was designed. The topics of which it treats are presented 
in a practical manner, and its examples are well suited to illustrate the principles 
they inyolye. Entertaining such confidence in this work as to lead me to adopt it 
as a text-book in my school, I cheerfully reconunend it to the fayorable notice of 
my fellow-teachers. D. B. HAGAIl, Principal of JSlliot High SchooL 



Copy of a letter to the Publishers f from Rev, Elias Nasojs, fifrmerly Princqtal of the 

High School, Newburyport, Mass, 

Natick, October 12, 1854. 

I haye spent some time, of late, in going through, article by article, your last 
edition of Greenleaf 's Algebra ; and I find it to be what I expected, from my 
knowledge of the author's preyious works, to find it : a masterly producttotif in 
which the elements of this beautiful science are ingeniously, clearly and naturally 
unfolded and explained ; in which the whole system, in all its parts and bearings 
and dependencies, is fitly joined together, and thus idist orderly and harmoniously 
set before the learner's mind. The definitions are concise, exact and clear, the 
methods of solution easy and direct, and the examples and illustrations are, for the 
most part, original and to the point. 

I like the book in all its parts — its matter, method, style and typographic exe- 
cution; and I most heartily thank the author and publisher for making this valua- 
ble contribution to our school literature. Mr. Greenleaf is an exact and thorough 
mathematician, and hence whoever follows him will be sure to come out right in 
the end. It takes some thinking, I admit, to keep along with him, but then he 
leaves you at the last with power to go alone, and in the right direction also. 

For his mathematical labors, to use a phrase of Gioero, " he deserves well of his 
country,** It was a great and noble undertaking to give the public an Arithmetic, 
which, after a fiery trial of many years, now fairly bears the title of the BEST; but 
it was a greater and nobler undertaking to produce an Algebra, which those who 
use it must pronounce superior to that book. ELLAS NASON. 



I have exiunined the new edition of Greenleaf 's Algebra very carefully, and have 
tested it quii^ thoroughly in the school-room. It seems to me that the work has 
been vastly improved by ^e revision which it has undergone. The correction of 
the errors which marred the former edition, and the introduction of a large amount 
of valuable matter^have added much to its merit as a text-book. 

It now contains, in comparatively small compass, a variety of principles and 
processes, and a fuller and better collection of examples than I have seen in any 
similar work. Mr. Greenleaf has certainly succeeded in his aim to give the trea- 
tise '' a practical character," and I cannot doubt that it will fully sustain the high 
reputation as an author which he has already gained by his Arithmetics. 

W. J. ROLFB, Master of Dorchester (Ms.) High School, } 
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■ PROGRESSIVE EXERCISES 

IN 

ENGLISH composition: 

BY RICHARD G. PARKERj A.M. 

Improved Stereotype Edition. 144 pages, 12mo. Price $3.00 a dozen. 



The acknowledged superiority of this work, as an aid in teaching efficiently 
an important branch of education, has secured its introduction into many 
public schools, and into almost every Academy and higher Seminary through- 
out this country, besides being much used in the British Provinces and in 
England. 

The School Committee of Boston authorized its introduction into the public 
schools of the city soon after the first edition was issued, to be the only work 
on Composition used in them. 

It is about the only American school-book that has been republished and ex- 
tensively used in the British Empire. In the United States alone, the extraor- 
dinary number of more than one hundred and eighty thousand have been sold. 
No better evidence can be given than this of its value as a text-book. 



Teotchers and others ordering this manual, to prevent mistakes, should 
be careful to give its distinctive title, " Parker's Exeaoisbs in Composition,** 

From a large number of notices, from the most respectable sources, are se- 
lected the following 

RECOMMENDATIONS. 
From J. W. BULKLBY, a!M., now Superintendent of Schools, Brooklyn, N. 71 . 

I have examined .^' Parker's Exercises in Composition,** and am delighted 
with the work. I have often felt the want of just that kind of aid that is here 
afforded. The use of this book will diminish the labor of the teacher, and greatly 
facilitate the progress of the pupil in a study that has hitherto been attended 
with many trials to the teacher, and perplexities to the learner. 

If Mr. Parker has not strewed the path of the student with flowers, he has 
** removed many stumbling-blocks out of the way, made crooked things straight, 
and rough places smooth.** It is certainly one of the happiest efforts that I 
have ever seen in this department of letters, — affording to the student a beauti- 
ful introduction to the most important principles and rules of rhetoric ; and I 
would add, that, if carefully studied, it will afford a " sto-e guide ** to written com- 
position. I shall use my influence to secure its introduction to all our schools. 



From Samuel P. Nbwhav, Professor of Rhetoric ik Bowdoin College. 

I have examined <^ Progressive Exercises in English Composition,** by K. G. 
Parker, with some care, and hesitate not to express an opinion tiiat it is well 
adapted to the purpose for which it is designed. It is well fitted to call into 
exercise the ingenuity of the pupil, to acquaint him with the more important 
principles and rules of rhetoric, and to guide and aid his first attempts in the 
difficult work of composition. 



Fyom Mr. C. K. Dillaway, Principal of the Latin School, BoSTOW. 

Their CU^mess and simplicity strongly recommend them to the instructors in 

this important branch of education. 
«» 
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From Walteb B. Johnson, A.M., J^anklin Instittae, PhiIiABBLPHIA. 

Haring often felt the neoessity of reducing to its simple elements the art of 
oompositlon, and haying been compelled, from the want of regular treatises, to 
employ graduated exercises, expressly prepared for the purpose, and similar in 
many respects to those contained in this treatise, I can speak with confidence of 
their utility, and do not hesitate to recommend them to the attention of teach- 
ers. 



jFVom Mb. B. A. Andrews, Professor of 3ft. Vernon School, Boston. 

Parker's Progressive Exercises in English Composition will, in my opinion, 
aid the teacher, and encourage the pnpil^ in this important branch of education. 
I feel confident that the work will be highly acceptable to those who have 
experienced the difficulties to be surmounted in bringing forward a class to com' 
pose with any degree of accuraoy. 

IVom the Bt. B.BT. G. W. BoAne, Bishop of New Jersey, President of Bwrlingbm 

C<Mege, 

Your little book on Composition is excellent. It ia the best help to that diffi- 
eult exercise for the young that I have ever seen. 



The design of this work is unexceptionably good. By a series of progressive 
exercises the scholar is conducted from the formation of easy sentences to the 
more difficult and 'complex arrangement of words and ideas. He is, step by 
step, infftiited into the rhetorical prdipriety of the language, and furnished with 
directions and models for analyzing, classifying, and writing down his thoughts 
in a distinct and comprehensive manner. — London Jotir, of education. 

Of the Bxeroises in Compositipn, by Parker, we oan speak with unmingled 
praise. It is not enough to say that ' they are the best that we have, for we 
have none worth mentioning. The book is fully effective both in suggesting ideas, 
or pointing out the method of thinking, and also in teaching the mode of ex- 
{nressing ideas with propriety and elegance. — English Monthly Magazine, 

• • 

We have seen no work which seems to us so useful as a guide to the teacher, 
Uid an aid to the pupil. — American Annals of Education and Instrttction. 

JFVom Dr. Fox, Principal of the foylston School, Boston. 
This little manual^ by the simplicity of i^ arrangement, is ealculated to de- 
stroy the repugnance and to remove the obstacles which exist in the minds of 
young scholars to performing the task of composition. I think this work will 
be found a valuable auxiliary to facilitate the progress of the scholar, and 
lighten the labor of the teacher. 

FVom Mr. H. K. Oliver, Principal of the Salem Classical School. 

I have introduced the work into this Institution, and heartily recommend it 
to the notice of the profession. 

From Rev. Dr. Burroughs, Portsmouth, N. H. 

1 was much gratified by the receipt of your book, entitled Progressive Exer- 
eises in English Composition ; and, if possible, still more so by its original, judi- 
cious, and excellent plan. It is a Valuable and successful attempt to give in- 
struction in relation to one of the most difficult, though important, departments 
of education ; and I should conceive it would afford great pleasure, as well as 
benefit, to the minds of the young. 1 sincerely hope that it will be introduced 
; ^ into our schools, where such a work has been long wanted. 
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Designed for Common Schools And Academies. By Henrt B. Mao- 
LATHLiN, A. M., Author of Practical Elocutionist. Fifteenth Edition^ 
revised and enlarged, 360 pages, 12mo. Price, 87i cts. 

This work includes a Complete EloctUionary Analysis, as an introduction to 
a copious collection of new and interesting exercises, original and selected, in 
Prose, Poetry, and Dialogue, fi)r Declamation, Recitation, or Reading, The 
selections are mostly new, and In accordance with the Spirit of the THmes, 
Many of the Dialogues, and some of the other pieces, have never before been 
published ; a majority of those not ori^nal appear in a work of this kind fbr 
the first time. 

It contains exercises suited to pupils of both sexes, and of difierent ages. A 
part of the book is devoted to addresses and exercises especially adapted to ex- 
aminaHon days, evening and day exkUntiont!, and presentation occanons, — 
an original feature, adding much to its value. Exhibiting in its lessons every 
.desirable variety of style, it may be used not only as a Speaker, bul^ great 
advantage as a " Rhetorical Reader.** 

9" The extensive adoption of this book in the best schools in various parts 
of the country, and the great satis&ction it ^ves on trial, is ample evidence 
of its superior merit. 

The work is used in the Public JERgh Schools of Boston, Cambbidgs, 
Chablestown, Lowell, SpaiNGnsLD, New BEoroKD, and in other important 
schools in Massachusetts ; also in State JVormal School, Or. ; Maine Wes- 
Uyan Seminary, Me.; Phillips Academy, N. H.; Collegiate Institute, New 
Haven, Ct. ; Collegiate Institute, Pouohkeefsie, N. Y. ; Treemont Institute, 
NoaaisTOWN, Pa.; State University, "Del.; St, Timalhy^s Hall, near Balti- 
more ; Union University, Tbnn.; Acadia College, Noya Scotia; and other 
institutions of high character. 

No school should be without the National Speaker. Distinguished Educt^ 
tionists recommend its use. Among numerous others, have been rec^ved the 
following 

TESTIMONIALS. 

FVom John D. Philbrick, A.M., State Superintendent of Common Schools, and 

late Principal of State Normal School, Ct, 

The National Speaker is an excellent school-book. The compend of the prin- 
ciples of elocution, which it contains, is admirable, — being, at once, clear, com- 
prehensive, and practical. It works well in the school-room. Its selections for 
declamation have been made with judgment and taste; and embrace as great a 
variety of style and matter as is desirable in such a work. 



From C. C. Chase, A. M., Principal of Public High School, Lowell, Mass, 

1 know of no work on Ihe subject of Elocution which' I can more highly 
• » recommend. 
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From Hev. Convbrs Francis, D. D., Professor in Harvard Universiti/f Cambridge, 

The work must be deemed a valuable eontribution to the cause of good elocu- 
tion. The principles are stated yery clearly, without redundancy and without 
the admixture of inappropriate matter. The selections are made with good 
taste, and are well suited to call into exercise the various excellences of read- 
ing and declamation. 

From WiLLlAV G. li^niiLiAMB, A. M., Ohio Wetleyan Univernty, Delaware, 0. 

I take great pleasure in expressing my opinion of the superior practical 
worth of the elementary works on elocution prepared by Mr. Maglathlin. 
They supply a want that has long been felt in schools; and will be introduced 
with unquestionable advantage to both teachers and pupils. 



Ihna George Speitcbr, A. M., late Principal of Utica Academy, N, Y, 

Its " principles of elocution" are such as are sanctioned by nature and the 
most correct usage, and are expressed in clear i|>nd simple Umguage. It will 
fully meet the want I have felt of a similar work for classes in this branch of 
study. 

From J. Pearl, A. M., Principal of College Street Female Seminary, New Haven* 

1 have examined with much pleasure " The National Speaker," and am pleased 
with the arrangement and Uie selection of 'the pieces. I Uiink. the elooutionaxy 
analysis better adapted to promote correct enunciation and articulation titan any 
work of 'the kind with which I am acquainted. 



FVom W. B. Wait, Principal, and H. A. H. Wait, Prccqtres* of Greeruoood 

Seminary, Mass. 

It seems to us exactly adapted to supply our public schools and academies with 
what many excellent teachers have regarded m a great desideratum. Having 
introduced it into the institution under our charge, and had opportunity to test 
its merits by actual use, we are prepared to give the work our highest commen- 
dation. 



From Hon. Samuel Galloway, late State Superintendent of Ptib, Instrttction, Ohio, 

There is no other existing work,^ with which I am acquainted, in which the fun- 
damental principles of elocution are as intelligibly exhibited, and in which they 
are rendered so easy of comprehension. 



From Thomas Shbrwin, A. M., Principal of the English High School, Boston, 

I have examined the " National Speaker,V and am happy to say that I think 
it will prove a valuable auxiliary in teaching the important but too much neg- 
lected art of elocution. 

I commend the work to ihe favorable regard of teachers and of the public. 



From Elbridgb Smith, A. M., Principal of the Central High School, Cambridge. 

I have examined with great pleasure ** The National Speaker.** I think the 
selections of a superior order, and X regard the entire work as better adapted to 
the wants of our High Schools than any other work with which I am acquainted. 

From Caleb Emery, A. M., Principal of the High School, Charlestown, 

I have examined " The National Speaker ** with much satisfaction, and con- 
sider it the best work of the kind with which I am acquainted. The arrangement 
is excellent ; and the selections for declamation and occasional reading are of 
1 a high order, and eminently appropriate. 




PARSING BOOK. 



Class $ff0k flf %xfiu auJr %nXx^f 

Gonsistins of selections from the best English and American authors, 
desiffnS as Exercises in Parsing, for the use of Common Schools and 
Academies. By Truman Rickard, A.M., and Hiram Orcutt, A.M., 
Principal of North Granville (N. Y.) Female Seminary. Beyised and 
enlar^d edition. 144 pages, 18m6. Price 20 cents. 

The Tery extensiye sale of this little yohime, and its general acceptance 
with teachers, hayd induced the compilers to make slill farther efforts for its 
improyementk The body of the book remains unchanged, while there will be 
fi>und an addition of twenty-four pages of important matter. It was designed 
that the Tables should be used in the analysis of sentences. But very fern 
teachers, however, have used them at all, obviously for the reason that they 
were not understood. It has been the leading object, thereibre, in preparing 
this enlarged edition, to arrange the principles of Syntax and Analysis in a 
systematic form, and to illustrate them ftiUy by examples, so tlu^t both 
teachers and scholars may use the book understandingly. 

Very important assistance has been rendered by Professor Alphens Crosby, 
whose ripe scholarship and profound knowledge of the principles of genenU 
Qrammar, render his suggestions of great yalue. 

BEOOMMENBAIIONS. 

From W, H. Wells, A.M., Author of "A Grammar of the English Language," and 
now Principal of the State Normal ScJtool, Westjield, Mass. 

I have examined the "Class Book of Prose and Pobtrit," ooixipiled by 
Messrd. Rickard A Oroutt, and take pleasure in expressing my unqualified ap- 
proval of the plan and execution of tiie work. The first edition of the *< Selec- 
tions " was introduced as a class book in this institution about a year since, and 
the experiment has fully confirmed the favorable opinion which I then formed 
respecting its merits. The present edition is ' greatly improved, and cannot fail 
to meet with general favor. W. H. WELLS, 

Instructor Eriglish DtpartmeTVt, Phillips* Academy, Andover. 

FroiH the author of" Crradiud Lessons in Grammar" " TnteUectjtal Algebra," ^, 

I have examined with interest a little volume of Selections, to be used as a 
text-book in schools, for exercises in the analysis of language. The extracts 
are from standard writers, and offer a variety of examples to illustrate all the 
principles of granmiar. The taste and judgment -of the gentlemen who have 
compiled the work are sufficient evidence that it is well adapted to the purposes 
for wh^ch it is designed. D. B. TOWER. 



Extract of a htter from B, Cheenleaf, Esq., Principal of Bradford Teachers'* Semina- 
ry, and Author of the " Popidar Series of Arithrhetics,** 

The extracts are made with good taste and judgment, from the most approved 
authors, which, in connection with the Tables for Parsing, make it very valuable 
as a text-book. I think such a work has long been needed in our academies and 
high schools. T have introduced it into my seminary, believing the work supe- 
rior to Miy other for parsing, that I have examined. 

BENJAMIN aBSENLEAF. 
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APPROVED CLASSICAL BOOKS. 



FISK'S QHETSK QBAMMAB. 

A GRAMMAB OF THE GREEK LANGUAGE. By Benjahin Franklin 
FiSK. Forty-fifth stereotype edition. 

FI8E'S GhBElSK £SX£BCISX!S. 

GREEK EXERCISES ; containing the substance of the Greek Syntax, 
illustrated by Passages from the best Greek Authors, to be written out 
from the words given in their sim^dest form. , By Benjahin Franklin 
FiSK. ** Consuetudo et exercitatio facilitatem maxime parit." — Quin- 
til. Adapted to the author's *' Greek Grammar." bixteenth stereo- 
type edition. 

Fisk's Greek Exercises are well adapted to illustrate the rules of the Qram- 
mar, and constitute a very useful aooompaniment thereto. 

From FoBBBST AND Wtckqtf, PrindpoU of Collegiate School, New York City, 

The requisites in a Manual of Grammar are simplicity and lucidness of ar- 
rangem^t, eondensation of tiiought, and aoouracy of principle and expression. 
These requisites Mr. Eisk appears to have attained in a considerable degree in 
his Greek Grammar, of which we haye expressed approbation by introducing it 
into our school. 

FVom Benjahin Gbbenleaf, A. M., Author of the ^'NcOumal Arithmetic," etc. 

For several years past, I have used Fisk's Greek Grammar in my seminary. I 
consider it a work of superior merit. It is well arranged, and the rules are 
clear and perspiouous. It is, in my opinion, better adapted to initiate pupils 
into the idiom of the Greek language, than any other treatise of the kind that 
I have examined. Fisk's Gbbbk £^bcise8 should be used in connection with 
the Grammar. A work of this kind has long been needed. It is a production 
of great merit. 

IiEVEBirrT'S C^SAB'S COMMSlTTABrBS. 

OAII JUMI CiESARIS COMMENTARH DE BELLO GALLICO AD 
CODICES PARISINOS RECENSHI, a N. L. Achaintre et N. E. 
Lemaire. Accesserunt Notulas Anglican, atque Index Historicus et 
Geographicus. Curavit F. P. Leterett. Editio stereotypa. 

From Pbof. John J. Owbn, Editor of a FopvJLwt CUusical Series, 

I have examined with some attention GsBsar's Commentaries, edited by Lever- 
ett, and Cicero's Orations, edited by Folsom, and am happy to recommend "them to 
classical teachers, as being, in my estimation, far superior to any other editions 
of those works, to which students in this country have general access. The ty- 
pography is fair and accurate, and the general appearance of the books does 
honor to the enterprising publisher. I hope these editions will be extensively 
used in our Academies and High Schools. 

FOIiSOM'S CIOEBO'S OBATIONS. 

M. T. CICERONIS ORATIONES QU^DAM SELECTS, Notis illujh 
tratae. [By Chables Folsoh, A.M.] In Usum Academic Exoniensis. 
Editio stereolypa, Tabulis Analyticis instructa. 
From Chablbs E. West, A. M., Principal of Rutgers Female Institute, New York, 

I take pleasure in commending to teachers the recent beautiful edition of 
Folsom's Cicero. The attractiveness of its text, notes, synoptical and analytical 
tables, and typographical execution, led me to place it in ^e hands of a class 
£ of young ladies, who are reading it with delight. 
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SCHOOL BOOK DEPOSITORY. 



ROBERT S. DAVIS & CO., 

FUBLISHEBS AND BOOKSELLERS, 

118 WASHINGTON ST., BOSTON, 

Hays for Sale, in addition to their own Publications, an assortment of 

APPROVED SCHOOL TEXT-BOOKS, 

Used in the Common Schools, Academies and Colleges, in the United 
States and the British Proyinces, together with a great variety of Books 
in the di£Eerent departments of Ltteratubs and Science. Also, the best 

SCHOOL STATIONERY, 

IKCLUDINO THE VAmOTTS SIZES A2n> QUALITIBS OF 

WRITING PAPERS, RULED AND PLAIN; 

Steel Pens, Ink, Wafers, Scalini^-wax, Lead and Slate Pencils, 

Slates, Writing, or Copy Books, Hferaorandiim Books, 

and Blank Account Books. 



Teachers, School Directors, Booksellers and Country Merchants, 
supplied at the lowest market prices, wholesale and retail. 

All orders promptiy and faithfully attended to, if acoompamed by a 
cash remittance, or a suitable reference. 



■#' 4 



Spedmens of other of the Books described m this CtUalogue will ^ 
serU, by mail or otherwise, postage paid, to Teachers and School Directors, 
for examination, on the Publishers^ receiving the amount of the printed 
prices, in postage stamps, with explicit directions for forwarding the Books, 

The Books will also be furnished, for a first introduction, in exchange 
for others in use, at one half the ribtail pricks. 

It wUl be observed that the Books are all handsomely printedon white 
paper, neatly and durably bound, and are sold at low prices. 

All interested are invited to correspond with us on the subject. 

KOBERT S. DAVIS & CO., School Book Publishers, ' 

, No. 118 l^a»lii»|^n St», Boston* 
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